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1. In attempting to set up a constructive theory of commutative algebra, 
that is, a theory in which every quantity or concept employed may be built 
up in a finite number of steps in terms of quantities which we agree in advance 
exist, one is faced with several fundamental problems at the beginning. Kro- 
necker! gave a finite algorithm of the above mentioned character for deter- 
mining if a given polynomial f(x) with coefficients in the rational field F is 
reducible or irreducible in the field F. At the same time he gave without proof 
a finite algorithm of a quite different character for determining if a polynomial 
¢(x, a) with coefficients in a field F[a], where a is an algebraic number, is irre- 
ducible or reducible in F[a]. Van der Waerden? gave an argument to prove 
that Kronecker’s algorithm actually yields the information mentioned, but in 
the course of it he assumes’ that ¢(z, a) has a decomposition into irreducible 
factors in F[a]. 

This does not satisfy the requirement that in order for us to speak of a de- 
composition of this type we must be able to show in advance how to obtain it 
in a finite number of steps. The method employed by Kronecker also assumes 
that we know the decomposition-field (Zerlegungsk6rper) of f(x), where f(a) = 0, 
so that we can speak of the conjugates of a. This prevents us from applying 
the algorithm to the constructive derivation of the decomposition-field of f(z), 
that is, if we write a, for a, we have 


f(x) = ( — aa)filz, a), 


and in order to carry out a scheme similar to the usual one for obtaining the 
factor x — a2, where az determines an algebraic field, we must be able to find 
the irreducible factors of fi(%, a1) in Fla]. 

Kronecker‘ obtained a theorem, using constructive methods, and independent 
of the method mentioned above, from which we may infer the existence of the 
decomposition-field of a polynomial. However, it does not permit us to adjoin 
one root at a time, in the usual way, rather we must take the whole decom- 
position field at once. Briefly, he proceeded as follows: If x, 1, --- , 2, are 





1 Werke, Bd. 2, pp. 257-260, 411-416. 

* Moderne Algebra, erster Teil, pp. 130-1. 

* This was pointed out to me by Dr. A. E. Ross. 
‘Werke, Bd. 3, Erster Halbband pp. 209-240. 
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indeterminates and f; is the elementary symmetric function of 2, 22, --- 
of degree k, then 


(w — a) (@ — a2) --- (@ — a) =a" —fiz™'+---tfr 


and if 

f(z) = a® —qqart +.) Hey 
where the c’s belong to F, then 
(1) f(z) = (@ — m) (@ — 2) --- (& — a) 
with respect to the polynomial ideal (modular system) 


(fi — C1, fe = ys °' dn a Cn). 


In general, however, this ideal is not prime, i.e., the ring of its residue classes 
may contain zero divisors. Kronecker was able, however, to replace this by 
a prime polynomial ideal in (1) of the form 


fi a i. +9 Jn es Cn J’ = c’, g”’ ‘ee ce”, SPE 
where the c’s are rational and the g’s are polynomials in 2, 22, --- , %, with 
rational coefficients. 'The method by which he obtained this is very compli- 
cated, however, requiring, for the argument, twenty-nine pages of his col- 
lected works and involving a number of results proved in other papers published 
by him. 

In the present paper we obtain, very simply, the decomposition field of f(x) by 
first giving a finite algorithm for obtaining the irreducible factors of o(x, a) in 
Fla] without assuming the existence of any decomposition field or considering any 
decomposition of (x, a) into irreducible factors in Fla] before setting up the 
algorithm. 

From the point of view of polynomial ideals the result gives 


S(x) = (@ — m1) @ — a2) «++ (@ — a) 


with respect to a prime ideal which has a different form from the one employed 
by Kronecker. 

The writer wishes to state here his deep conviction, that the method of polynomial 
ideals (modular systems involving indeterminates) is fundamental for the founda- 
tions of commutative algebra just as it has been found fundamental in other parts 
of algebra and geometry. (This idea is not exactly new; in fact, it goes back 
to Kronecker). If we avoid the use of it entirely in our algebraic theories, then 
something is definitely lost at times. 

To illustrate, we start with an algebraic field defined by a, where a satisfies 
f(x) = 0, with coefficients in F and irreducible in F. Any integral relation 
involving only polynomials in a, say, 


(2) g(a) = 0 
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is such that if we take g(x) and divide by f(x), then we get the remainder zero 
since f(x) is irreducible; hence, in place of (2) we have the following identity 
in x 

(2a) g(x) = f(x) A(z) 


where A(x) is a polynomial in z with coefficients in F. We may obtain many 
results from (2a) which we cannot obtain directly from (2); for example, we 
may differentiate (2a) formally and obtain in general many other identities. 
Hence, if we fail to carry out analogies of this notion in connection with other 
commutative algebraic systems, we may expect our theories to be incomplete. 
At the same time it ts important to develop the theories based on symbolic adjunction 
of new elements, using residue classes, as these involve very convenient abbreviations 
of the formulae based on polynomic’ ideals. Both points of view will be kept in 
the foreground in this paper. 
Set 


(3) f(z) = @& — a) $(2, a), 


where f(z) is irreducible in F with coefficients in F and leading coefficient unity. 
We now consider residue classes formed by polynomials in x with coefficients 
in Fla] modulo ¢(z, a), the latter possibly being reducible in Fla]. These 
residue classes form a ring, isomorphic with a ring obtained by assuming a 
8 such that ¢(8, a) = 0. Because of this isomorphism we shall say that 6 
exists. Hence, in the ring Fla, 6] we obtain 


¢(2, a) = (x — B) g(r, a, 8), 


and 


f(x) = @& — @) (& — B) ail, a, 8). 


Proceeding in this way we find a ring F’ = F[6i, Bo, --- , Bn] such that in F’ 
we have the decomposition, if a = 6:1, 8B = Bs, 


(4) f(x) = (x — Bi) (@ — Be) --- (e — B,), 


where f; is adjoined immediately after 8,—: and therefore §; satisfies an equation 
of degree (n — k + 1) with coefficients in the ring F[6;, Be, --- , Bx], but 
no equation of lower degree with coefficients in the same ring. We have from 
(4) by formal differentiation, 





fe) = >) 


t=1 


Setting + = f;, we have 


(5) f'(Bi) = (8:1 — Be) (8: — Bs) --- (Bi — Bn); 


and this is not zero, since the degree of f’(x) is less than n and not all the coeffi- 
cients are zero. 
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We also may show that if we have an integral expression involving only 
polynomials in 6; with rational coefficients, say 
B(6:) - 0, 


then this expression also vanishes for B2 --- 8, each in lieu of 6. For if we 
divide B(x) by f(x) we obtain 


B(x) = f(x) Q(z) + RG), 


where the degree of R(z) is less than n. Setting c = 6, we have 


But this is impossible unless R(x) = 0, whence 
B(x) = f(x) Q@), 


and hence B(x) vanishes for x = Be, Bs, --+ , Bn. 


2. If G(6:, x, y) is any polynomial in the indeterminates x, y with coefficients 
in F[6,], set 


G(A, x, y) G(Bz, z, y) stn Aes G(B:, x, y) ai N(G(Ai, = y) ) = N(G). 


The coefficients of N(G) are in F, since the expression on the left is symmetric 
in Bi, Be, --- , Bn» We shall call N(G) the norm of G. 

Let 8 generate a field and let $(8, z) be a polynomial in z with coefficients 
in F[g], and of degree n. Then we may set 


N $(B, = @ B) = G(z, u) = Gi(z, u) G2(z, u) ee G,(z, u), 


where the G’s in the right hand member are irreducible in F and wu is an inde- 
terminate. They may be found in a finite number of steps by a known method. 
Now assume that all polynomials in z with coefficients in F[8] of degree < n 
may be decomposed into irreducible factors in F[6] in a finite number of steps. 
This is obviously true ifm = 1. We shall then proceed by induction and set 
up a method to decompose ¢(8, z) in a finite number of steps. Suppose that 


(8, z) = (8, z) $2(B, z) a ox(B, z); k> 1, 


where the ¢’s on the right are irreducible in F[8]. Setting z — wu@ for z in this 
relation and taking the norm of each member we obtain, because of the result 
just preceding Article 2, applied to each coefficient in the polynomial in z 
and u, 


N@(B, ' = uB) = G(z, u) - N¢,(8, , = uB) No2(8, ies uB) 
+++ Noi(B, 2 — uB). 


We shall now show that the greatest common divisor of ¢(8, z — uf) and 
each of the polynomials G(z, wu), Ge(z, u), --- ,G,-(z, u) will give for u = 0 
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all the irreducible factors of ¢(8, 2 — u8) in F[8]. The greatest common divisor 
referred to may be found in a finite number of steps by known methods. 

The decomposition of (3, z — uf) into irreducible factors in F[8] is known 
to be unique aside from elements in F[8]. Now $(8, z — u8) and N¢,(8, z — us) 
have only the common irreducible factor ¢,(8, z — u8) in common, (it must be 
irreducible, otherwise ¢;(8, z) is reducible) since 


o(B, ina up) 


$.(B,2 — up) = 206% — 4B) --- (8, 2 — uA) 





and 


N¢,(8, Z2—U B) 

$1(8, = uB) 
where the product extends over all the 6’s aside from 6 = @; and if they have, 
for example, the irreducible factor ¢2(8, z — u8) in common, then, noting that 
the right hand member of the last equation is symmetric in Be, 83, --- , 8, and 
therefore has coefficients in F[6], 


II’ ¢,(3,, 2 — uB,) = g(8, z, u) (8, z — uB). 


Equating the terms of highest degree in z and u, we have positive integers m; 
and me such that 





= [[’ ¢,(6,, z — uB,) 


Il’ ( — uB,)™ = h(, z, uw) (2 — wp)™ 


whence, 


Il’ u™(B tn B, ™ = h,(6, 2, u) (z _ uB), 


and by (5), 4:1 = 0. But this is impossible since the right hand member must 
contain the indeterminate z. This gives the result for ¢’s of degree n, and the 
induction is complete. 

In case we have ¢(8, 7, z) in which the coefficients are in the algebraic field 
F[8, y] we may proceed as before with F[6] taking the place of F, and so on 
for any finite number of algebraic adjunctions. 


3. We shall now apply the above to our decomposition problem. Consider 
again the relation (3). We may now set a = a and find by the method given 
above an irreducible factor of (x, a;) in Fla]. Let it be @(z, a). Consider 
the residue classes formed by polynomials in x, with coefficients in F[a;], modulo 
6(x, a). These classes form a field, isomorphic with a field obtained by assum- 
ing an ae such that @(a2, a1) = 0. Hence, adjoining a2 to Fla], we have in 
F [o1, ae] 


A(x, a) = ( — ae) A(x, a1, a2) 


and f(x) = (x — a) (x — as) w(z, a1, a2), and proceeding in this way we have 
finally 


f(x) = (@ — a) (x — ae) --- (© — an) 
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where each a defines a field. The field Fla:, a2, --- ,a@n] is said to be the 
decomposition field of f(x). 


4. Following the same method but employing indeterminates in place of 
symbolic adjunctions, we may set up a prime polynomial ideal such that with 
respect to this ideal we have 


fle) = (e — 21) (@ — 22) +++ (@ — 2), 


where 21, 22, --- , 2, are indeterminates. This ideal is defined »y means of the 
irreducible polynomials obtained during the process employed in the last para- 
graph with x, x2, --- , ®, replacing a1, a2, «++ , Qn. 


UNIVERSITY OF TEXAS. 
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1. In the present article we shall consider the ordering of real algebraic num- 
bers by constructive methods, that is, methods which may be carried out in a 
finite number of steps in terms of elements which we agree exist at the begin- 
ning. The discussion is quite elementary, and little is presupposed. We 
assume, first, the decomposition field of a polynomial F (a1, a2, -- + , &), so that 


(1) f(z) = (@ — a) (@ — a) --- (@ — ay), 


where f(x) is a polynomial of degree n with coefficients in an algebraic field F, 
with leading coefficient unity. In another paper! the writer has set up con- 
structive methods for obtaining this decomposition field. 

We also employ “formal” differentiation. That is, for a polynomial g(x) 
with coefficients in a ring we define g’(x) (the derivative of g(x) ) as the poly- 
nomial obtained from g(x) by taking? 


g(x + h) — g(x), 


expanding by the binomial theorem, dividing by h, and setting in the result 
h = 0. Hence, we obtain without any use of limits or the methods of analysis 
Taylor’s Theorem for polynomials 

g™ (x) 
(1a) g(x +h) = g(x) + hg’(z) + --- +R, 
where g“ (x) is the k** derivative of g(x), the letter being defined by induction 
as the derivative of the (k — 1)‘ derivative of g(x). 

As the methods are constructive, we make no use of any notion of continuity, 
the Dedekind cut, the Zermelo postulate, or the set of all real numbers. The methods 
employed here depend on isolating a real algebraic field as corresponding to 
finding rational values a and b, such that the f(x) in (1), say, is such that 
f(a)f(b) < 0. Further, we show how to make the interval (a, b) (called a root 
interval) so small that it corresponds, expressed in the usual language, to just 
one root of f(z) = 0. 

A constructive method for carrying this out in the case where F is the rational 





1 “Constructive derivation of the decomposition field of a polynomial,’”’ these Annals, 
vol. 37 (2), 1936, pp. 1-6. 
? Van der Waerden, Moderne Algebra, Erster Teil, pp. 67-8. 
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field was first given by Kronecker.* As to the ordering of the elements of fields, 
other methods than that of regarding them as included in the sect of all real 
numbers or than that given here, have been proposed. Veblen‘ gave a method 
based on dividing the elements into squares and not-squares, the real field 
being characterized by properties equivalent to the property that the sum of n 
squares cannot be equal to (—1). Artin and Schreier’ gave the same method. 

This scheme cannot be employed here because of our restriction to construc- 
tive proofs. For one thing, the above definition of a real field cannot be applied 
in a finite number of steps to an arbitrary algebraic field, and, from the con- 
structive standpoint, we cannot say that such a field is either real or not real. 

Artin and Schreier further employ an argument to show that each real closed 
field can be ordered in one and but one way. In the course of this, they assume 
that a given element in the field is either a square or a not-square. Since no 
method is proposed for determining in a finite number of steps if an element is 
a square or not-square in the real closed field, the argument is not constructive, 
and the use of the law of excluded middle in this manner is questionable, particu- 
larly in view of the fact that the assumption as to squares and not-squares may 
be equivalent to the statement in the theorem. 

Schatunovsky* attempted to order algebraic numbers by constructive meth- 
ods, employing root intervals. He does not employ irreducible polynomials 
at the outset in his work and this fact helps to make his argument long and 
complicated, occupying, as it does, some thirty pages of his book. 

Also, in carrying out his argument he falls into errors, the details of which 
are discussed later in the present paper. 


As to isolating root-intervals, we employ mainly the methods used by 
Kronecker.’ 


As to the general question of algebraic order, this is partly included in the 
problem of determining certain types of semi-rings, the latter system being 
defined as in other papers by the author, as a semi-group under addition, a 
semi-group under multiplication, and in which the right and left distributive 
laws hold. Also a semi-group is a set of elements closed under an associative 
operation. 

For, considering the usual definition of an ordered field as being a field in 
which we may divide elements into three classes, positive, negative, or zero, 
with the properties that if pi and pe are positive, then pi + pe and pipe are 
positive and if p is positive then —>p is negative, then we see that the set of 
positive elements form a semi-ring which is maximal and contains no zero- 





3’ Werke, Bd. 3, erster Halbband, pp. 262-72. 

4 Trans. Amer. Math. Soc.: 7, 197-99 (1906). 

5 Abh. Math. Sem., Hamburg, 5, 83-115 (1926). 

6 Algebra as a study of congruences with respect to functional moduli, (Russian), Odessa, 
(1913?), Chap. 8. 

I am indebted to Dr. A. E. Ross for an English translation of this. 

71.c., and also, H. B. Fine, Bull. Amer. Math. Soc., 20, pp. 341-2, (1914). 
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element. For want of a better name, I shall call such a system an order-semi- 
ring. We may then consider the problem of finding all the order-semi-rings 
in a given field. But, as is known, the problem of determining the semi-rings 
containing only real elements is not completely algebraic. Thus, the fields 
defined by (v2) and (— V2) are automorphic, but this gives two distinct iso- 
morphic semi-rings, one containing only what we usually call positive elements, 
but the other containing some positive and some negative elements. 

Although the methods of this paper enable us to carry out a process which is 
usually called approximation to a real root of an algebraic equation, this amounts 
to finding a succession of intervals each of which is included in the preceding, and 
in no case do we pass to a limit. The roots of the equations are in all cases purely 
symbolic in the sense of Steinitz. 

After the real algebraic fields are ordered, we may arrive at the result (stated 
by Schatunovsky (1. c.) ) that it is possible, in a finite number of steps, to indi- 
cate a finite number of real algebraic fields such that if each is adjoined in turn 
to F (defined in (1) ), then f(x) decomposes, in the enlarged field, into factors 
of degree < 3. 

The details of the proof of this result, which takes the place in the construc- 
tive theory that the so-called “fundamental theorem of algebra” takes in the 
usual algebraic theory, will be given in another paper, so that attention will 
not be distracted from the much more general question of algebraic order. 

If the term to determine is used in this paper, it means to find in a finite 
number of steps in terms of quantities we agree exist in advance. If the term 
exist is used in connection with elements or quantities not agreed upon as exist- 
ing in advance, then it means that they may be determined in terms of the latter 
type of elements. The quantities or elements which we agree on in advance 
as existing are the algebraic numbers, that is, those a’s obtained from (1) by 
taking initially F as the rational field, and any field obtained from such a one 
by adjunction of a finite number of other algebraic numbers. We assume some 
of the elementary properties of algebraic numbers. We also assume the known 
order relations for the rational field. 


2. An algebraic field F is said to be ordered if the following postulates hold: 

PostTuLaTE I: Certain of the elements a of F have a property, called positive 
and symbolized by >0, such that for any element a of F we may determine that 
just one of the following relations hold: 


a=0, a> 0, —a> 0. 
PostuLaTeE II: If a > 0 and b > 0, then 
a+b>Oandab>0. 


PostuLaTe III: (ARcHIMEDEAN PostuLATE) For any element a of F there 
exists a rational integer c > 0 such that 


c>a. 
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If p is positive, then (—>p) is said to be negative. 

If a and b are in F, we write a > borb < aifa—b>O0. From these 
postulates and definitions® follow the usual inequality relations such as, from 
a > bfollowsa +c >b+candifc>0,ac> be. We may employ Postu- 
late I and introduce the symbol | a |, meaning the one of the two numbers 
+ a which is not negative, and call this the absolute value of a. Then we find 
for any a and bin F 


Jab] = |a| |b], 
jJa+b| S|a|+ |b. 


If 6 (+ 0) is an algebraic number, then 1/| @| is likewise, and by Postulate 
III there is a natural number ¢ such that ¢ > 1/| 6 |, whence | @ | > 1/c, so that 
there exist rational numbers r and s such that 


(1b) 


(2) r<|0|<s;r>0. 


Also, there is a natural number d > —6, whence 


(2a) —d <6. 


3. To accomplish our ultimate purpose we need to prove a set of lemmas. 
Lemmas 1, 3 and 4 are variations of well known results; Lemma 2 takes the 
place in this theory that Rolle’s theorem does in the usual theory of poly- 
nomials. 

Lema 1. Jf 


¢ (xr) =a +axr+--- +a, 2° 
has coefficients in an ordered algebraic field F, then a rational h > 0 may be de- 
termined such that aod (hi) > 0;0 < hy Sh, and h, is in F. 
By Postulate III we have a rational d; > | a; |;7 = 0,1,---,s. Letg 
be the greatest of these; then if h > 0, by (1b) 


_ < gil — he) gh 


By (2) we have | a | > c > 0;c rational. Then for h = c/(g + c) we find 
| o(h) — ao | < | ao |, whence the result. 

If f(x) in (1) is such that f(a)f(b) < 0 for a and b in F anda < b, we call 
(a, b) a root interval of f(x), abbreviated R.I. If (a, b) and (a, b;) are R.I.’s 
and a; 2 b, then they are said to be isolated R.I.’s. Referring to the numbers 
in a R.J. (a, b) and in F, we include a and b, unless otherwise stipulated. We 
now prove 

Lemma 2. Let a polynomial f(x), of degree n > 0, have coefficients in the ordered 
algebraic field F, and let (a, b); (a1, b:) be R.I.’s of f(x); b < a; f(a)f(bi) > 0. 








8 Van der Waerden, Moderne Algebra, Erster Teil, pp. 209-10. 
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Then if for numbers x; in F and in either of these intervals none of the derivatives 
f(a); 7 = 1, 2, --- ,n — 1, change sign, then f'(b)f’\(a) < 0. 

Unless otherwise specified, every quantity employed in the proof of this is 
in F. We prove first that under the conditions of the theorem, with f(z) = 
f(x); sgn for “sign of}? 7 = 0,1,---,n — 1; 


(3) sgn [f(b) — f(@)] = sgn f*P() . 
where é is any element in (a, b). We employ induction. Assume (3) true for 
i=n—1,n — 2,---,n — k; we shall show it holds fori = n — k — 1. Set 
g(x) for f‘*- (x), then by hypothesis 
sgn (g(b) — g(a) ) = sgn g’(é) . 
If g’(é) g(a) > 0, write x;(¥ a) for any element in (a, b), then g(x:) — g(a) = d, 
say, and g(a) = g(a) + d and since dg(a) > 0, 








(4) | g(a) | > | g(a) |. 
Similarly, if g’() g(a) < 0, then for an zz (# b) in (a, b) we find 
(5) | g(w2) | > | g(b) |. 
In view of (2), (4) and (5) we then have a fixed rational c such that 
(6) |g(z)|>e>0, 
for any x in (a, b). If we set f-*-» (x) = @ (x), we have by (la) 
o (a1 + 7 — ¢ (a1) _ g(a) + + ray nee 


By Lemma 1 we may select a rational h so that the left hand member has 
the same sign as g’(1)._ For any 2; in (a, b) we use the same h by taking the 
c in (6). 

Now divide the interval (a, b) into 5 equal parts so that each interval < h 
in extent, that is, take a rational integer 6 > (6 — a)/h, using Postulate III. 
Let these intervals be (z;, viz1); 7 = 1, 2,--- 6; m1 = a, Xo. = b. Then 
Liga — Xi < hand if $ (xis) — ¢ (2;) = p; the sign of p is the same for each 7, 
since g(x) does not change sign by hypothesis; hence, adding these equations 
for each 7 we have 


sgn (¢ (b) — @ (a)) = sgn (p;) = sgng (£), 


where ~ is any number in (a, b). This is (3) with 7 = n — k — 1 in lieu of 
n — k. To complete the induction we note that (3) obviously holds for 
?=n-—1. Hence, (1) holds for i = 0, that is, 


sgn [f(b) — f(a)] = sgn f’(é) = sgn f(b) = — sgn f(a) , 
since f(a)f(b) < 0. Similarly, 
sgn [f(b:) — f(a:)] = sgn f(b) = sgn f(a) , 
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and since by hypothesis f(a)f(b:) > 0, we have 
F(b)f'(a) <0, 


which proves Lemma 2. 
We now consider 
Lemma 3: Let f(x) be a polynomial with coefficients in an ordered algebraic 

field F. Let abe in F and f(a) ¥ 0, then rational numbers r < a and s > a may 

be determined so that for any x; in the interval (r, s) and in F, f(a:)f(a) > 0. 

For proof, we note by (la) and Lemma 1 that a rational h > 0 may be de- 
termined so that f(a + h) has the same sign as f(a), and, similarly, for f(a — h), 
and this is true also for any ); in F;0 < hi < h. By Postulate III there is a 
rational d > a + h = a, and also a rational di < a by (2a). The theorem is 
obvious for a rational. If a is not rational, divide the interval d — d, into 6 
equal parts, where 4 is a rational integer > 0, such that 6 > (d — d;)/h, whence 
h > (d — d;)/é. Let these intervals be in order, (xi, ti41), 7 = 1, 2,--- , 6. 
Test each difference x; — ain order; we must find an e such that x, < a < 41 
and an ™; 2m < di < 2my1. Now e ¥ m, otherwise, h < (d — d,)/é6. Then 
2.41 = 8 is a rational number such that f(s)f(a) > 0;a: > s > a. Similarly, 
we find a rational r such that f(r)f(a) > 0; a — h < r < a, which proves 
Lemma 3. 

We may now show that if we have two isolated R.J.’s of a polynomial, we 
may find from them two isolated R.I.’s of the type (a, b) and (a;, 61) mentioned 
in Lemma 2. For if (a, 8), (@,1 Bi); a1 > 8; are R.I.’s of f(x) with f(a) f(B:) < 0, 
then (6, a1).is a R.I. of f(x), as is aiso (c, a1) where c is determined from Lemma 3 
so that f(8)f(c) > 0;¢ > B. Hence, we have the isolated R.J.’s (a, B), (c, a1) 
of f(x) and such that f(a)f(a:) > 0. From the two isolated intervals (a, 6) 
and (6, 61) we may obtain a c using Lemma 3 such that f(8)f(c) > 0 and then 
(a, 8) and (c, B:) are of the type desired. 

We now prove 

Lemma 4: If f(x) is a polynomial with coefficients in an ordered algebraic 
field F, then we may determine an interval (—r, r), r rational, such that there are 
no R.I.’s of f(x) of type (a, b), a > r; or (a1, b:), bk < —r; a, b, ay, bi, all in F. 

Write f(x) = dn 2™ + Gn 2”! 4+- --- + ao; a, ¥ 0, whence, 

An-1 An—2 


fa) = 2 et Gib = — +3 


ao 
+ i> 


By Lemma 1 we may determine a rational r > 0 so large that r” (a, + ¢(r) ) = 
f(r) has the same sign as r”a,. Similarly, we see that f(—r) has the same sign 
as (—1)"r"a,. The same conclusions hold for any 7; > r or any rz < —r?, 
whence the lemma, if 7, and re are in F. 


4. We now proceed to the ordering of a real algebraic field defined by 
f(x) = 2" + ny amt +++ +O, 








re 
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where the c’s are elements of an ordered algebraic field F and f(z) is irreducible 
in F. If it is possible to determine a R.J. of f(x) such that there are no R.I.’s 
of f’(x) included in the interval, we call such a RI. a simple R.I. of f(x), ab- 
breviated S.R.IJ. By Lemma 2 and the remarks following the proof of Lemma 3, 
it follows that we cannot find two isolated R.J.’s in a S.R.I. Two S.R.I.’s 
(a, b) and (c, d) of f(x) where a S ¢ are said to be equivalent if c < b and (c, b) 
is a root interval of f(z). Two S.R.1.’s which are not equivalent will be termed 
isolable. By definition, two isolated S.R.I.’s are isolable. Evidently from two 
isolable S.R.I.’s we may determine two isolated R.J.’s while this is not the 
case with two equivalent S.R.1.’s. 

In the decomposition field of f(x) suppose we have the relation (1). If a 
S.R.I. (a, b) has been determined of f(x), then we associate one of the symbols 
Qj, 2, +--+ , a, With the interval (a, b), say a1; we say that a generates a real 
field, a is said to be a real algebraic number and a real root of f(r) = 0, and 
similarly for each isolable S.R.J. 

For the determination of the R.J.’s in the form (a, b) with a and b rational 
we note that if n = 1 in (1), there is just one isolable S.R.J. because of Lemma 2, 
as f’(x) cannot vanish, and F by hypothesis is ordered. We then proceed by 
induction and make the following assumptions: 

1. If i < n tt ts possible to determine all the isolable S.R.I.’s, which do not 
exceed 1 in number, of a polynomial of degree 1 with coefficients in an ordered 
algebraic F. 

2. Any real field defined by o (x) = 0 of degree i, 1 < n, and coefficients in F, 
or any field obtained from it by a finite number of adjunctions of real fields 
defined by polynomials of degree S 1 is ordered. 

We shall show that these assumptions hold also for 1 = n, having noted that 

they hold fori = 1. By Lemma 4 we take an interval (—r, r) in which all 
R.I.’s of f(x) lie, and we assume that f(x) has a R.J. Consider the distinct 


real zeroes of the derivatives f® (x); s = 1,2,---,n. By the second assump- 
tion the field obtained by the adjunction of all these is ordered. Let 
0, 02, +++ , OE 


be those included in the interval (—r, r) with 6: < 02 < --- < 6. Consider 
the intervals in the set (@:-1 6); t = 2,3, --- k. We cannot have f(6;) = 0, 
since f(x) is irreducible in F. We test each interval to ascertain if it is a R.J. 
of f(x). By Lemma 4 and hypothesis we must find at least one RJ. If 
(4, 441) is a R.I., then by Lemma 3 we may replace this by a R.I. (a,, dv4:); 
9, < Ay < Av41 < 6y43, Where the a’s are rational; f(6,)f(av) > 0; f(Ov41)f (G41) > 0; 
(@,, dy) contains no R.J. of (x) and similarly for (@.4:, 0.41). By proper choice 
of notation we may write as R.I.’s of f(x), 


(a, dz) (ae, a3) 7? > (Ay, an) ? 


which are such that no R.J. of f(z) lies outside of them. 
Now each of these is simple since if (a:, a:4:) contains two isolated R.I.’s 
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(bi, bis1), (dt, dey1), then we may find two R.I.’s of f(x) of the type mentioned 
in Lemma 2, and therefore a real root of f(z) = 0 lying between the two 6’s, 
which contradicts the hypothesis. There cannot be more than n isolable 
S.R.1.’s because of Lemma 2 and the assumption that f’(z) has no more than 
(n — 1) isolable S.R.I.’s. Hence, assumption 1 holds for f(x) of degree n. 

Let (a, b), a and 6 rational, be a S.R.I. of f(x) and associated with a = a; 
then we shall show that F[a] is ordered. Let ¢ (a) be any number in F[a] ¥ 0. 
Then we may write, if the d’s are in F, 


d (a) =d+da+ wens + dy1a*', 


where not all the d’s are zero. This representation is unique since f(z) is irre- 
ducible in F. Let 


g (x) = dy + dx ftieee + dn12" . 


hence ¢ (a) ¥ 0. 

We now select a R.J. of f(x) in fa, b) such that it contains no R.J. of @ (z). 
Since the degree of ¢ (x) is < n, xis may be done by adjoining to F the real 
fields corresponding to the real roots of ¢ (x) = 0, and proceeding as in the 
determination of a S.R.I. of f(z). In this way we obtain a sub-interval of 
(a, b), say (as, b;) with a; and }; rational, such that f(a:)f(b:) < 0, but @ (a) 
& (b:) > 0. Two isolated R.J.’s of this type cannot be found since (a, b) is a 
S.R.I. of f(x). We then order o (a) among the elements of Fla] by adopting the 
conventions: ¢ (a) > 0 if ¢ (a1) > O and ¢ (a) < 07 ¢ (a;) < 0. Hence, an 
element of F[a] is zero, (when all the d’s are zero), positive or negative, and 
Postulate I is satisfied. If 


gi (x) = dj, + dix 4 eee d,_,2! 
with the d’’s in F, then write 


(2) = ba (d; + d’)xt = 6 (2) + br (2). 


If ¢ (a) > 0, ¢: (a) > 0, then y (a) > 0, since we may take a R.J. of (x), say 

(a2, be), lying in (a, b), which is not a R.J. of any of the functions ¢ (x), ¢: (x) or 

y (x). Then we have ¢ (a2) > 0, ¢: (a2) > O and y (az) = ¢ (a2) + 1 (a2) > 0. 
We now examine the product of ¢ (a) ¢: (a) and consider the identity 


(7) (x) oi (x) = r(x) + f(z) Ae), 
where A(z) is a polynomial with coefficients in F and 
r(x) = @ text e+e + Cpiz™ 


with the e’s in F. Take the (a2, be) above and select a sub-interval (a3, bs) 
which is a R.I. of f(x) so that r(x) and A(z), each of degree < n, do not change 
sign therein. We then have from (7) for x = a; and b; 








=a ee OO FS | WO ee 
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r(as3) + f(a3)A(a3) > 0 
r(bs) + f(bs)A(bs) > 0, 


which gives, since f(a@s)f(bs) < 0, r(as) > 0, r(bs) > 0, hence, r(a) > 0 and 
Postulate IT holds. 
With (a, b) having the same meaning as before we shall show that 


(8) ax<a<b. 


Consider ¢ (x) = x — a. We use the above method of ordering and will 
show that a — a> 0. In the interval (a, b), ¢ (x) changes sign since ¢ (a) = 0, 
but this is the only root of ¢ (x). Also, f(a) ¥ 0 and we may select a c, using 
Lemma 3, so that f(a)f(c) > 0, ¢ > a, with (a, c) not containing a RJ. of f(z). 
Then (c, b) isa RJ. of f(x), but not of ¢ (x). Butb — a> 0, hence a — a > 0, 
ora >a. Similarly, we find a < b. 

Let ¥ (a) be any number in F[a] so that 


v (a) = ho —_ hy a f+eee + h,-10"— ; 


the h’s in F. Then by Postulate III each (h;) in ¥ (@) < ci, where c; is a 
rational integer. Also, by (8) either b > | a | or —a > | @ | where b is rational, 
hence, | a | < r where r is some natural number, so that by (1b) 


a-1i 
y (a) < PB cr ’ 
t=0 
which shows that Postulate III holds in Fla]. Hence, the field F[a] is ordered. 
If we adjoin a real root 6 of g(x) = 0 (of degree < n) with coefficients in F, 
we find’ by constructive methods the decomposition 


g(x) = gilx, a) go(x, a) +--+ gs(x, a) 


in the field Fla], where the g;s are irreducible in Fla]. One of these must 
change sign in the S.R.I. of g(x) corresponding to 8, let it be g:. Then we order 
the elements of Fla, 8] by using g: in lieu of f in the above discussion, Fa] tak- 
ing the place of F. Proceeding in this way we may order the elements of any 
field obtained by a finite number of adjunctions of real numbers defined by 
polynomials of degree < n. Hence, the second assumption of our induction 
holds, and the induction is complete, as we have already noted that it holds 
forn = 1. 

Initially we postulated but one ordered field, the rational. Starting with 
this as our F we may set up an ordered field by taking a real root of a poly- 
nomial with rational coefficients, so that ordered fields other than the rational 
field exist. 





® See footnote 1. 
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5. Schatunovsky, in ordering elements in Fla], began as has the writer by 
considering ¢(a), a number in F[a] in the form of a polynomial in a with coeffi- 
cients in F, and defined positive and negative numbers in the same way, but 
used a different method in isolating a R.J. of f(x) which is not a R.1. of $(z). 
However, in connection with his conclusion that ¢(a)¢i(a) > 0 if ¢(a) > 0 and 
¢i(a) > 0 he merely states that this follows because in the R.J. (a, b) which is a 
R.I. of f(x) but not of (x) or ¢:i(z) we have $(a)¢i(a) > 0 because $(a)¢;(a) > 0. 
This is not sufficient as we show by the following example. If f(x) = 2? — 2; 
oe —2=0;¢(z) = 14 2; ¢:(x) = 3 — 2z; then d(a)di(a) = —1 + a = ra) 
if we set r(x) = x — 1. Then the RJ. (—1/2, 1.42) isa RI. of f(x), not o(x) 
or ¢i(x), but isa R.I. of r(x). Also, in connection with a definition of an ordered 
field he refers to a pamphlet” of his which is not accessible to the writer. It 
is not clear, however, that he explicitly employs our Postulate III that in an 
ordered algebraic field we always have for any element a therein a natural 
number c such that 


e>a. 


This assumption is necessary to prove the following statement in his proof of 
his theorem 2: ‘‘Let us now sub-divide the root interval (a, b) into a finite 
number of intervals in such a way that the length of each one of them should 
be less than «/E + «.” Here, « and £ are quantities in an ordered field not 
necessarily the rational; hence the above statements imply the existence of a 
rational integer 6 such that 6 > (b — a)/k, where k = e/E + «. If he is 
employing the postulate here without stating it, then he does not show later 
that when he orders the algebraic field it satisfies this postulate; in fact, he 
finds his simple root interval in the form (a, b), where a and b are not neces- 
sarily rational. 


UNIVERSITY OF TEXAS. 





10 “On postulates forming the basis of the notion of magnitude.’’ 
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Introduction. The connection between the theories of groups and quantum 
mechanics pointed out by Wigner! and developed extensively by Wigner, von 
Neuman and Wey] has given the work of Frobenius and Schur on the irreducible 
representations of groups an outstanding position in the conventional mathe- 
matical discipline of the physicist. In many of the earlier applications of group 
theory, such as to the theory of atomic spectra, it is true that the results ob- 
tained were already familiar to still earlier workers and this application served 
principally to define clearly the link between different features of the problem, 
but with the extension of quantum mechanical methods to other fields, group 
theoretical developments have proved to be more and more indispensable. In 
particular, the progress of certain aspects of the theory of the solid state has 
been directly dependent upon the group theoretical knowledge.? For this reason, 
it may safely be said that a discussion of the representation theory of space 
groups will prove to be of considerable service in future development of the 
quantum theory of the solid state, and it is with this in mind that the following 
developments are presented. 


1. The theory of space groups. For the purpose of the following investi- 
gation, it will be of advantage to outline briefly the basis and important results 
of the theory of space groups. 

The starting point of this development is the assumption that every crystal 
is invariant under a discrete, three-parameter translation group of the form 


(1) Tryngng > Muti + Note + Netz , 


in which t,, te, ts are three primitive translation vectors of the form 


ti tox ty 
(2) the too tse 
tis tos ts 





1E. P. Wigner, Gruppentheorie, Vieweg und Sohn, 1931. 

H. Weyl, The Theory of Groups and Quantum Mechanics (English translation by H. P. 
Robertson). Dutton and Co., 1931. 

? See for example: J. H. Van Vleck, The Theory of Electric and Magnetic Susceptibilities. 
Oxford, 1932. 
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respectively, for which the determinant 


tu toy ty 


tio top bse 
| tis tos t33 


does not vanish, and 7, n2, n3 may take on all integer values. This translation 
group is then to be viewed as an invariant subgroup of all groups of higher 
order under which the crystal may be invariant, and the problem of developing 
the space groups is that of finding groups of transformations of the type 


= Ayr, + AyeXe + Aisx3 + hh 
(3) = AX) + Aeo%e + Aosx3 + le 
= A31X1 + Age®e + Ag3%3 + fs 


which admit a group of the type (1) as an invariant subgroup. In the fol- 
lowing discussion, we shall employ a notation in which (3) is written in the form 


(4) 2’ =az+t, 
where 2’, x, and ¢ are the column matrices 
/ 
v1 v1 


’ 
Lo Xe 


’ 
Xs 3 


respectively, and a is the matrix 


A229 


A32 
From an operational standpoint, (4) may be written 
(5) w= fali}z=%Ar, 


where {a | ¢} is a linear operator which acts upon a vector x in the manner 
defined by (4) and combines with another operator {8 | z’} = % of the same 
type in the manner ‘ 


(6) {a | t} {B|t’} = {ap | at’ + t}, 


where in the new product operator the product matrix a8 plays the part of 
the rotational matrix a of (4) and the vector a t’ + ¢ plays the part of the trans- 
lational matrix or vector t in the same equation. This scheme of space operators 
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1, B, and G, constitutes a generalization of the usual rotational or point matrix 
operators and reduces to the latter in cases in which the translational vector 
is zero. The unit element is given by {e|0} where e is a unit matrix and 0 is 
the column vector of zero components, while the inverse to {a|t} is obviously 
{a|—a-t}. In this scheme the translation group elements (1) are of the 
form 


(7) {e| mt a Note -b nts} = {e| mit} {e| ete} {e| nts}. : 


From this standpoint, the theory of space groups deals with the investigation 
of groups of operators (5) which possess an invariant subgroup of type (7). 
This restriction has a two-fold influence upon the nature of the resulting groups: 
first, it limits the nature of the rotational elements which may appear, and 
second, it induces corresponding limitations upon the forms of h, ts, and ts; 
(in (1) ). These two are closely linked together in the sense that the allowed 
values of t:, t2, and ts; depend upon the forms of the rotational elements and 
conversely. A complete discussion of the development of this problem is 
given elsewhere,’ but the conclusions and theorems that may be drawn are 
as follows. 

I. The only allowed rotational matrices may be reduced to the form 


1 0 0 
0 cosg —sing 
0 sing cos¢ 


in which ¢ = 2rm/n, where n is restricted to the integer values 1, 2, 3, 4 and 6, 
and m is an arbitrary integer less than or equal to n in absolute value. There 
are thirty-two rotation groups that may be formed of elements possessing only 
such matrices—the so-called crystal classes—and these are just the groups which 
describe the macroscopic symmetry properties of crystals; that is, these and 
only these are met with in nature. 

II. In any given space group the rotational matrices constitute one of these 
thirty-two groups, so that each space group may be associated with a definite 
crystal class. 

III. The restrictions to be placed on the translation groups that appear as 
invariant subgroups of the space groups going with a given class are such that 
they depend only upon the class and not upon the space group (i.e. only upon 
the rotational elements of the space operators). These are such that only 
fourteen types of translation groups are met with, varying from one in which 
all the components of t:, t2 and ¢; are arbitrary, for the classes C; and S, of the 
triclinic system, to three in which only one component of the three vectors is 
arbitrary, for the groups 7. T¢ T*, 0, and 0* of the cubic system. 





°F. Seitz, Zeits. fur Krist. 88, 433, 1934, et seq. 
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IV. There is at least one space group corresponding to each class and each 
translation group (i.e. each subclass) and there are 230 space groups on the 
whole. The characteristic properties possessed by the elements of these groups 
in general are as follows: 

(a) In each space group all operators possessing a given rotational element a 
may be written in the form {a|v(a)} {a|t} where ¢ is an element of the trans- 
lation group (space operators will appear in the group corresponding to all 
allowed values of ¢) and v(a) is a fixed vector for a given group. In other 
words, the factor group of the space group formed with respect to the translation 
group is simply isomorphic with the rotation group of the crystal class. 

(b) Since a given space group is uniquely characterized by the subclass to 
which it belongs and the vector v(a) going with each a, a further classification 
may be afforded on the basis of the following divisions concerning properties 
of these vectors. 

i) Space groups possessing elements such that all v(a) may be taken to 
be zero. 

ii) Space groups possessing elements for which all v(a) may be selected so 
that each has no component in the direction going with the characteristic value 1 
of the matrix a. In this case, of which i) is a special one, a codrdinate system 
may be chosen so that any v(a) may be taken to be zero. 

iii) Space groups for which at least one v(a) has a component in the direc- 
tion going with the characteristic value 1 of a. From the geometric stand- 
point this means that there is at least one type of symmetry operation present 
which may not be viewed as being simply a rotation or reflection followed by a 
translation of the group. 

(c) If n is the order of the group of a given crystal class and we form the 
n — 1 cosets of a space group associated with it, we see from (a) that all of the 
elements in any one of these possess the same rotational matrix and may be 
viewed as being generated from a given {a|v(a)} by multiplying this with all 
elements of the translation group. If we add {¢|0} to these n — 1 coset repre- 
sentatives, we have a set of n elements which stand in one to one correspondence 
with the elements of the class, and in the case i) above, this set may be taken 
to be identical with the group. 

V. Every space group may be regarded as being a subgroup of a group of 
type i) in IV-b. This statement rests upon the fact that a codrdinated system 
may be selected in which the translational component v (a) of all space operators 
may be written in the form 


Vv (a) = yt; + Ale + Ast3 


where fi, tg and ¢; are the primitive translations of the translation group and 
1, @2 and a; are fractions. If these fractions are expressed in terms of a lowest 
common denominator, say n, we may regard the space group as a subgroup of 
the space group of type i) in which t; = ¢,/n ete. In actual cases the largest 
value of n which occurs is 8. 
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VI. Every crystallographic point group C; is solvable‘; that is, it is pos- 
sible to form a composition series of the type 


Ci, Co, ---, Ca =e 


such that the factor group C;/C 4: is an Abelian group of prime order. 

It is clear from the previous facts concerning the connection between the 
point groups and the space groups that a similar statement will be true for the 
latter, the difference being that C; will be replaced by a space group whose 
rotational components constitute this point group, so that C, will be replaced 
by the translation group. In the following development, we shall be concerned 
only with those representations of the translation group that are of finite order, 
so that for our purposes all space groups may be regarded as being solvable. 


2. A theorem concerning the reduction of finite solvable groups. The prop- 
erty of solvability constitutes an essential characterization of space groups for 
the purposes of the present discussion, and forms the basis for a scheme of 
complete reduction. The fundamental theorem of interest in this connection, 
namely theorem I of this section, was first given by Schur,’ and will be pre- 
sented from a slightly different viewpoint in the following paragraphs. 

If we have a finite solvable group G: for which the following composition 
series obtains 


(8) ; Gh, Ge, oo Gm, ; 


G,, being the unit element, the irreducible representations of G, may be obtained 
from those of G41 by means of the following procedure. 
Let us assume that the elements of G,+: are arranged in the order 


(9) Mo = €; An, --- , Ays +++ 5 Aor, - ++ » Aare, 


where elements 2; of given 7 undergo a cyclic permutation under similarity 
transformation with $,the element by means of which G, may be derived from 
Gis: by augmenting the latter. Since G, is solvable, the smallest r such that 
%’ is an element of Gis: is a prime number. 

Let o° be an irreducible subspace, belonging to an irreducible representation Ro 
of G41, in the Hilbert space in which the group G; is represented, and let (A “¥3 aa 
be the representative of %;; in this subspace. Then under 8" (0 < m <r), 
o° is sent into another subspace, which will be assumed to be independent of o° 
and all spaces generated by other powers of 8. That this assumption of inde- 
pendence does not affect the generality of the following will be shown presently. 

Since G4: is an invariant subgroup of G,, o” will be an irreducible subspace 





‘Solvable groups have been made the object of considerable investigation by G. Fro- 
benius, Sitz. der. Kin. Preuss. Akad., 337, 1893, and following papers. 

* I. Schur, Sitz. Preuss. Akad. 164, 1906. I wish to express my indebtedness to Dr. R. 
Brauer for calling my attention to this work at the time the present manuscript was sub- 
mitted for publication. 
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of the former, and the irreducible representation of G,;1 which occurs in it 
is such that the matrix (a‘”) ,,) representing %;; is that corresponding to 


Aim = B-"UA:;B" in o°. For if y} is a function belonging to o°, we have 
(10) UiimVn = Ler Binur Vos 

so that 

(11) B"A,, BB y, = A, B"y, = D> a) nr BV 

or 


(12) WV = ye Oy) os * ° 


Now if k is the smallest integer such that R; is equivalent to Ro, we can say 
at once that Ry+» is equivalent to R,. For if we order the operators %;; and 
their irreducible representations as in (8), the representation R, is obtained 
by performing an /-fold cyclic permutation of the latter in each of the classes 
formed with respect to %, this permutation being in a direction opposite to 
that which the %;; (fixed 7) undergo under 8’. Hence if R; is equivalent to Ro, 
Ri» Will be equivalent to the representation obtained by performing a p-fold 
cyclic permutation on the order Ro. 

By similar reasoning, it follows that R; may not be equivalent to R, unless 
R,, is equivalent to Ry fori < m S t. This means, however, that k must be 
a factor of r, which is possible only if k = 1 or r, since ris prime. Hence: 

The representations R; (¢ = 0,---,r —1) are either entirely equivalent or 
entirely inequivalent. 

If we designate the space spanned by the subspaces a‘ (i = 0,1, --- ,r — 1) 
by >> we know that >> is irreducible when the R; are entirely inequivalent. For 
by Schur’s Lemma, the only matrix which commutes with the representation 
of Gis1 in >> is diagonal with scalar sections in each of the o’. But each of 
these subspaces undergoes a transformation such that o* — o‘+! (mod r) under 
%, so that the constant sections must be equal and > is irreducible. 

In case the FR; are entirely equivalent, there will be a matrix 2% which trans- 
forms Ri: into Rj, so that MN” transforms R, into Ro, and we shall assume 
that codrdinate vectors have been chosen so that in each o‘ R; has the same form 
as Ry. These vectors will be designated by ¢! so that 


(13) es = 2, Me. 
For from (10), (11) and (12), we have if 

Aj, = BA; B 
that 


(0) 
BY ad ) Qi j jury 
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or 


(0) = > (0) ) 
W5¢% = pe Meni sng Deer er = pt eee 


msf57 7 
In addition we have 
Vy, =v, 
so that 
(14) Boh = Mir y?. 


Hence it is clear that the representation of 8 in >> is a matrix possessing zero 
components everywhere except in sections connecting columns going with o' 
and rows going with o*t!, and that the matrix appearing in this section is just 
y-. We shall choose coérdinates in o° so that 2 is a diagonal matrix, in which 
case the diagonal elements will all be pt roots of unity if 8° = E (p = lr), 
and let these codrdinates be designated by ¢‘ as above. Let us now form 
functions 


(15) xi 7 > bineh » 


so that xj is an eigenfunction of 8. Since the eigenvalue going with this must 
correspond to one of the irreducible representations of 8, say that in which 
w, corresponds to %, the coefficient 6; must be of the form 


1-1 
(16) ps (n'a, 

n=0 
where generally w, is the matrix component of I going with ¢} and (16) will 
vanish unless (wow:)~! is an r“ root of unity. Let these roots be designated 
by 6; (¢ = 1, 2,---,7r), so that (15) becomes 


rt—l 

(17) x, = dX i Pp: 
From this it follows at once that x} is generally an eigenfunction of B asso- 
ciated with the eigenvalue 6;'w,'. But the set of these functions going with 
fixed 7 belong to the same irreducible representation of G1 as the set ¢ (fixed x), 
so that the former set span an irreducible space under G,. Hence we have: 

TuHEeorEM I. If each of the subspaces o‘ (it = 0,1, --- ,r — 1) of > belong to 
different representations of Gr41, >, is irreducible under G,. If all of the repre- 
sentations are equivalent, then p is reducible to r irreducible subspaces of equal 
dimensionality. If the representatives of G41 are taken to be the same in each 
subspace, then the representative of B is IM times an r‘ root or unity. 

The case in which some a‘ is not independent of o° can clearly occur only 
when R; is equivalent to Ro, so that unless i = r we must have o’ = o’, etc., 
so that >> is identical with o° and the representative of % is simply Dt". 
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Now G3 in (8) will be the trarslation group of G, which may always be 
reduced by choosing a coérdinate system of functions of the type 


(18) oP eer 


where 7, is a function that is invariant under the translation group, and «x is a 
constant vector. From the physical standpoint it is always convenient to re- 
strict « to such values that Nix-t; = 2m for each of the primitive translation 
vectors t;, te, t3, where the N; are integers. In other words x is restricted to be 
a lattice vector of the inverse lattice of the crystal. From the present stand- 
point this has the important consequence that it restricts all representations of 
the translation group that are considered to be finite ones whose order is less 
than or equal to NiN2N3, so that the preceding theorem is valid and affords a 
simple, direct method of attaining complete reduction for any space group. 

In the next section, we shall present a development which will generally 
simplify the process of reducing G; by allowing us to pass from the irreducible 
form of a particular subgroup of G, to that of G:. This subgroup will also be 
solvable, of course, so that it may always be reduced by means of the preceding 
theorem, though in certain cases it may be reduced at once by direct use of 
some previous results on the reduction of the macroscopic crystallographic 
groups. 


3. Additional simplifying developments. If the factor group Gi/I, where 
G; is a given space group and [I is the translation group, is of order n, we have 
seen in §1 that there will be n coset representatives, %,---,%, Qh = ©), 
such that any element of G; is equal to one of these times an element of the 
translation group. If we now select a coérdinate system in Hilbert space so 
that all functions are of the form (18), m — 1 other functions of this type may 
be generated from any given y¥; = »,,e'“'’” of (18) by operating on it with these 
nm coset representatives. These n functions 


Niys = Ww, Woy = Ya ---, A, Yi = vn 


will be assumed to be linearly independent so that they span an n dimensional 
space >.,. This assumption of linear independence will not be valid in cases 
when « is invariant under certain coset representatives and the 7’s generated 
by these are not linearly independent. It will not be necessary to make excep- 
tion to these cases at present, however, because the effect of this is simply to 
reduce the dimensionality of the representations with which we shall be con- 
cerned in such a way as to exclude entire irreducible parts that would be present 
if the linear dependence did not exist. 

Since the product of any two coset representatives is equal to another times 
an element of the translation group, it is clear that the same set of W’s will be 
generated if any one of the set is taken to replace y1; that is, >>, is invariant 
under the entire space group. This means that we have effected a partial 
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reduction of the whole space into n dimensional subspaces so that we may re- 
strict further discussion to these. 

Lemmal. Functions y} (v = 1,---,1) of a which belong to a given representa- 
tion T, of the translation group are sent into functions which belong to a representa- 
tion T's by any element of the group. T2 may or may not be equivalent to 7}. 

If 2% is an arbitrary space operator and T and T’ are translation operators 
such that T is arbitrary and 


tT’ = A TA 


we have 
Ty =ovs, Ty =o. 
But 
AT'y, = w, Ay, 
so that 


TAy, = w, Ay} 


and the J functions Ay} belong to the same representation. Thus the space 
a; of >,, which belongs to a given representation of the translation group trans- 
forms either entirely into itself or entirely into another space, a}, belonging to 
a different representation, under elements of G. 

Since the 1 functions y} may be selected to be the first 1 of the n introduced 
previously by properly arranging the latter, it follows that it is possible to 
arrange the entire n into sets 

o; Wi, ahah i 
(19) j= = = = asececrceces h=n/l 
a} vi, Bee: } 
each of which belongs to a different representation of the translation group. 
Moreover any set may be sent into any other by use of an appropriate trans- 
formation of Gy. 

Lemma II. The operators which send any space o} into itself constitute a group 
G} which contains the entire translation group. 

That the translation group leaves the space o} invariant is obvious from its 
diagonal form. Similarly, it is clear that 8% will leave it invariant if B and 
1 do. 

Since an integer m always exists such that A" = T, where T is an element 
of the translation group which depends upon %, we have 


Ji = Ym-1g-1 


so that the left hand side must leave o} invariant because the right does. Hence 
all such elements constitute a group. It follows at once that the groups G; 
are equivalent and may be transformed into one another by the elements of G,. 
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Lemma III. If each of the subspaces o; are completely reduced into p sub- 
spaces o;; (j = 1, - p) for the group Gi which sonves each invariant, then all 
elements of G, not un Gi send each o},; into a space a, ; which is equivalent with 
regard to G'. 

Since the subgroups Gj are equivalent, it follows that each may be reduced 
in such a manner that equivalent elements are reduced in the same form. Now 
if y; , is a function belonging to oj and %, is any element of G} we have 


a ial z.. a er 
Hence if %’ is an element of G, not in Gj, we have 
WAM I Ay; , = AW V5, =>, On py V5.» = >, 4,, Oe 


so that y}_, is sent into a function ¥4,, which transforms under the same repre- 
sentation of the equivalent group that leaves o{ invariant. 

If we gather together those spaces 
(20) Cie 5 Bits nr oe ie a Cie oH ok oe Ct.m 


which belong to the same irreducible representation of the  eqqairennn groups 

1, Gi, +--+, @*, and designate the resulting space by >>*""’™ we shall have ef- 
fected an additional reduction of the entire space group, because there are no 
matrix components between the different spaces >>"""™ which as a whole span 
} 

If a given representation R; of Gi occurs but once in o}, the corresponding 
subspace, >>‘, will be irreducible. For by Schur’s lemma any matrix which 
commutes with the space group has no components connecting the o} because 
each of these corresponds to a different irreducible representation of the trans- 
lation group. In any o} there are no matrix components of this commuting 
matrix connecting any ¢},, and the other spaces. But each o;,, may be sent 
into any other oj, by some element of G, so that the matrix is constant in >’. 
Thus >." is irreducible. 

In case the representation R; appears more than once in o} say in the spaces 
og}, +++ Oi my then >>*"™ will not be irreducible, but it is easily seen that 
>", --- 2.” are each irreducible. For by hypothesis, o} , --- o/.,,, with fixed 
7, are irreducible under G} so that no element of this group sends them into one 
another. If an element % not in G; sends these into o’, ;, --- , 4, respectively, 
then any other element 8 which sends o} into c* must dothesame. For other- 
wise 2{-'B would connect the spaces o},;, --- ¢}, m Of «}, contrary to assumption. 
From this point on the proof follows that of the preceding paragraph. Thus 
when the irreducible representations of G; in «} are completely known, the space 
group is essentially reduced, and we need only be concerned with the exami- 
nation of representations of the space groups for which the matrices representing 
the translation elements are constants, that is, we need only be concerned with 
the o} and the associated R}. 

From this discussion we may immediately draw the conclusion: 








—_— 
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TuroreM II. If oj is one dimensional, >.,, is irreducible. 

In the event that o} is not one-dimensional, we may find the irreducible repre- 
sentations for a special class of space groups by a very simple means. These 
cases are those in which @}, the subgroup of G, which leaves o} invariant, is a 
space group of type i) discussed in IV-b of §2. This clearly includes all cases 
in which G, is of type i) and may also include special cases of ii) and iii). For 
in this case the / coset representatives may be selected to be elements of the 
form {a|0} which constitute a point group of order / are represented by rota- 
tional matrices ino}. The process of reducing G} is then simply one of reducing 
this subgroup since the only matrix which commutes with R} must commute 
with this and vice versa. The problem of reducing the crystallographic point 
groups has been solved by Bethe,* however, so that space groups of the special 
type mentioned above may be reduced by means of his results in a very 
simple way. 

In the event that Gj is not a group of type i), the result of §2 may be em- 
ployed to reduce it in the manner presented there. Since this group will gen- 
erally be more elementary than G;, the use of the results of this section will 
prove to be of considerable practical value. 

4. Concerning physical applications. The previous development affords a 
basis for an investigation of the eigenfunctions of the operators met with in 
physics in cases in which the latter possess space group symmetry and the so- 
called Born and Kérmén’ boundary conditions are employed, for in all such 
cases the eigenfunctions will transform under one of the irreducible representa- 
tions of the corresponding space group. Thus the normal coérdinates employed 
in treating the harmonic vibrations of crystals, which are simply eigenfunctions 
of a quadratic potential form that possesses the symmetry of a space group, 
may readily be derived by use of algebraic representation theory on the basis 
of the preceding work. This procedure avoids the more cumbersome methods 
developed by Brester.$ 

In a quantum theoretic treatment of the behavior of electrons in solids, an 
extremely useful starting approximation is that in which electron interactions 
are taken into account by means of a self-consistent field,® so that each electron 
moves in an effective field resulting from nuclei and other electrons. This 
field may be taken to be the same for all electrons, and since it possesses the 
symmetry of the lattice the electron wave functions will belong to irreducible 
representations of the symmetry group. The form of these functions will 
always be that of (18). Since functions that are partners in the same irre- 
ducible representation possess the same eigenvalue of the energy operator, we 





°H. Bethe, Ann. der Phys. 3, 133, 1929. 

E. P. Wigner, Géttinger Nachr., 133, 1930. 

’M. Born and T. v. Kérman, Phys. Zs. 13, 297, 1912. 

°C. J. Brester, Kristallsymmetrie und Reststrahlen, Utrecht, 1923. 
*E. P. Wigner and F. Seitz, Phys. Rev. 43, 804 (1933); 46, 509 (1934). 
F Seitz, Phys. Rev. 47, 400, 1935. 
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know from theorem II that the number of degenerate states will be equal to 
the number of coset representatives unless the function (18) is sent into one 
possessing the same «x value by one of the coset representatives, aside from the 
unit element, when cosets are formed using the translation group as invariant 
subgroup. In all other cases there is the possibility of more than one energy 
value being associated with a given value of x. If we regard the eigenvalue of 
energy as a function of x, H(«x), this many-valuedness of #, for certain values 
of x, corresponds to discontinuities in E(x) for which there is abundant experi- 
mental evidence. The natural basis for the discussion of this subject is afforded 
by the preceding work, and has been given in part in one of the physical jour- 
nals,!° and will be extended later. 
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LINEAR DIFFERENTIAL EQUATIONS WITH ALMOST PERIODIC 
COEFFICIENTS 


By Rosert H. Cameron! 
(Received June 15, 1934) 


It is the purpose of this paper to continue the investigations of Bochner*® on 
“Homogeneous Systems of Differential Equations with Almost Periodic Coeffi- 
cients,” and to point out that the conclusions obtained both by Bochner and 
myself can also be applied to non-homogeneous equations. 


1. We shall deal with vectors y having the n real or complex components 
yi, ++ Yn and the norm || y || = | y | +--- +] yn|. These vectors will 
usually be functions y(x) of the real variable x, and will ordinarily denote solu- 
tions of 


dy, (x ) 








(1) dr = Ay (x) yi(x) + ee) 4 Ayn(z)yn(z) (uy = 1,---,n) 
or of 
(2) — —_ a, 1 (x)y, (x) fees + Oyn(x)Y n(x) a b, (x) (u a 1, iota n). 


If the coefficients a,,(x) are all real for all values of x, the solutions y(x) may 
if desired be considered to be restricted to real numbers unless otherwise stated. 
In Theorem II whose proof depends upon the existence of solutions of an alge- 
braic equation, it will be necessary to consider both real and complex solutions, 
even though the coefficients happen to be real. 

Addition of vectors and multiplication by complex numbers has its usual 
meaning. Limits are to be understood in terms of the norm given above. 
Thus the statement that lim;... y = y is equivalent to the statement that 
lim;.. || y® — y || = 0. The symbol R [y(zx)] will denote the closure of the 
set of values of the vector y(x) as x takes on all real values. In this paper 
this closed set will be called the range of y(x). If x is restricted to take on 
only positive values, the closure of the set of values of y(x) will be called the 
positive range and denoted by Rt [y(x)]. R will be used for R or R+ as + 
is used for + or —. 





1 National Research Fellow. 
? Journal of the London Mathematical Society, Vol. 8, 1933, pp. 283-288. This paper will 
hereafter be referred to as Bochner I. 
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Derinition 1. A function y(zx) will be called symmetric if 
R [y(x)] = R [ey(x)] 


for some constant c such that c ¥ 1 and | c | = 1. If the function satisfies 
R+ [y(x)] = Rt [cy(x)] for some such ec, it will be called positive symmetric. 

Note. The symbol will be used to denote the real part of an imaginary 
number. 


2. In terms of the above notation we can now state 

BocHNER’s THEOREM.’ Let a,,(x) be almost periodic (u, v = 1, ---, n), 
and let M be their module. Then all of the solutions of (1) are almost periodic 
if the following hypotheses are satisfied :— 
I. : MR [an(~) + +--+ + Gnn(E)] dé ts bounded. 


0 


II. All the solutions of (1) are bounded. 

III. There exists a set of linearly independent solutions y“ (x), --- , y\™(zx) 
having the property that if y(x) is any solution of (1), then it is not true that 
R [y(x)] © RB [y’(a)], unless y(x) = y"(z). 

Moreover if these conditions are satisfied, the module of the set of solutions of 
(1) 7s M. 

One of the aims of this paper is to present some alternative conditions to 
take the place of III. Two such conditions are 

IVa. There exists a set of linearly independent solutions y(x), --- , y™(x) of 
(1) having the property that if y(x) is any solution of (1), then it ts not true that 
R [y(x)] = Rly (z)], unless y(x) = y™(z). 

Va. There are no symmetric solutions of (1); (neither real nor complex ones). 

As special cases of other theorems, it will be proved in this paper that if the 
a,,(x) are almost periodic with the module M, then conditions I, II, and IVa, 
or I, II, and Va, are sufficient to insure that all the solutions of (1) are almost 
periodic with the module M. Since IVa must obviously be satisfied whenever 
III is satisfied it follows that the sufficiency of I, II, and IVa implies Bochner’s 
theorem. 


3. While I and II are necessary conditions, this is not true of III, IVa or 
Va, so that none of the three theorems given so far provides necessary and suffi- 
cient conditions. However, by postulating that all of the solutions having 
certain very specialized properties should be almost periodic, it is possible to 
obtain necessary and sufficient conditions that all the solutions be almost 
periodic. Consider for instance the following conditions: 

IV. There exists a set of linearly independent solutions y™ (zx), --- , y™(zx) of (1) 
having the property that if y(x) is any solution of (1), then it is not true that 
R [y(x)] = R [y™(x)], unless y(x) = y (zx) or y(x) is almost periodic. 





3 Bochner I. 
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V. There are no symmetric solutions of (1), (neither real nor complex ones), 
except almost periodic ones. 

Since IVa implies IV and Va implies V, it follows that the two theorems 
already given are respectively special cases of the following theorems: 

TuoeorEeM I. Let a,,(x) be almost periodic (u,v = 1,---,n). Then all the 
solutions of (1) are almost periodic if and only if conditions I, II, and IV are 
satisfied. Moreover if these conditions are satisfied the module of all the solutions 
of (1) is the same as the module of the set consisting of all the a,,(x) together with 
all the solutions of (1) which have the same range as one of the y(x) but differ 
from tt. 

TueoreM II. Let a,,(x) be almost periodic (u,v = 1,---,n). Then all the 
solutions of (1) are almost periodic if and only if conditions I, II, and V are satis- 
fied. Moreover if these conditions are satisfied, the module of all the solutions of 
(1) is the same as the module of the set consisting of all of the a,,(x) together with 
all the symmetric solutions of (1); (both real and complez). 


4. Another aim of this paper is to obtain sufficient conditions that a particu- 
lar solution of (1) be almost periodic, even when not all the solutions of (1) 
are almost periodic. Such conditions are furnished by the following theorem, 
of which Theorem I is an immediate consequence: 

THEOREM III. Let a,,(x) be almost periodic (u,v = 1,---,n). Then if con- 
ditions I and II, are satisfied, and if y(x) is a solution of (1) such that no solution 
z(x) can have the same range as y(x) and be distinct from y(x) unless it is almost 
periodic, it follows that y(x) is almost periodic. Moreover the module of y(x) is 
contained in the module of the set consisting of all the a,,(x) together with all the 
solutions z(x) of (1) other than y(x) which satisfy 


R [2(z)] = R [y(~)]. 


In this paper it is also shown that all these conditions need be stated merely 
for positive values of xz. Thus boundedness in conditions I or II may be re- 
placed by boundedness for positive x, and R may everywhere be replaced by Rt. 

Finally, it will be shown that all these theorems may be restated so as to 
apply to the non-homogeneous equation (2). 


5. Before proving the above theorems it will be necessary to give some 
definitions and lemmas. The work will all be based on the following theorem 
of Bochner: 

THEOREM. A continuous function‘ or vector® function f(x) is almost periodic 
if and only if to every sequence hy, he, --- of real numbers there corresponds a 
subsequence hy,, hp, --- such that lim,.. f(x + hp,;) exists uniformly for all x. 





* Mathematische Annalen, Vol. 96 (1926), pp. 129-147, esp. p. 143. 
°“Abstrakte Fastperiodische Funktionen,’’ Acta Mathematica, vol. 61, pp. 149-184, 
especially page 153. 
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The method of proof used in this paper was first used by Favard® and later 
by Bochner.’ 

DeriniTion 2. A sequence of real numbers hy, he, --- will be said to con- 
verge with respect to a certain module M if uniformly for all xz the sequence 
f(x + hi), f(z + he), --- converges for each almost periodic function f(x) hav- 
ing the module M. Moreover the sequence ky, ke, --- , will be said to converge 
to li, le, --- with respect to M if the sequence ki, l, ke, le, --- converges with 
respect to M. 

Lemma 1. A necessary and sufficient condition that a sequence hi, he, --- 
converge with respect to a module M is that there exist an almost periodic function 
f(x) having the module M such that the sequence f(x + hi), f(z + he), «++ con- 
verges uniformly for all x. 

This lemma follows from a theorem of Favard.® 

Lemma 2. The necessary and sufficient condition that a sequence hi, he, --- be 
convergent with respect to a module M is that to every 6 > O and every finite set 
Pi, D2, --+, Dr of elements of M there should correspond an index N such that 
wheni > N andj > N then | p.(hi — hj) | < 6 (mod 27) (oc = 1,2, --- , 7). 

The necessary and suffictent condition that hi, he, --- converge to ki, ke, --- with 
respect to M is that to every 6 > 0 and every finite set pi, --- , pr of elements of M 
there should correspond an index N such that wheni > N andj > N, then 


| po(hi — kj) | < 6 (mod 2 z) (o = 1, --- , r). 


This lemma can readily be seen to follow from the classical theory. 

Lemma 3. If M is a given countable module and hi, he, --- is any sequence 
of real numbers, there exists a sub-sequence of hi, he, --- which converges with respect 
to M. If ky, ke, --- converges with respect to M, a sequence of positive numbers 
l,, le, --- can be found which converges to ki, ke, --- with respect to M. 

The first statement of this lemma follows from the above theorem of Bochner 
and Lemma 1. To verify the second statement, arrange the elements of M in 
countable order pi, p2, --- , and choose corresponding to each positive integer 
j a positive number J; such that 


| po(k; — U;) | <; (mod 2r)(o = 1, 2, --- , j). 


Then the sequence h;, l2, --- converges to ki, ke, --- with respect to M. 
Lemma 4. If M is given countable module and f(x) is a continuous function 
such that uniformly for all x lim;... f(x + h;) exists for every sequence hy, he, --: 
of positive numbers which converges to 0, 0, 0, --- with respect to M, then f(x) is 
almost periodic and has its module contained in M. 
For suppose that there exists a sequence ki, ke, --- of real numbers which 





6 Acta Math. vol. 51, pp. 31-81. This paper will be referred to as Favard I. 
7 Bochner I. 
8 Favard I, p. 41. 
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converges with respect to M and for which lim,;_,.. f(x + k,) does not exist uni- 
formly for all z. Then there exist a number ¢« > 0, two subsequences l,, ls, - 
and li, I, --- of ki, ke, --- and a sequence of real numbers 2), 22, - -- such that 
for all positive integers 2, 


(3) | f(z; + 1) — f(z; + li) | 2«. 


Moreover the subsequences can be chosen so that for each i, 1; > l;. But 
since ki, ke, --- converges with respect to M, the sequence 1, — li, l, — ls, -- 
converges to 0, 0, --- with respect to M. Hence lim, f(z + 1; — l/) = f(x) 
uniformly for all z; and on replacing x by x, + 1{, we obtain a contradiction to (3). 
Thus our assumption was false and it follows from the above mentioned theorem 
of Favard? that f(x) is almost periodic and has a module contained in M. 

DEFINITION 3. A vector function y(z) will be called stationary with respect 
to a module M if for all xz 

lim lim y(z + hy + kj) = y(z) 


j7~7 i 


whenever h;, he, --- and ki, ke, --- are sequences such that the above iterated 
limit exists for all z and such that hi, he, --- converges to —ki, —ke, --- with 
respect to M. If the sequences Mi, he, --- ; k;, ke, --- are restricted to positive 


numbers, y(x) is called positive stationary. 

DerinitTion 4. A vector function y(zx) will be called twistable with respect 
to a certain module M if there exists a constant c ~ 1 whose absolute value 
is unity such that for all x 
(4) lim lim y(z + hj + kj) = cy(z) 

j7e i020 
for some pair of sequences hi, he, --- and ki, ke, -- - such that the above iterated 
limit exists for all x, and such that hi, he, --- converges to —ki, —ke, --- with 
respect to M. If the sequences can be chosen so as to have all their terms posi- 
tive the function is called positive twistable. 

Lemma 5. A vector function which is (positive) twistable with respect to one 
arbitrary module is (positive) symmetric. 

For (4) implies that R [y(x)] > R [cy(x)] and hence 


R [y(x)] > R [cy(x)] D R [ey(x)] D --- DR [e"y(x)] D ---. Since fora given 
x, y(x) is contained in the closure of the set c™y(x) for (m = 2, 3, --- ), it fol- 
lows that R [y(x)] = R [cy(x)]; moreover R can everywhere be replaced by R* 
if hi, he, --- and ki, ke, --- are positive. 


Lemma 6. A necessary and sufficient condition that a vector function y(x) be 
almost periodic and have its module contained in a given countable module M is 
that it have the following properties: 

A. The function y(x) is defined for all x and bounded and continuous for 
positive x. 





* Favard I, p. 41. 
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B. It is positive stationary with respect to M. 
C. If the sequence of positive numbers hi, he, --- converges with respect to M 
and lim; y(hi) exists, then lim;.. y(z + h,) exists for each x. 

D. If the sequences of positive numbers hi, he, --- and ky, ke, --+ both con- 
verge with respect to M and lim;... lim;.. y(h; + k;) exists, then for each zx, 
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lim,_... lim. y(x + h; + k,) exists. 
E. If the sequences of positive numbers hy, he, --+ ; ki, ke, +--+ 5 hy le, --+ all 
converge with respect to M, and if hi, he, --- converges to ki, ke, --- with respect 






to M, and tf the following iterated limits exist and are equal for all x: 









lim lim y(a + h; +1); lim lim y(a + k; + 1); 









then for all x 






lim y(z + h,) = lim y(z + &,). 


io t—00 








(Note. Although D implies C, it is convenient to have C stated explicitly.) 

Proor. The necessity of the condition is obvious. To prove that it is 
sufficient assume that it holds and let hi, he, --- be any sequence of positive 
numbers which converges with respect to M. Suppose that lim,.., y(x + hi) 
does not exist uniformly in z for all positive x. Then there exist e > 0, two 
sub-sequences ki, ke, --- and l;, le, --- of hi, he, --- and a positive sequence 
21, T2, --+ such that 


| 6) Il yes + ks) — yas + 1) Il Be (= 1,2, ---). 














| Choose a sub-sequence x;, k,,1};23, 3,13, --- of the sequence of triples 2, ki, 1; 
ao,ke, le; --- such that lim,.. y(z; + #;) and lim,.,. y(x; + 1) exist and such that 
+ ho. + «> le, 4 Ba, 4G, +> converge with respect to M. 
Then by property C, lim... y(z + x; + k;) and lim,.. y(x + 2, + 15) exist for 
all xz. Choose a sequence di, 2, --- of positive numbers which converges to 
—ia, + bs), ~& + ko), «++ with respect to M and a sub-sequence dj, As, --- 
of Ai, Ae, --- such that lim,_,.. lim,_.. y(z, +h, + d;) and lim; lim; y(z; + 
k; + 2) exist. By property D, lim, lim;o y(t + x; +k; + ;) and 
lim). limj.. y(« + e, +1, +5) exist for ali z, and by B they are both equal 
to y(x). Hence by E 
















lim y(r, + k;) = lim y(x; + 13), 


t—00 i—0o 






contrary to (5). Thus the assumption was incorrect and lim,_,.. y(z + h;) exists 
uniformly in z for all positive z. By an argument used by the author in a paper 
“Almost Periodic Transformations” in the April number of the Transactions 
of the American Mathematical Society (1934) it can be shown that this implies 
that the limit exists uniformly for all x. Hence by Lemma 4, y(z) is almost 
periodic with a module contained in M. 



















LINEAR DIFFERENTIAL EQUATIONS 35 


Lemma 7. If f(x) is an almost periodic numerical function and [ : S(é)dé ts 
0 
bounded for positive x, then it ts bounded for all x. 
To show this, let M be an upper bound for / f(&)dé for positive z, and let 2; 
0 





be any negative number. Let 7 > — 2 be a 1-translation number for the 
z zy tT 
almost periodiefunetion [ S(é)dé. Then| f(e)dg s1+ / fede. < 
ay;tz 0 zyt+r | 
z,+r T i 
1+ I f(dé| + | / S(édé | = 1 + 2 M; and the lemma is proved. 
0 0 








Before stating Lemma 8, we will introduce the following modifications of 
some of the conditions mentioned above. 


It. | : R [aun(~) + --- + Ann(E)] dé is bounded for positive zx. 


0 

II+. All of the solutions of (1) are bounded for positive x. 

V+. There are no positive symmetric solutions of (1), (neither real nor complex 
ones) except almost periodic ones. 

Obviously I and I* are equivalent, from Lemma 7. 

Lemma 8. Let a,,(x) be almost periodic (u, v = 1, --- , n) and have their 
module contained in the module M, let the system (1) satisfy conditions I+ and II*, 
and let hi, he, --- and ki, ke, --- be two sequences of positive numbers such that 
hy, he, --- converges to —k;, —ke, --- with respect to M. Then if for each x and 
each solution y(x) of (1) lim,. lim;.. y(e + hi + k;) exists, the transformation 

T [y(z)] = lim lim y(z + h; + k;) 
j7~e io 
is one-to-one and linear and does not alter the positive range or the range of any 
solution. Morcover there exists a linearly independent set of solutions y™ (x), --- , 
y (x) (which may be complex even if the a,,(x) are real) such that 


(6) T [y(x)] = yy” (z) (» = 1,---,m); 


where the d, are constants having the absolute value unity. 
(Note. The symbol T[y(z;)] will be used to denote T[y(zx)].—2,). 
Proor. The fact that T is linear is obvious, as is also the fact that 


(7) RO[y@)] D RO {Tly@)]} 


for each solution y(z). Since hi, he, --- converges with respect to M lim;_.. 
a,,(2 + h;:) exists uniformly for each » and », and if the a,,(x) in (1) are 
replaced by these limits the resulting system has lim;_... y(z + h,) as a solu- 
tion. In the same way, since lim ;.. lim ; 0 Qu»(x + hi + kj) = a,,(k) uniformly 
in z, it follows that for every solution y(x) of (1), T[y(x)] is also a solution. 
Thus the linear manifold of all solutions is transformed by T into a sub-set of 
itself, and its matrix can be reduced to the classic canonical form. Hence 
there exists a set of indices 1 = pi: < po < --- < py < Poxi = n+ 1 and 
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f a set of constant multipliers \:,---, A, and a set of linearly independent 
} solutions y™ (x), --- , y™(a) of (1) such that 
(8a) Tly(z)] = roy?) (x) (p = = fwd 4 q) 





Tly(x)] = ~y (x) + yo -?(2) 
(8b) 

j (c=p,+1,p,+2,---,Pou1—1lj;p=1,---,9Q). 
Let & be the matrix of the transformation (8), and let 2(x) be the matrix 

| yz) «++ y(a) 


ee ee ee ee ee ee 









and ‘F (2) the corresponding matrix of the Tly\”’(2)]. Then for all z, 
(9) M(x) = TA(2) . 
Let c be a constant such that 


{ _ n 
; ‘ i [ z nnt®)| dt 
; 0 p=1 


w(x) = ce 










is the determinant of U(x). Then 


| log =e = 'y R > on(0 dé 





u=1 





is bounded and hence almost periodic with a module contained in M’. Hence 





lim lim | w(x + hy + k;) | = | w(x) | 


j7e 1-00 






is the absolute value of the determinant of © (2), and from (9) the determinant 
of T has the absolute value unity. Thus T is a one-to-one transformation and 


(10) pagr™ Age... ReermPe | we 8. 






Now from (7) and (8a) we have that for all p, | 4, | S 1; and from (10) it fol- 
lows that for all p, |’, | = 1. Moreover for each p, p41 = p, + 1. For 
if Pp41 > pp + 1, we have by iteration of (8) that 






T™[y(x)] -_ rN ye)(z) 







and 





Tyrer (x)] _ n° yPet) (x) 4 my * y Pe) (x) 





But this is impossible since for all m the set R+{7™[y‘7t)(zx)]} is contained in 
the bounded set Rt[y*+»(x)]. Hence FT is in the diagonal form and (6) holds. 
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It remains to show that for each solution y(x), R+[y(x)]C Rt{Tly(z)]}. To 
do this, choose a sequence, ™, m2, --- of positive integers such that for all », 
lim ;+0 3? = 1. Then for each », lim;... T™ [y(x)] = y”(z); 
and since 7™ is linear, for each solution y(z), 


lim T™[y(x)] = y(z) . 

7772 
But from (7) it follows that for any value x; of z, the points T™[y(x,)], 
T™[y(z:)], --- all belong to the closed set R+{T[y(zx)|}. Hence their limit 
point y(z:) also belongs to it, and 


R+[y(z)] C R*{Tly(2)]} . 


6. We can now prove the theorems mentioned in the introduction, as well 
as Theorems IV and IV* which will be stated in terms of the following con- 
ditions: 

VI. There are no solutions of (1) (neither real nor complex ones) which are 
twistable with respect to M except almost periodic ones. 

VI*. There are no solutions of (1) (neither real nor complex ones) which are 
positive twistable with respect to M except almost periodic ones. 

THEOREM I[V*. Let a,,(x) be almost periodic (u,v = 1, --- ,), and let M be 
their module. Then all the solutions of (1) are almost periodic if and only if 
conditions I+, II*+, and VI* are satisfied. Moreover if the conditions are satisfied, 
the module of all the solutions of (1) is the same as the module M’ of the set con- 
sisting of all the a,,(x) together with all the solutions of (1) which are positive 
twistable with respect to M. 

Proor. The necessity of II*+ and VI* is obvious while for I* it follows from 
the fact that the Wronskian of any linearly independent set of solutions is 


z n 
f [2 a uu(e) | ae 
0 p=l 
ce 


and from a theorem of Bochner’s.” 

To prove sufficiency, assume that the conditions hold, and apply Lemma 6 
to any solution y(zx) of (1), using the module M’. Property A is satisfied since 
condition II holds. If hi, he, --- converges with respect to M”, it follows that 
uniformly in z lim;_... a,,(x + h,) exists for all z. Moreover if lim;.. y(hi) 
exists, 


(11) lim y(x + hy) , 


io 


’ 





10 “Remark on the Integration of Almost Periodic Functions,’’ Journal of the London 
Mathematical Society, Vol. 8 (1933), pp. 250-254. This paper will be referred to as 
Bochner II. 
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exists for all z and satisfies the transformed differential equation. Hence 
property C of the Lemma is satisfied; and a second application of the argument 
gives property D. If we choose a linearly independent set & of solutions of 
(1), it follows from I+ that their Wronskian is almost periodic and does not take 
on values arbitrarily near to 0. If as before hi, he, --- converges with respect 
to M, and we choose a sub-sequence of hj, he, --- such that each element of & 
approaches a limit when transformed by it, the transformation obtained is 
one-to-one, since the new Wronskian does not vanish. Hence if two distinct 
elements of 2 converge under the original sequence hj, he, --- , their transforms 
are distinct. If we apply this fact to a system which has been transformed 
once already, we obtain property E. 

To show that property B also holds let Ai, he, --- and ki, ke, - - - be sequences of 
positive numbers such that lim ;... lim;... y(w + Ai + k;) exists for all z and 
such that hi, he, --- converges to —ki, —ke, --- with respect to M’. Let 
hi, hs, --- and ky, ky, --- be sub-sequences of hi, he, --- and ky, ke, --- such 
that for every solution z(x) of (1), lim;... lim;.. 2(z + Ai + hj) exists for 
all x. (That such subsequences can be found can be seen by applying prop- 
erty C twice to a linearly independent set of solutions.) From Lemma 8 it 
follows that there exist linearly independent solutions y™(x), --- , y™(a) such 
that 

lim lim y(x + h; + kj) = ¢y(zx) (v=1,---,n), 

je i—00 
where | c, | = | c2 | = --- = | c, | = 1. Suppose that there exists a v such 
that c, ~ 1. It follows that y(z) is positive twistable with respect to M’ 
and hence with respect to M. Thus by hypothesis it follows that y™(z) is 
almost periodic with a module contained in M’, and hence c, = 1, contrary 
to the assumption. Therefore c: = co = --- = c, = 1, and the transformation 
is the identity, so that lim;_... lim ;. y(x + hi + kj) = y(z). 

Since (x) has all the required properties, it follows from Lemma 6 that it 
is almost periodic and has a module contained in M’. Thus M’ contains the 
module M”’ of all the solutions of (1). On the other hand, Bochner’s argument" 
shows that M’’ > M and hence M’”’ = M’. Q.E.D. 

It is clear that Theorem IV, which is obtained from Theorem IV+ in the 
obvious manner (by replacing condition I+ by I, II*+ by II, etc.), is a conse- 
quence of Theorem IV*. These two theorems and Lemma 5 imply Theorem II 
(stated above) and the corresponding Theorem II+. 

TuHeorEM III*. Let a,,(x) be almost periodic (u,v = 1,--- ,n). If in ad- 
dition conditions I+ and II* are satisfied, and if y(x) is a solution of (1) such 
that no solution z(x) can have the same positive range as y(x) and be distinct from 
y(x) unless it is almost periodic, then it follows that y(x) is almost periodic. More- 
over the module of y(x) is contained in the module M’ of the set consisting of all 





11 Bochner I, page 288. 
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the a,,(x) together with all the solutions z(x) of (1) other than y(x) which satisfy 
R+[e(x)] = R*[y(z)]. 

Proor. Apply Lemma 6 to y(zx), using the module M’. It follows as in 
Theorem IV* that properties A, C, D, E hold. Let fi, he, --- and ky, ke, --- 
be sequences of positive numbers such that lim ;_... lim ;_.. y(x + h; + k;) exists 
for all zx and such that hi, he, --- converges to —ki,—ke, --- with respect to 
M’. As before, let hj, hs, --- and ki, ks, +++ be sub-sequences such that for 
every solution z2(x) of (1), 

Tlz(x)] = lim lim 2(x + hi + k’) 


772 i—0 
exists for all z. By Lemma 8, the transformation T is one-to-one, and 
R+{Tly(x)}} = R+ly(x)]. 


Thus by hypothesis, T[y(x)] is almost periodic, and its module is contained 
in M’, or else T[y(x)] = y(x). Hence from the definition of 7, we have in 
either case 


T{Tly(x)}} = Tly(2)) ; 
and since 7’ is one-to-one, 


Tly(x)] = y(x) . 


It follows that B also holds, and y(z) is almost periodic with a module contained 
in M’. Q.E.D. 

Clearly Theorem III can be proved in the same way, and I and I* follow 
from III and III. 

It was asserted in the introduction that Theorem III can be used to prove 
a particular solution almost periodic even when not all of the solutions are 
almost periodic. This can be proved by the following 


v fi ‘ S(§) d& 
Example. Let f(x) be a real almost periodic function such that e ”° 
is not almost periodic. Consider the system 








4) 5 (2) (2) 
a = (cos x) y,(x) . 


It has the 2-parameter family of solutions 


z 
ff S(&) dg 


Yo(x) = C esin z 


y,(z) = c,e 
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It obviously satisfies the conditions I and II. Moreover the solution corre- 
sponding to c; = 0, cz = 1 has a range consisting of the points (y:, yz) satisfying 
y; = 0,e1< y,<e. Itis the only solution having this range, and thus according 
to Theorem III it is almost periodic. Thus Theorem III applies to the solu- 
tion c; = 0, ce = 1 even though the solution c; = 1, ce = 0 is not almost periodic. 


7. The above theorems can all be restated so as to apply to the non-homo- 
geneous equation (2). In fact, some of them can be restated in two different 
ways. 

In the first place, consider the system 


dz, (x) 
dx 


d2nsi(x) cade 
dr °- 


= Oys(z)ai(x) +--+ + Aun(a)en(x) + Bu(a)enui(x) (u =1,---,n) 


(12) 


If y(x) is a solution of (2), then z:(7) = yi(x), --- , Zn(2) = Yn(2), 2nui(z) = 1 
is a solution of (12). Hence theorems concerning the non-homogeneous system 
(2) can be obtained from theorems concerning the homogeneous system (12). 
For example, Theorem III can be generalized thus: 

THEOREM IIIg. Let a,,(x) and b,(x) be almost periodic (u, v = 1, --- , n). 
If condition I is satisfied, if all the solutions of (2) are bounded, and if y(x) is a 
solution of (2) such that no solution z(x) can have the same range as y(x) and be 
distinct from y(x) unless it is almost periodic, then it follows that y(x) is almost 
periodic. Moreover the module of y(x) is contained in the module of the set con- 
sisting of all the a,,(x) and b,(x) together with all the solutions z(x) of (1) other 
than y(x) which satisfy 


R{z(x)] = Rly()]. 


The corresponding generalization of Bochner’s theorem is 

THeorEM. Let a,,(x) and b,(x) be almost periodic (u,v = 1,---,n). Then 
all of the solutions of (2) are almost periodic if condition I as well as the following 
conditions are satisfied: 

IIg. All the solutions of (2) are bounded. 

IIIg. There exists a set of n + 1 linearly independent solutions y™(x), ---, 
y"*) (x) of (2) having the property that if y(x) is any solution of (2), then it is not 
true that R[y(x)] C R[y™(x)] unless y(x) = y™ (zx). 

Moreover if these conditions are satisfied, the module of the set of solutions of (2) 
is the same as the module of the set consisting of the a,,(x) and the b,(x). 

It is clear that this method of generalization applies to all our theorems on 
homogeneous equations. However, there is another method based upon the 
following theorem, which gives generalizations for all but Theorems III and 
III. 

THEOREM V. Let a,,(x) and b,(x) be almost periodic (u,v = 1,---,n). Then 








aL) 


2) 
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a necessary and sufficient condition that all the solutions of (2) be almost periodic 
is that at least one of them be bounded for all positive x and all the solutions of the 
associated homogeneous equation (1) be almost periodic. Moreover if the condition 
is satisfied, the module of all the solutions of (2) is the same as the module M of 
the set consisting of all the solutions of (1) plus the n functions b,(2). 

Proor. The necessity of the condition is obvious. The proof of sufficiency 
is similar to that of IV*+ or III*. In the first place, conditions I and II are 
satisfied, since the solutions of (1) are almost periodic. Moreover by Bochner’s” 
argument, the modules of the a,,(z) are contained in M. As before, apply 
Lemma 6 to any solution y(z) of (2). Properties A, C, D, E can be seen to 
hold by an argument similar to that in Theorem IV*. 

Let fi, he, --- and ki, ke, --- be sequences of positive numbers such that 


T [y(x)] = lim lim y(a + Ah; + k;) 
je §—0 
exists for all z and such that hi, he, - - - converges to ki, ke, --- with respect to M. 
Then T[y(z)] is a solution of (2), and z2(x) = T[y(x)] — y(z) is a solution of (1). 
But the transformation 7’ obviously applies to any solution of (1) and leaves 
it invariant. Hence for any positive integer p, z(x) = T° [y(x)] — Te [y(z)]. 
Taking p = 1, --- , m and adding, we obtain 


T™[y(x)] = mz(x) + y(z). 


Hence for all positive m, Rt+[mz(x) + y(x)] C Rt[y(zx)]. It follows that 
2(z) = 0, and y(z) is positive stationary. Thus y(zx) is almost periodic with 
a module contained in M. But the module of the solutions of (2) contains 
the module of the solutions of (1); hence the module of the a,,(x) and finally 
the module of the b,(z). 

If we combine Theorem V with Bochner’s theorem we obtain the 

THEOREM. Let a,,(x) and b,(x) be almost periodic (u,v = 1,--- ,2). Then 
all the solutions of (2) are almost periodic if conditions I, Ilg, III are satisfied. 
Moreover if these conditions are satisfied the module of the set of solutions of (2) 
is the same as the module of the set consisting of the a,,(x) and the b,(zx). 

As in the case of Bochner’s theorem, the two generalizations of I are two 
distinct theorems. However, since the solution of (12) can only be symmetric 
or twistable if its last component is zero, the two methods of generalization 
lead to the same theorem in the case of Theorems II and IV. Thus we have 

THEOREM Ig. Let a,,(x) and b,(x) be almost periodic (u,v = 1, --- , n) and 
let at least one of the b,(x) be different from zero for at least one value of x. Then 
all of the solutions of (2) are almost periodic if and only if conditions I and Ig 
as well as the following condition are satisfied: 

IVg. There exists a set of n + 1 linearly independent solutions y™(zx), --- , 





” Bochner I, page 288. 
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y"*) (x) of (2) having the property that if y(x) is any solution of (2) then it is not 
true that R{y(x)] = R[y™(zx)] unless y(x) = y™(x) or y(x) is almost periodic. 

THeorems Ig’, IIg and IVg. Let a,,(x) and b,(x) be almost periodic 
(u,v = 1,---,) with the module M. Then each of the following three sets of 
conditions is necessary and sufficient that all the solutions of (2) be almost periodic: 
I, I[g and IV; I, Ilg and V; or I, Ilg and VI. 

Each of the above theorems can be completed by making a statement con- 
cerning modules. It is easy to see what this statement should be in each case. 


Princeton, N. J. 
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SUR LA STRUCTURE D’ENSEMBLE DES MOUVEMENTS STABLES AU 
SENS DE POISSON 


Par Hernricu HiItMy 
(Received June 20, 1935) 


Considérons un systéme dynamique, dont les mouvements sont donnés par 
l’équation différentielles: 


OF wm Xian, «++ 5 ta) 7=1,2,---,n, (1) 

ol 21,--+-,2%,—désignent les paramétres qui déterminent la position du 
systéme dynamique et ot ¢ désigne le temps. 

Nous considérons l’ensembles des valeurs 2, - - - ,2, comme un point p 

avec les coordonnées (21, --- , %n) dans l’espace Euclidien EZ” 4 n-dimensions. 


Les mouvements du systéme dynamique seront caractérisés par les trajec- 
toires décrites dans E* par les points p C E"; nous désignerons ces trajectoires 
par f(p, t) en supposant p fixe. 

Soit A quelque ensemble dans E". Le symbol f(A, t) désigne l’ensemble des 
points {f(p, t)} avec p C A. 

Nous admettons que les fonctions X ; dans les seconds membres des équations 
différentielles sont continues et qu’elles remplissent la condition de Lipschitz 
dans un certain domaine fermé D. Dans ce cas a lieu le théoréme de |’existence 
et de l’unicité des solutions ainsi que le théoréme de la dépendance continue 
des trajectoires des conditions initiales. 

Ce dernier théoréme peut-étre énoncé de la maniére suivante. 

Désignons par p(z, y) la distance dans E” entre les points zx et y et par S(z, €) 
le voisinage sphérique du point x du rayon e. 

Soit p un point’ arbitraire de l’espace E*. Alors pour tout e > 0 et pour tout 
nombre positif 7’ aussi grand que |’on veut, on peut indique un nombre 6 > 0, 
assez petit, que 


f(S(Q, 6), te S(f(p, t), €) 


pour toute valeur de ¢ appartenant 4 l’intervalle 0 < ¢ S T. 

Nous dirons que le sous-ensemble M de l’espace E” est invariant si f(p, t) C M 
a la condition que p C M. 

Une trajectoire f(p, t) (p étant fixe) est dite stable au sens de Poisson si pour 
tout nombre positif ¢€ et pour tout 7’ positif aussi grand que |’on veut, il existe 
des valeurs de ¢ tant positives que négatives et surpassant 7’, en valeur absolue, 
pour lesquelles p(p, f(p, t)) < «. Il est évident que le point initial de la trajec- 
toire f(p, t) peut-étre pris arbitrairement. 
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Désignons par §$ l’ensemble de tous les points, situés sur les trajectoires des 
mouvements stables au sens de Poisson, contenues dans un ensemble invariant 
et fermé donné M ou dans l’espace E”. Nous appellerons quelquefois l’ensemble 
§§ ensemble maximal de mouvements stables au sens de Poisson. 

Soit f(p, t) un mouvement que nous supposerons instable au sens de Poisson. 
De la continuité des fonctions dans les seconds membres des équations différ- 
entielles (1) il s’ensuit que pour chaque point de la trajectoire du mouvement 
f(p, t) il existe un voisinage sphérique si petit qu’aprés en étre sorti la premiére 
fois le point quittera ce voisinage pour toujours, le temps variant dans le sens 
négatif ou positif. 

Nous dirons que le nombre non négatif e’ égal a la borne supérieure des rayons 
de tous les voisinages sphériques du point dans lesquels il ne revient pas aprés 
en étre sorti la premiére fois, le temps variant dans un sens positif, nous dirons 
que ce nombre est indice de la stabilité du point p pour le temps croissant. 

Par analogie nous dirons que le nombre non négatif e’’ égal & la limite supér- 
ieure des rayons des voisinages sphériques du point dans lesquels il ne revient 
pas, aprés en étre sorti, avec le temps variant dans un sens négatif est l’indice 
de la stabilité pour le temps décroissant. 

Nous nommerons le nombre e¢ égal au plus grand entre les nombres e’ et e’’ 
indice général de la stabilité ou simplement indice de la stabilité du point p. 

Dans le cas général les différents points d’une méme trajectoire ont différents 
indices de stabilité. L’indice général de la stabilité du mouvement stable 
d’aprés Poisson est nul. 

LemMME. Soit $ un ensemble maximal de mouvements stables au sens de Pois- 
son. Assignons-nous un nombre positif arbitraire et fixe ¢ et désignons par Q. 
ensemble de points q situés sur les trajectoires instables au sens de Poisson, et 
dont les indices de stabilité surpassent ou égalent «. Alors autour de chaque point 
p C ¥ different du point de repos on peut construire un voisinage suffisament 
petit, ne contenant de points de l’ensamble Q,. 

Soit p un point arbitraire de l’ensemble $ différent du point d’équilibre. 
Décrivons autour du point p deux sphéres concentriques de rayons m et 1 
en choisissant 7, < ¢/2 et suffisamment petit pour que le point p quitte le mr 
voisinage de sa position initiale avec le temps variant dans les deux sens, et 72 
suffsamment petit pour que tout point, appartenant au n2-voisinage du point p 
entre dans son m:-voisinage simultanement avec le point p pendant son premier 
retour dans le m:-voisinage de sa position initiale, le temps variant dans le sens 
positif ou négatif. Alors avec le retour du point p dans le m-voisinage de sa 
position initiale la distance entre la position initiale et la position finale de tout 
point appartenant au 72-voisinage du point p ne pourra surpasser e. Nous en 
concluons directement qu’aucun point du 72-voisinage du point p ne peut ap- 
partenir 4 l’ensemble Qe; le lemme est demontré. 

THtoREME. L’ensemble maximal J des mouvements stables au sens de Poisson 
appartient a la classe G; d’apres la classification de Hausdorff, c’est a dire qu’tl 
représente la partie commune a une infinite dénombrable d’ensembles ouverts. 
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Désignons par $’ l’ensemble de tous les points d’équilibre contenus dans % 
et par B’’ l’ensemble de tous les autres points: $ = PB’ + $B’. 

L’ensemble $’ est un ensemble fermé, donc un ensemble appartenant A la 
classe G;. 

La structure d’ensemble %’’ peut-étre élucidée de la maniére suivante. 

Soit « un nombre positif arbitraire fixe. Construisons autour de chaque point 
p C $’’ un voisinage ne contenant aucun point de l’ensemble Q,; en vertu du 
théoréme précédent ceci est toujours possible. Désignons par G, la somme de 
tous ces voisinages. I] est clair que G, comme somme d’ensembles ouverts, 
sera également un ensemble ouvert et que G, D ’’ 

Soit ensuite 


€1, €a, - °° 9 Eny ° °° 


une suite infinie de nombres positifs tendant vers zéro. 
Nous pouvons construire une suite d’ensembles du type considéré 


Ga, Gi. ~~ » Dee chm 


correspondant aux nombres de la suite. 
Examinons la partie commune de tous ces ensembles 


G = [I G,, 
i=1 
et démontrons que G = $”’. 

Il est clair que tout point p C $”’ appartiendra 4 G, car il appartient 4 tous 
G.;, et par conséquent 4 leur partie commune. 

D’un autre coté aucun point situé sur la trajectoire d’un mouvement instable 
ne peut appartenir 4 G, car parmi les ensembles G;,; il n’appartient pas 4 ceux 
pour lesquels e; est inférieur 4 l’indice de la stabilité du point q. 

Il en découle immédiatement que 


B” =G=T] G, 


i=1 
c’est & dire que l’ensemble ’’ appartient 4 la classe G; d’aprés la classification 
de Hausdorff. 
Mais alors l’ensemble § = YB’ + Y’’ comme la somme de deux ensembles 
du type G; sera également un ensemble appartenant 4 la classe G;. 
Le théoréme est démontré. 


Moscou, U. R.S. S. 
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Von Hans FREUDENTHAL 
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Im Folgenden werde ich einige einfache Satze tiber topologische Gruppen 
beweisen, die zwar an sich nicht viel bedeuten, die aber dauernd bei allen 
moéglichen Untersuchungen iiber topologische Gruppen gebraucht werden.! 
Wenn man die elementaren Satze der reinen Gruppentheorie auf topologische 
Gruppen iibertragen will, stésst man nimlich immer wieder auf gewisse Schwie- 
rigkeiten. Der innere Grund dieser Schwierigkeiten ist die Tatsache, dass sich 
schon in recht einfachen Fallen ein stetiger Homomorphismus nicht mehr durch 
Faktorgruppenbildung nach einem abgeschlossenen Normalteiler erzeugen zu 
lassen braucht. Bildet man z.B. von der Gruppe G der Translationen der 
(x, y)-Ebene die Faktorgruppe G’ nach dem Normalteiler aller “ganzzahligen” 
Translationen, so geht die abgeschlossene Untergruppe H (y = az, a irrational) 
von G in eine nicht abgeschlossene, iiberall dichte Untergruppe H’ von G’ iiber. 
Die Abbildung von H auf H’ ist ein Isomorphismus, der den topologischen 
Charakter von H ganz andert; sie ist nur in einer Richtung stetig. Wenn solche 
Komplikationen eintreten, kann man die Satze der elementaren Gruppentheorie 
nicht ohne Weiteres iibertragen. Wir wollen nun einen méglichst weiten 
Bereich fir die Giiltigkeit dieser Saitze abgrenzen. 


1. Alle betrachteten topologischen Gebilde sollen separable topologische 
Raume sein.2 Unter einer Gruppe verstehen wir immer eine topologische 
Gruppe, d.h. eine Gruppe, deren Elemente die Punkte eines topologischen 
Raumes (kleine lateinische Buchstaben) und deren Operationen (Bildung des 
Produktes und der Inversen) stetig im Sinne der Topologie des Raumes sind. 
Wir erinnern an die drei aquivalenten Definitionen der Stetigkeit: konvergente 
Folgen gehen in konvergente Folgen iiber; die Urbilder abgeschlossener Mengen 
sind abgeschlossen ; die Urbilder offener Mengen sind offen. 

‘‘Homomorphes bzw. isomorphes (= eineindeutiges) Bild’? bedeutet immer 
“‘stetig homomorphes bzw. isomorphes Bild.” Eine in beiden Richtungen 
stetige Isomorphie heisst topologische Isomorphie (Zeichen =). 

Der Durchschnitt zweier Teilmengen M und N einer Gruppe wird mit M V N 
bezeichnet; MN bezeichnet die Menge aller Punkte mn mit mC M, nC N. 

Eine Untergruppe ist als Teilmenge zu topologisieren, ein direktes Produkt 





1Siehe nachfolgende Arbeit des Verf.: Topologische Gruppen mit geniigend vielen 
fastperiodischen Funktionen. Annals of Math., dieses Heft. 

2 d.h. regulire Hausdorffsche Riume mit zweitem Abzihlbarkeitsaxiom (F. Hausdorff, 
Grundztige der Mengenlehre, Leipzig 1914). Die Voraussetzung der Regularitit ist jedoch 
uberfliissig (wenn man es mit Gruppen zu tun hat), wie D. van Dantzig gezeigt hat. Siehe: 
Zur topologischen Algebra I, Math. Ann. 107 (1932), 587-626, Satz TG 14. 
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als topologisches Produkt der Faktoren, d.h. ist U; eine Umgebung in G,, U2 
eine in G2, so ist U; X Uz eine in G; X G2; die Faktorgruppe* G/H von G nach dem 
abgeschlossenen Normalteiler H ist zu topologisieren als Raum der Neben- 
gruppen, d.h. ist U eine Umgebung in G, so ist die Gesamtheit der in UH 
enthaltenen Nebengruppen aH eine Umgebung in G/H (dass die topologischen 
Axiome erfiillt sind, ist klar). 


2. Alle folgenden Untersuchungen gelten, ohne dass wir es bei den einzelnen 
Satzen ausdriicklich erwahnen, auch fiir Gruppenkeime.* Ein Gruppenkeim 
ist ein Raum, in dem die Gruppenoperationen zwischen den Punkten in einer 
offenen Teilmenge erklart sind; soweit die Gruppenoperationen erklart sind, 
sollen sie den gruppentheoretischen und topologischen Voraussetzungen geniigen ; 
die offene Teilmenge soll die Identitaét enthalten. 


3. Ein Homomorphismus heisst gebietstreu, wenn das Bild jeder offenen 
Menge eine offene Menge ist. . 


4. Ein Homomorphismus ist dann und nur dann gebietstreu, wenn das Bild 
jeder offenen Menge einen inneren Punkt enthdlt. 

Brewers: Die Notwendigkeit ist evident.—Sei U eine Umgebung in G, U’ 
ihr Bild in G’. U’ enthalt nach Voraussetzung eine offene Menge W’, der 
Durchschnitt des Urbildes von W’ mit U heisse W. Dann ist W’ das Bild 
von W. Die Umgebungen von e® mégen Ui, U2, --- heissen. In U, gibt es, 
wie wir sahen, eine offene Menge W,, deren Bild offen ist. Ist O irgendeine 
offene Menge von G, so lisst sich zu jedem Punkt von O ein ihn enthaltendes 
a,W, angeben, das in O enthalten ist. O lasst sich also als Vereinigung offener 
Mengen mit offenen Bildern darstellen; das Bild O’ von O ist als Vereinig- 
ung offener Mengen selbst offen. 


5. Das homomorphe Bild einer im Kleinen kompakten® Gruppe ist dann und 
nur dann gebietstreu, wenn es von zweiter Kategorie’ ist. 





’ Zuerst zu finden bei D. van Dantzig, Studién over topologische Algebra, Diss. Amster- 
dam 1931, 8.6. Siehe auch D. van Dantzig, Zur topologischen Algebra I, Math. Ann. 107 
(1932), 587-626, insbesondere S. 609-610. Man beachte jedoch, dass der Satz TG 20 (ihn- 
lich wie T33) dieser Arbeit zur Halfte unrichtig ist, wie gerade das Beispiel unserer Ein- 
leitung zeigt. 

‘ Der Begriff des Gruppenkeimes wird in der Lieschen Theorie immerzu verwendet; zum 
ersten Mal hat ihn O. Schreier (Jahresberichte DMV 37 (1928), 113-132) vollstandig formu- 
liert. 

* Die Identitat wird—in welcher Gruppe auch—immer mit e bezeichnet. 

° Eine echte oder unechte Teilmenge eines Raumes heisst kompakt, wenn jede ihrer 
unendlichen Teilmengen im Raume einen Haufungspunkt besitzt. Wichtig ist: Der 
Durchschnitt einer absteigenden Folge nichtleerer abgeschlossener kompakter Mengen ist 
nichtleer. Im Kleinen kompakt heisst: die Umgebungen sind kompakt. 

7 Ein Raum heisst von zweiter Kategorie, wenn er sich nicht als Summe abzihlbar vieler 
nirgendsdichter Teilmengen darstellen lisst. Siehe F. Hausdorff, Mengenlehre, Berlin 
1927, S. 142. Fir die Anwendungen wichtig ist, dass jeder im Kleinen kompakte Raum 
von zweiter Kategorie ist. 

* Im Wesentlichen dieser Satz (in der allgemeineren Form von Satz 26) findet sich auch 
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Bewets: U sei eine kompakte Umgebung in G; dann ist G die Vereinigung 
abzahlbar vieler aU. G’ ist die Vereinigung der abzahlbar vielen Bilder a’U’ 
der aU. Wenn G’ von zweiter Kategorie ist, muss eines der a’U’ irgendwo 
dicht sein, also muss auch U’, das Bild von U, irgendwo dicht sein. Die 
abgeschlossene Hiille von U’, die das Bild der abgeschlossenen Hille U von 
U ist,® enthalt also einen inneren Punkt, d.h. das Bild von U enthalt einen in- 
neren Punkt. Ist O nun irgendeine offene Menge, so gibt es in O eine Umgebung 
U, deren abgeschlossene Hille U auch noch in 0 ist; das Bild von O enthilt 
das von U, also einen inneren Punkt. Nach 4 ist die Abbildung also gebiets- 
treu. 

Die Umkehrung folgt aus dem nachsten Satz. 


6. Das gebietstreue homomorphe Bild einer im Kleinen kompakten Gruppe ist 
im Kleinen kompakt. (Beweis klar, denn das Bild einer kompakten offenen 
Menge wird wieder eine kompakte offene Menge.) 


7. Ist das homomorphe Bild einer Gruppe im Kleinen kompakt, so ist es gebiets- 
treu. 

BrewEts: O sei eine offene Menge inG. Dann ist G die Vereinigung abzahlbar 
vieler a0. Das Bild von O in G’ heisse O’. Dann ist G’ die Vereinigung 
abzahlbar vieler a’O’ (Bilder der a0). W’ sei eine kompakte abgeschlossene 
Umgebung in G’. W’ ist also in der Vereinigung endlich vieler a’O’ enthalten; 
eines von ihnen enthalt einen inneren Punkt," also enthalt O’ einen inneren 
Punkt, also ist nach 4 die Abbildung gebietstreu. 


8. Notwendig und hinreichend fiir Gebietstreue eines Homomorphismus ist, 
dass man zu jeder konvergenten Folge eine konvergente Folge von Urbildern finden 
kann. 

Bewets: Notwendig: G ist gebietstreu auf G’ abgebildet. a, sei eine kon- 
vergente Folge in G’, a’ ihr Limes. a sei ein Urbild von a’; U» seien die Umge- 
bungen von a, ihre Bilder sind offen, sie heissen bzw. U,. Fast alle a), sind in 
U,;, dh. alle von a, an. Von fs oe e. 41-1 Suchen wir Urbilder in Un: 


DZW. Gnmy +++ > Qny,4;-1- Die Folge dieser a, konvergiert gegen a. 
Hinreichend: O sei eine offene Menge in G, O’ ihr Bild in G’, a’ ein Punkt 
von OQ’, a, eine gegen @ konvergente Folge und a* eine (nach Voraussetzung 
existierende) Folge von Urbildern in G, die gegen a* konvergiere. a sei ein 
Urbild von a’ in O; dann gibt es auch eine gegen a konvergente Folge a, vou 
Urbildern der a, (nimlich etwa a, = a*ta*—a). O enthiit fast alle an, also O’ 





in meiner Diss.: Uber die Enden topologischer Raume und Gruppen, Math. Zeitschr. 33 
(1931), 692-713; siehe Satz 19 auf S. 710. Allerdings finden sich dort einige Versehen. 

* Bei der Abbildung eines Raumes auf einen andern geht eine kompakte Teilmenge in 
eine kompakte und ihre abgeschlossene Hiille in die abgeschlossene Hiille iiber. 

10 Die Existenz ergibt sich aus der Regularitat des Raumes (siehe?). 

1 Siehe F. Hausdorff, Mengenlehre, Berlin 1927, S. 141, Satz VI. 
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fast alle a,. Das gilt fiir jede gegen a’ konvergente Folge, also ist a’ innerer 
Punkt von O’. Das gilt fiir jeden Punkt a’ von 0’, also ist O’ offen. 


9. Ein Isomorphismus ist dann und nur dann topologisch, wenn er gebietstreu ist. 
(Beweis klar nach 8.) 


10. Ein Homomorphismus lasst sich dann und nur dann durch Faktorgruppen- 
bilduwng nach einem abgeschlossenen Normalteiler erzeugen, wenn er gebietstreu ist. 
Genauer: Ist G homomorph abgebildet auf G’ und ist N der (abgeschlossene) Nor- 
malteiler aller in (e) tibergehenden Elemente, so ist dann und nur dann 


G’ =G/N, 


wenn der Homomorphismus gebietstreu ist. 

Bewets:” “Nur dann”: Sei O offen in G, O’ sein Bild in G’, a’ ein Punkt 
aus O’, a eines seiner Urbilder in O, U eine in O enthaltene Umgebung von a. 
UN ist nach Definition eine Umgebung in G/N und enthalten in ON, das sich 
als O’ deuten laisst. O’ enthalt also zu jedem seiner Punkte a’ eine Umgebung. 

“Dann”: G/N ist isomorph auf G’ abgebildet, wenn jedem aN das Bild a’ 
in G’ (von a in G) zugeordnet ist. Jede offene Menge in G/N hat zum Urbild 
eine offene Menge in G (siehe ersten Teil des Beweises), und deren Bild in G’ 
ist nach Voraussetzung offen. Also ist tatsichlich der Isomorphismus von G/N 
auf G’ gebietstreu, also nach 9 topologisch. 


ll. Iss NC H CG, H abgeschlossene Untergruppe und N abgeschlossener Nor- 
malteiler von G, so ist H/N abgeschlossene Untergruppe von G/N. 

Bewets: H/N ist als Menge die Gesamtheit der in HN=H enthaltenen 
Nebengruppen und wegen der Abgeschlossenheit von H abgeschlossen. 


12. Ist G im Kleinen kompakt und gebietstreu auf G' abgebildet, ist ferner H 
abgeschlossene Untergruppe von G, so sind die folgenden zwei Aussagen dquivalent: 

a.) H ist gebietstreu auf H’ abgebildet. 

b.) H’ ist abgeschlossen. 

BEWEIs: a — b: H ist als abgeschlossene Teilmenge von G im Kleinen kom- 
pakt, also ist nach 6 auch H’ im Kleinen in sich kompakt. a, sei eine in G’ 
konvergente Folge aus H’, a’ C G’ ihr Limes. U’ sei eine so kleine Umgebung 
von e in G’, dass H’v U’ kompakt ist (in H’); dann sind auch die H’ vy a,,U’ 
kompakt. a’U’ enthilt fast alle a/, also ist a’ in fast allen a,U’, z.B. in a,,U’. 
Somit enthalt a,,U’, also auch H’ vy a,.U’ fast alle a, Da aber H’ vy a,,U’ kompakt 
(in H’) ist, muss es zu der Folge a, in H’ einen Haufungspunkt geben: a’ liegt 
in H’, H’ ist abgeschlossen. 

b—a: Nach 6 ist G’ im Kleinen kompakt, H’ als abgeschlossene Teilmenge 





2 Den rein gruppentheoretischen Teil des Beweises lassen wir bei all solchen Sitzen 
weg. 
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von G’ ist ebenfalls im Kleinen kompakt, also ist es nach 7 gebietstreues Bild 
von H.¥ 


13. In der Gruppentheorie spielen zwei Isomorphiesatze“ eine wichtige Rolle, 
die wir hier als A und B topologisch formulieren werden. In 14 und 15 werden 
wir den Giiltigkeitsbereich dieser Satze abgrenzen. 


A: |HN/N = H/HVN| 








(H abgeschlossene Untergruppe, N abgeschlossener Normalteiler.) 


B: |G/H =G'/H’.| 








(G’ homomorphes Bild von G, H’ abgeschlossener Normalteiler von G’ und H 
sein Urbild.) 


14. A ist fiir im Kleinen kompakte G dann und nur dann giiltig, wenn HN 
abgeschlossen in G ist. 

Bewels: “Dann”: HN ist abgeschlossen und enthalt N, also ist nach 11 
HN/N abgeschlossene Untergruppe von G/N. Bei der homomorphen Abbil- 
dung von G auf G/N geht H in HN/N iiber, und wegen der Abgeschlossenheit 
von HN/N ist nach 12 diese Abbildung gebietstreu, also nach 10 durch den 
Normalteiler der in e abgebildeten Elemente von H—das ist H Y N—erzeugbar, 
d.h. HN/H = H/HvN. 

“Nur dann”: Durch den Homomorphismus wird H auf HN/N abgebildet; 
wegen der Giiltigkeit von A ist diese Abbildung gebietstreu, also ist nach 12 
HN/N abgeschlossen. HN ist aber das Urbild von HN/N, also auch abge- 
schlossen. 


15. B ist dann und nur dann fiir alle H’ giiltig, wenn G gebietstreu auf G’ 
abgebildet ist. 

Brewers: “Dann”: Durch die Zuordnung “aH — a’H’”’ entsteht jedenfalls 
ein Isomorphismus von G/H auf G’/H’; der ist gebietstreu, denn einer offenen 
Menge in G/H entspricht eine offene Menge in G, dieser nach Voraussetzung 
eine offene Menge in G’ und dieser endlich nach 10 eine offene Menge in G’/H’. 
Nach 9 folgt daraus unser Satz. 

“Nur dann”: Man setze nur H’ = (e). 


16. Eine andere Form von B ist 


C: [@/H = (G/N)/(H/N).| 








(N ist der den Homomorphismus G — G’ erzeugende Normalteiler.) 





18 Die Voraussetzung der Abgeschlossenheit von H ist bei diesem Teil des Beweises also 
entbehrlich. 
14 Wir folgen hier B. L. van der Waerden, Moderne Algebra I, Berlin 1930, S. 136. 
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17. Die nach 10 notwendige und hinreichende Bedingung “HN abgeschlossen”’ 
fiir die Giltigkeit von A ist praktisch gut brauchbar wegen der beiden folgenden 
Siatze: 


a.) Sind M, und Mz abgeschlossene Teilmengen von G und ist eine von ihnen 
kompakt, so ist M,Mz abgeschlossen. 

b.) Sind M, bzw. Mz abgeschlossene Teilmengen von G, bzw. G2 und ist G = 
G, X Ge, so ist MiM2 abgeschlossen. 

BewEIs von a: Sei a, eine in G konvergente Teilfolge von MiM2;a, = a‘!).a‘??. 
Ist etwa M; kompakt, so enthalt die Folge a‘!) eine konvergente Teilfolge a,’ 
mit dem Limes a; dann konvergiert aber auch die Folge a‘?’ = a‘!)!.a\Va"??, 
ihr Limes seia®. Wegen der Abgeschlossenheit von M, unc. M2 sind a und a®? 
in ihnen bzw. enthalten, also ist aa® in M,M2. Das ist aber der Limes der 
gegebenen Folge. 

Beweis von b: Nach der Definition des direkten Produktes ist eine Folge 
a\a\?) (a\? C G,, a?) C G,) dann und nur dann konvergent, wenn a‘!) und a‘?? 
einzeln konvergieren. Daraus folgt der Satz. 


18. Ist N abgeschlossener Normalteiler von G2, so ist 


D: | (Gi X G:)/N = G, X (G/N).| 








Beweis klar. 


19. Die Komponente der Identitdat'® eines Normalteilers ist selbst Normalteiler. 
(Beweis wie der des—spezielleren—Satzes von O. Schreier'®.) 


20. Das homomorphe Bild einer im Kleinen kompakten nulldimensionalen” 
Gruppe ist nulldimensional."® 

BEwEIs: G besitzt beliebig kleine kompakte abgeschlossene offene Unter- 
gruppen H”, G ist die Vereinigung abzahlbar vieler Nebengruppen von H, G’ 
die Vereinigung ihrer Bilder; diese sind kompakt und haben alle dieselbe Dimen- 
sion wie H’, das Bild von H. Nach dem Summensatz der Dimensionstheorie 
ist dann dim G’ = dim H’. Das in sich kompakte H’ ist von zweiter Kategorie 
(siche Fussnote’), die Abbildung von H auf H’ ist also nach 5 gebietstreu. H 
besitzt wieder beliebig kleine offene Untergruppen H, ihre Bilder H; sind auch 





‘® Komponente = maximale zusammenhiangende Teilmenge. Komponente der Identitit 
= die Komponente, die e enthiilt. 

16 Abh. Math. Sem. Hamburg 4 (1926), 15-32, Theorem 1. 

‘7 Wir verwenden hier—jedoch in recht unwesentlicher Weise—einige Begriffe und 
Siitze der Dimensionstheorie. 

8 Wahrscheinlich gibt es tiberhaupt keine dimensionserhdhenden Homomorphismen. ° 

1? Nach D. van Dantzig, Diss. (siehe*), 17-18, besitzt eine im Kleinen kompakte, null- 
dimensionale Gruppe beliebig kleine offene Untergruppen, wihrend—wovon wir auch 
gleich Gebrauch machen werden—jede zusammenhiangende, im Kleinen kompakte Gruppe, 
die beliebig kleine offene Untergruppen besitzt, allein aus der Identitat besteht. 
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offen. Ist C’ die Komponente der Identitat von H’, so ist also H; v C’ eine 
offene Untergruppe von C’, und zwar ist H, v C’ beliebig klein (wenn nur H, 
geniigend klein ist). Da C’ zusammenhingend ist, ist also C’ = (e), also 
dim H’ = 0, also dim G’ = 0. 


21. Ist G im Kleinen kompakt und gebietstreu homomorph auf G’ abgebildet, 
ist ferner G’ zusammenhdngend und im Kleinen zusammonhdngend und Go die 
Komponente der Identitdt von G, so ist bereits das Bild G von Gy gleich G’. 

BeweEts: U sei eine abgeschlossene kompakte Umgebung von e in G, U’ ihr 
Bild in G’ (wegen der Gebietstreue auch eine abgeschlossene Umgebung); U 
bzw. U’ lassen sich als Keime auffassen; U’ erzeugt das zusammenhangende @’, 
und U v Go = Uo erzeugt Go. U’ darf als zusammenhingend vorausgesetzt 
werden (wegen des Zusammenhangs im Kleinen von G’). Das Bild Uj von Uj 
ist abgeschlossen im U. Bei dem durch den gegebenen induzierten Homomor- 
phismus von U/U» auf U’/U,) muss nach 20 das Bild des kompakten null- 
dimensionalen U/U> nulldimensional sein; da es zusammenhangend ist, ist es 
(ce). Also U’ = Uj. Da U’ baw. UG’ baw. G, erzeugen, ist also tatsichlich 
G’ = G. 


22. Sind der Normalteiler H und die Faktorgruppe G/H von G in sich kompakt, 
so ist es auch G. 

BEWEIs: a, sei eine Folge in G. Wegen der Kompaktheit von G/H lasst 
sich aus der Folge a,H eine konvergente Teilfolge aussuchen; fiir geeignete 
h,, aus H muss also a,h, konvergieren. Wegen der Kompaktheit von H 
lisst sich aus den h,, eine konvergente Teilfolge h,, aussuchen; da ay-h, kon- 
vergierte, konvergiert dann auch a,,-. 


23. Wir sprechen von einer Darstellung der Gruppe G im “Wirkungsraum” 
W,” wenn jedem a von G eine eineindeutige Abbildung f,(z) von W in sich 
zugeordnet ist mit den Eigenschaften: 


fav(x) = fal fo(x)) ; 


aus lim a, = @, lim 7, = x 
folgt lim fa,(%n) = fa(x). 


Die Darstellung heisst transitiv, wenn zu je zwei Punkten x und y ein a 
existiert mit fa(x) = y. 

Die Darstellung heisst treu, wenn aus a ¥ b folgt fa ¥ fo. 

Unter f4(X) verstehen wir die Menge aller f.(z) mit aC A und2C X. 

Die Darstellung heisst asystatisch,? wenn jeder Punkt x charakterisiert ist 





20 Wir folgen hier der Definition a.a.0.8 


*1 Der Begriff stammt von Lie. Siehe Theorie der Transformationsgruppen, Leipzig 
1888, Bd. I, Kap. 24. 
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durch seine “festgelegte’’ Untergruppe H.—das ist die grésste Untergruppe 
von G mit der Eigenschaft fa,(x) = zx. 

Die Darstellung heisst gebietstreu, wenn, falls O offen ist, auch fo(x) offen ist 
(fiir jedes feste 2). 

Zwei Darstellungen f and f’ derselben Gruppe in den Wirkungsriumen W 
und W’ heissen topologisch ahnlich,” wenn zwischen W und W’ eine topologische 
Beziehung (z <> x’) existiert, bei der fiir jedes a f,(x) und f(x’) einander ent- 
sprechen. 


24. Ist bei einer transitiven Darstellung f(x) = y, so ist H, = aH,a™. Dann 
und nur dann existiert eine transitive (stetige) treue bzw. asystatische Darstellung 
von G mit (abgeschlossenem) H als einer festgelegten Untergruppe, wenn H ausser 
(e) keinen (abgeschlossenen) Normalteiler von G enthdlt, bew. wenn H nicht echter 
Normalteiler einer (abgeschlossenen) Untergruppe von H ist. (Beweis fiir “‘nur 
dann” klar; fiir “dann” Folgerung von 25.) 


25. Ist H eine abgeschlossene Untergruppe von G, und nennt man W den Raum 
der Nebengruppen uH (topologisiert wie der Faktorgruppenraum in 1), so erhdlt 
man in fa(uH) = auH eine transitive stetige gebietstreue Darstellung von G in W 
mit H als einer festgelegten Untergruppe. Alle stetigen transitiven gebietstreuen 
Darstellungen sind derartigen Darstellungen topologisch dhnlich. (Beweis wie 
der von 10.) 


26. Eine stetige transitive Darstellung eines im Kleinen kompakten G ist dann 
und nur dann gebietstreu, wenn W von zweiter Kategorie ist. (Beweis wie der 
von 5.) 

Ebenso lassen sich die tibrigen Satze auf Darstellungen iibertragen. 


Anhang”* 
(Received April 20, 1935) 


Verschiedene der vorstehend behandelten Siatze lassen sich noch ausdehnen 
und iibersichtlicher darstellen, wenn man sich mit vollstdndigen™ statt mit im 
Kleinen kompakten Gruppen beschiftigt. 


27. Die Folge a, von Elementen der Gruppe G heisse Fundamentalfolge, wenn 


lim a,a, =e 


m,n 





*2 Natiirlich kann man auch homomorphe Abbildungen zwischen Darstellungen ein- 
fihren und entsprechende Sitze beweisen. 

*3 Die Anregung zu diesem Anhang verdanke ich Herrn D. van Dantzig. 

*4 Die hier folgende metrikfreie Definition der Vollstandigkeit einer Gruppe rihrt von 
D. van Dantzig her (a.a.0.%), 6-7, bzw. 612). 
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ist. Die Gruppe G heisst vollstaéndig, wenn in ihr jede Fundamentalfolge 
konvergiert. 

Die Vollstindigkeit von G fallt, wie man ohne Weiteres bemerkt, mit der 
folgenden Eigenschaft zusammen: Ist U, eine Folge von Umgebungen der 
Identitaét mit der Identitait als gemeinsamem Durchschnitt, und haben die 
Mengen c,,U zu je endlich vielen einen nichtleeren Durchschnitt, so haben sie 
alle zusammen einen nichtleeren Durchschnitt. 


28. Jede vollstindige Gruppe ist von zweiter Kategorie. 

BeweEts: U;, U2, - - - sei eine Folge von Umgebungen von e mit (e) als 
gemeinsamem Durchschnitt. Sei im Widerspruch zur Behauptung G die Ver- 
einigung abzahlbar vieler nirgends dichter Mengen M,. Es gibt dann in G ein 
zu M, fremdes c,U;. In der offenen Menge c,U; gibt es wieder ein zu M2 fremdes 
c2U;,. Fahrt man so fort, so erhailt man eine Folge ineinandergeschachtelter 
CnUx,, deren Durchschnitt einerseits (siehe 27) nicht leer, andererseits zu allen 
M, fremd ist; da G die Vereinigung der M, ist, ergibt sich also ein Widerspruch. 


29. Jede im Kleinen kompakte Gruppe ist vollstdindig. 

BrEwEIs: Sei aj, dz, - - - eine Fundamentalfolge und U eine kompakte Umge- 
bung von e. Dann ist fir alle m,n = k: a,’a, C U. Also sind fast alle a, in 
dem ebenfalls kompakten a,U. Die Fundamentalfolge a, hat demnach einen 
Hiaufungspunkt, ist also konvergent. 

Bemerkung: Auf Grund dieses Satzes folgen verschiedene der vorstehenden 
Siatze aus Satzen des Anhangs. 


30. Eine homomorphe Abbildung der vollstindigen Gruppe G auf die Gruppe G’ 
ist dann und nur dann gebietstreu, wenn G’ ebenfalls vollstandig ist. 

BrEwEIs: ,;,Dann”: Nach 28 ist G’ von zweiter Kategorie. U sei eine Umge- 
bung in G, U’ ihr Bild in G’. @G lasst sich als Vereinigung abzahlbar vieler a,U 
schreiben, also G’ als Vereinigung der Bilder a,U’. Lines der a,U’, also U’ 
selbst muss irgendwo dicht sein; in der abgeschlossenen Hiille von U’ gibt es 
also eine Umgebung V’, der Durchschnitt ihres Urbildes mit U heisse V. Dann 
ist das Bild von V iiberall dicht in V’. Nennt man eine Menge in G’, die in 
einer offenen Menge (enthalten und) iiberall dicht ist, eine Grundmenge, so 
hat man: In jeder Umgebung U aus G gibt es eine offene Menge V, deren Bild 
eine Grundmenge ist. Da aber jede offene Menge Vereinigung abziahlbar vieler 
Umgebungen ist, gilt sogar: Das Bild jeder offenen Menge aus G ist eine Grund- 
menge. 

Uo, Ui, - - - sei eine Folge von Umgebungen in G mit dem Durchschnitt (e) 
und mit der Eigenschaft 


ere . 
U n+1 Cc i 





26 Wegen der Existenz siehe a.a.0.*, Math. Ann., 611. 
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Dann ist 
Unni Un+e =? Unser Unik Cc Uni Unie sea Via Cc Un4a Un4e HES Orie 
G -. €o5 ¢.,, 
also 
(*) UniU nse «+> Unger C Us. 
Die Bilder der U, sind Grundmengen, die zugehérigen offenen Mengen mégen 
U_ heissen; wir werden zeigen, dass das Bild von U,, sogar gleich U/, ist. 
we ’ : . wil id ‘ 
a’ sei ein Punkt aus U;. Im Durchschnitt von U{ und a’U;~, der ja offen 


ist, liegen die Bilder der Punkte von U, iiberall dicht; eines mége b; heissen, 
das Bild von b;. Dann ist also 


(§,) b, C U,, 
(§§:) a, = b, a’ C Us. 
(**,) b; = <a," 


Sei im Durchschnitt von U;, und a,_, U a bereits ein Element 6, als Bild eines 
Elements b, von U, bestimmt, so dass also 


(§,) La 

(§§,.) a, = b,*a,_1 C Una, 

gilt; sei ferner 

(*, bib, ---b, = a’a,", 

Dann bestimmen wir im Durchschnitt von U;,, und a,U 49 der wegen (§§,) 


nichtleer ist und in dem die Bilder der Punkte von U,4; iiberall dicht liegen, 
ein Element 6,,,,, Bild eines Elementes 6,,,; C Uny:. Dann ist also 


Baus © Una, (§n41) 
ce Reel. Chew 
Ferner ist nach (**,) 
bib, --- biu, = @a,-a,a,5; =a'-a,5}. (** 4a) 
Wir kénnen daher die Formeln (§,), (§§n), (**n) als fiir alle n giiltig annehmen. 
Nun ist wegen (§,) und (*) 
DnitOnge «+> Daye GC Ung Unge - ++ Unyr C Un. 


Die Folge der Produkte bib. - - - b, ist demnach eine Fundamentalfolge, ihr 


Limes heisse a. Die zugehorige Bildfolge ist wegen (**,) identisch mit der 
Folge wa;*. Wegen (§,) ist lim a, = e, also auch lim a\-' = e, also lim 
a’a,' = a’. Demnach ist a’ Bildpunkt von a = lim bib: --- b, = 


n 


b, lim bebs --- bn. Da die be --- b, in U;, liegen, ist lim bz --- b, in U,, also a in 








a 





Fi 


56 HANS FREUDENTHAL 


U>. Zu jedem Punkt a’ aus U{ gibt es also ein Urbild in Uy. Das Bild jeder 
offenen Menge Up» enthalt also eine volle Umgebung U t, und nach 4 ist der 


, Homomorphismus gebietstreu. 


»Nur dann”: Sei a}, as, --- eine Fundamentalfolge in G’, lim a,“a; = e; 
es geniigt, in ihr eine konvergente Teilfolge zu finden. Wir wablen k, so, dass 
fir k,l = k, 


a,"*a, SU, 
ist; die U;, seien die (nach Voraussetzung offenen) Bilder von Umgebungen U,,; 


die U, seien wieder so gewahlt, dass der Bedingung (*) Geniige geschieht. 
Dann ist, wenn wir b, = a,, setzen, 


Lice. 


Jedes es hat ein Urbild c, in U,, co sei ein Urbild von b}. Wie oben sieht 
man, dass die Folge der Produkte cocicez --- ¢, eine Fundamentalfolge ist, also 
konvergiert; demnach muss auch die Bildfolge, Rita eine Teilfolge von a,, 
konvergieren, wzbw. 


31. Wir kénnen nun 12 aussprechen in der Form: 

Ist G vollstindig und G’ gebietstreues homomorphes Bild von G, ist ferner H 
abgeschlossene Untergruppe von G, so ist die Abbildung von H auf sein Bild H’ 
dann und nur dann ebenfalls gebietstreu, wenn H’ abgeschlossen ist. (Beweis klar, 
da eine Untergruppe einer vollstaéndigen Gruppe dann und nur dann vollstandig 
ist, wenn sie abgeschlossen ist.) 


32. Wir kénnen nun 14 aussprechen in der Form: 
A ist fiir vollstindige G dann und nur dann giiltig, wenn HN abgeschlossen 
in G ist. ; 


AMSTERDAM, HOLLAND. 
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TOPOLOGISCHE GRUPPEN MIT GENUGEND VIELEN FASTPERIO- 
DISCHEN FUNKTIONEN 


Von Hans FREUDENTHAL 


(Received January 19, 1935) 


S. Bochner! und J. v. Neumann? haben den Bohrschen’® Begriff der Fast- 
periodizitaét auf Funktionen in beliebigen Gruppen tibertragen (zu den Bohrschen 
fastperiodischen Funktionen gehért in diesem Zusammenhang als Gruppe die 
der linearen Translationen). Eine auf einer Gruppe G definierte Funktion f(y) 
wird fastperiodisch genannt, wenn der Raum der zu f “rechts-kongruenten”’ 
Funktionen ga(y) = f(ya) und ebenso der Raum der zu f “links-kongruenten”’ 
Funktionen ha(y) = f(ay) F in seiner vollstandigen Hiille kompakt ist. 

Von einem wirklichen System fastperiodischer Funktionen auf einer Gruppe G 
kann man allerdings erst dann sprechen, wenn zu irgend zwei Elementen a 
und b der Gruppe (a ¥ b) eine fastperiodische Funktion existiert, die an diesen 
beiden Stellen verschiedene Werte annimmt: f(a) + f(b). Ist G eine topolo- 
gische Gruppe, so wird man von f ausser der Fastperiodizitait noch Stetigkeit 
im Sinne der Topologie von G verlangen. Existiert in der topologischen Gruppe 
G also zu a, b eine stetige fastperiodische Funktion f mit f(a) ¥ f(b), so wollen 
wir sagen, dass G geniigend viel fastperiodische Funktionen besitzt.** 

Dass auf kompakten Gruppen mit zweitem Abzahlbarkeitsaxiom geniigend 
viel fastperiodische Funktionen existieren, ist klar: auf ihnen ist jede stetige 
Funktion fastperiodisch. Fiir die im Kleinen kompakten abelschen Gruppen 
wird die Existenz geniigend vieler fastperiodischer Funktionen von v. Neumann 
bewiesen.* Wir werden nun zeigen, dass sich (was die zusammenhangenden, 
im Kleinen kompakten Gruppen betrifft) in diesen beiden Typen die Gruppen 
mit geniigend vielen fastperiodischen Funktionen im Wesentlichen erschépfen. 
Genauer: 

Jede zusammenhdngende, im Kleinen kompakte Gruppe mit zweitem Abzdéhl- 
barkeitsaxiom ist direRtes Produkt der (abelschen) Gruppe der Translationen des 
n-dimensionalen euklidischen Raumes (n = 0, 1,- - -) und einer (zusammen- 
hiingenden) Rompakten Gruppe (mit zweitem Abzdhlbarkeitsaxiom).5 





1 Beitrage zur Theorie der fastperiodischen Funktionen. Math. Ann. 96 (1927), 119-147. 

* Almost periodic functions in a group. I. Trans. Amer. Math. Soc. 36 (1934), 445-492. 

* Zur Theorie der fast periodischen Funktionen. Acta Math. 45 (1925), 29-127; 46 (1925), 
101-214. 

* Das ist also der v. Neumannsche Begriff der Maximal-Fastperiodizitat einer Gruppe, 
aa.02 ,§. 481. 

*a.a.0. 2, Theorem 36. 

* Man kommt also iiber die klassischen fastperiodischen Funktionen nur unwesentlich 
hinaus.—Zusatz bei der Korrektur: Wie mir inzwischen Herr André Weil miindlich mit- 
teilte, ist es auch ihm gelungen, diesen Satz zu beweisen. 
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Uber den ersten Faktor ist weiter nichts zu sagen. Aber auch der zweite 
Faktor ist einfach zu itibersehen. Wir zeigen némlich: 

Jede zusammenhingende kompakte Gruppe mit zweitem Abzdhlbarkeitsariom 
liisst sich G,-adisch® als Limesgruppe kompakter Liescher Gruppen darstellen.’ 

Dies Ergebnis ist vollig befriedigend, denn man kann alle kompakten Lieschen 
Gruppen aufzihlen: ihre universellen Uberlagerungsgruppen sind direkte Pro- 
dukte kompakter balbeinfacher Liescher Gruppen (die man sémtlich kennt*) 
und einparametriger abelscher Gruppen, und sie selber ergeben sich aus ihren 
Uberlagerungsgruppen durch Faktorbildung nach diskreten Normalteilern, die 
auch alle bekannt sind.° 

Es lassen sich schliesslich Kriterien dafiir aufstellen, wann eine Gruppe G 
mit geniigend viel fastperiodischen Funktionen endlich-dimensional und wann 
sie im Kleinen zusammenhiangend ist. Wir erwahnen: 

Dann und nur dann ist eine im Kleinen kompakte, zusammenhdngende Gruppe 
mit zweitem Abzdhlbarkeitsaxiom, die geniigend viel fastperiodische Funktionen 
besitzt, im Kleinen zusammenhdngend und endlich-dimensional, wenn sie Liesch ist.’ 
Dann und nur dann ist sie im Kleinen zusammenziehbar, wenn sie Liesch ist. 

Lasst man nun die Bedingung der Kompaktheit im Kleinen fallen, so kann 
man noch beweisen: 

Jede zusammenhdngende Gruppe mit zweitem Abzdhlbarkeitsaxiom, die geniigend 
viel stetige fastperiodische Funktionen besitzt, lasst sich stetig isomorph einbetten 
in eine kompakte Gruppe mit zweitem Abzdhlbarkeitsaxiom. 

Auch iiber nicht zusammenhangende Gruppen liessen sich einige einschnei- 
dende Satze aussprechen; wir gehen auf sie nicht ein, da sie die Frage doch nicht 
ersch6pfend beantworten. 

In I bzw. II haben wir einige einfache Hilfssitze iiber topologische baw. 
Liesche Gruppen bewiesen; wo es uns interessant schien, haben wir mehr 
bewiesen als fiir die Anwendung in III unmittelbar nétig war. 


I 


1. Wir tibernehmen alle Bezeichnungen und Definitionen vorstehender Arbeit 
Einige Sdtze tiber topologische Gruppen (zitiert als T); siehe insbesondere T1 — 3. 

Wir verabreden ferner, dass ein Gruppenkeim stets als so klein angenommen 
werden soll, wie es im betreffenden Fall nétig ist. 

Ein Gruppenkeim heisst X-Gruppenkeim, wenn in ihm jeder abgeschlossene 
Normalteilerkeim direkter Faktor ist. Genauer: Wenn G ein X-Gruppenkeim 





6 Das wird in 21 definiert. Historische Daten iiber diesen Begriff finden sich in ®. 

7 Dieser Satz steht bereits bei L. Pontrjagin, Sur les groupes topologiques compacts et 
le cinquiéme probleme de Hilbert, C.R. 198 (1934), 170-190. Verf. hat ihn unabhingig ge- 
funden und Mitte 1933 Herrn J. v. Neumann brieflich mitgeteilt im Anschluf} an dessen 
Arbeit in Annals of Math. (2) 34 (1933), 170-190. 

8K. Cartan, Les tenseurs irréductibles et les groupes linéaires simples et semi-simples. 
Bulletin Sc. Math. (2) 49 (1925), 180-152 (150 ff.) 

9 E. Cartan, La géométrie des groupes simples. Annali di Mat. (4) 4 (1927), 209-256 
(227-230). 
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ist, soll es zu jedem abgeschlossenen Normalteilerkeim H einen abgeschlossenen 
Normalteilerkeim L geben, derart dass sich ein geeigneter offener Teilkeim von 
G als direktes Produkt H X L darstellen lasst.—Eine Gruppe heisst X-Gruppe, 
wenn eine gewisse Umgebung der Identitaét X-Gruppenkeim ist. 

K bezeichne stets eine kompakte Gruppe, V eine Vektorengruppe, d.h. eine 
Gruppe, die topologisch isomorph der Additionsgruppe der Vektoren eines n- 
dimensionalen Vektorraums ist. 


2. Eine zusammenhdngende Untergruppe eines V ist abgeschlossen, direkter 
Faktor und wieder ein V. Ein abgeschlossener Untergruppenkeim eines V erzeugt 
eine abgeschlossene Untergruppe. Die einzige kompakte Untergruppe eines V ist 
(e) (die Identitét). Ist A abgeschlossene Untergruppe eines V, so ist V/A dann 
und nur dann ein V, wenn A zusammenhdngend ist, und dann und nur dann ein K, 
wenn keine zusammenhdngende, A enthaltende, echte Untergruppe von V existiert. 
(Beweise klar.) 


3. Ein abgeschlossener Normalteilerkeim eines kompakten X-Gruppenkeimes ist 
ein X-Gruppenkeim. 

Bewets: H sei ein abgeschlossener Normalteilerkeim von G, dann ist also 
G =H X H,. Ist L wieder ein Normalteilerkeim von H, so ist L auch Normal- 
teilerkeim von G. L X H, ist erklart, Normalteilerkeim von G, abgeschlossen 
wegen T 17a, also direkter Faktor: G = L X H,; X L,. Dann ist nach T 18: 
H=G/H,=LX Il. Also ist L in H direkter Faktor. 


4. IsttG = K X V," so ist (a) K die (eindeutig bestimmte) maximal kompakte 
Untergruppe von G, (8) V eine (nicht notwendig eindeutig bestimmte) maximale 
abgeschlossene V-Untergruppe von G, und so ist (y) fiir jede abgeschlossene V- 
Untergruppe V; von G der Durchschnitt mit K gleich (e). 

BEweEts: (a) Sei K* eine kompakte Untergruppe von G. Dann ist KK* 
kompakt, wie man analog zu T 17a einsieht. KK*/K ist eine kompakte Unter- 
gruppe von G/K, das nach T 18 eine Vektorengruppe ist. Nach 2 ist also 
KK*/K = (e), also K* = K. 

(8) Sei Vi > V. Dann ist nach2 V;/V eine Vektorengruppe; andererseits ist 
V,/V nach T 11 abgeschlossene Untergruppe von G/V, das (wegen T 18 = K, 
also) kompakt ist, also selber in sich kompakt. Nach 2 ist dann Vi/V = (e), 
V; = J. 

(y) K v V;, ist als Untergruppe von K (abgeschlossen und) kompakt; ande- 
rerseits ist es Untergruppe von V;. Also ist K V Vi = (e). 


5. SeiG = K X V, B ein abgeschlossener zusammenhdngender Untergruppen- 
keim von G mit K v B = (e); sei H die von B erzeugte UntergruppevonG. Dann 
ist K V H = (e), H ist eine V-Gruppe und abgeschlossen in G. 





‘© Man beachte im Folgenden, dass die K X V im Kleinen kompakt, also sicherlich auch 
von zweiter Kategorie sind. 
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BeweEts: Bei der homomorphen Abbildung von G auf G/K geht das kompakte 
abgeschlossene B in einen abgeschlossenen zusammenhangenden Untergrup- 
penkeim B’ von G/K iiber. Wegen G/K = V (siehe T 18) ist die von B’ 
erzeugte Untergruppe H’ von G/K abgeschlossen und eine V-Gruppe (siehe 2). 
H’ ist ferner bei dem betrachteten Homomorphismus das Bild von H. 

h' C H’ sei das Bild von h C H. Von dieser Abbildung lasst sich eine im 
Kleinen eindeutige stetige Umkehrung erkliren: Wegen K Vv B = (e) ist e das 
einzige Element von B, das in die Identitaét von B’ iibergeht; verschiedene 
Elemente von B gehen also in verschiedene Elemente von B’ iiber. Ist h’ 
irgendein Element von H’, so enthalt h’B’ eine Umgebung von h’. In dieser 
Umgebung erklaren wir die Umkehrung der Abbildung so, dass wir einem 
h’b’(mit b’ C B’)hb zuordnen; dabei ist h ein festes Urbild von h’ und 6b das 
(eindeutig bestimmte) Urbild von b’ innerhalb B. 

Die so definierte Umkehrung von h — h’ ist im Kleinen eindeutig und stetig; 
nach dem Monodromieprinzip" ist sie es wegen des einfachen Zusammenhanges 
von H’ auch im Grossen. Die Abbildung H — H’ (die durch die Faktorbildung 
nach K erklart war) ist also topologisch, H ist ebenso wie H’ efne V-Gruppe 
und K Vv H = (e). 

HK ist als Urbild von H’ abgeschlossen in G. Ist hi, he, --- eine Folge 
aus H, die in G konvergiert, so lasst sich ihr Limes schreiben: hk (hk C H,k C K). 
Die Bildfolge von hi h-, heh, --- konvergiert also gegen e, und da die Bezie- 
hung zwischen H und H’ topologisch ist, konvergiert auch hh-, heh-, --- 
gegen e, also die gegebene Folge tatsiachlich gegen ein Element von H. Dem- 
nach ist H abgeschlossen. 


6. Sei G eine X-Gruppe der Form K X V und H ein abgeschlossener, zusammen- 
hangender, im Kleinen zusammenhdngender® Normalteiler von G. Dann lasst 
sich G derart als K X Vi X V2 schreiben, dass H = (K V H) X JV; ist. 

Bewets: H V K ist abgeschlossener Normalteiler von G, also nach 3 eine 
X-Gruppe. Daher gilt die Darstellung: 


Keim von H = Hy X A, 


(*) 
(Hy = Keim von K vy A). 


Dabei darf man den Keim von H, also auch den von H, als zusammenhingend 
voraussetzen. Wegen K Vv H, = (e) erzeugt H, nach 5 eine abgeschlossene 
Vektorengruppe V,, und es ist K V V,; = (e). Da H, direkter Faktorkeim 
in H, also Normalteilerkeim in G war, ist auch das von H, erzeugte V; Normal- 
teilerin G. Also ist K X V, definiert. 





11 Das Monodromieprinzip besagt: Ist in einer einfach zusammenhangenden Mannig- 
faltigkeit eine Abbildung im Kleinen eindeutig (und stetig) definiert, so ist sie es auch 
im Grossen. 

#2 Zusammenhang im Kleinen heisst: Alle Komponenten aller offenen Mengen sind 
offen.—Nach F. Hausdorff, Mengenlehre (Berlin 1927), 156, Satz X, stimmt diese Definition 
mit der tiblichen iiberein; fiir unsere Zwecke ist sie bequemer als die iibliche. 
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Weiter ist wegen (*) Hi, also auch Vi, also auch (K V H) X V, in H enthalten. 
Da aber wegen (*) (K V H) X Viden Keim Ho X H, des zusammenhiingenden 
H enthalt, ist andererseits H in (K V H) X V; enthalten. Daraus folgt ein 
Teil der Behauptung: (K V H) X Vi = H. 

Bei dem Homomorphismus von G auf G/K gehe V in V’ und V; in V, iiber. 
Da KV; nach T 17a abgeschlossen ist, ist nach T1l1 Vj; abgeschlossener Nor- 
malteiler von V’ und obendrein wegen des Zusammenhangs von V; zusammen- 
hingend. Vj ist also tatsichlich Vektorengruppe, und V’ ist darstellbar als 
Vi X V;. Wegen G = K X V lasst sich das Urbild von V; schreiben als 
K X Vemit V2C V. Das Bild von Veist V,. (K X V1) V Veist erstens in K 
enthalten (denn sein Bild ist Vi V Vs = (e)), also kompakt, zweitens (wegen 
T 17a) abgeschlossen, drittens Untergruppe von V2. Also ist es = (e): 
(K X Vi) V Ve = (e). Ferner ist V2 Normalteiler. K X Vi X V2 ist demnach 
definiert, das ist aber = G. 


7. Sei G eine X-Gruppe der Form K X V, und sei jeder abgeschlossene zusam- 
menhingende Normalteiler von G im Kleinen zusammenhdngend. Sei G homo- 
morph auf G’ = K’ X V’ abgebildet. Dann lasst sich G derart als K X Vi X V2 
schreiben, dass V; auf V’ abgebildet wird. Ist der Komponentenraum des den 
Homomorphismus definierenden Normalteilers* H von G kompakt, so lasst sich 
obendrein erreichen, dass V2 = (e) ist und K auf K’ abgebildet wird. 

BeweEts: W sei das Urbild von V’, Wy die Komponente der Identitét von W. 


Nach 6 hat man 
(*) G =KxXV:iX dvs, 
Wo = (K V Wo) X Vi, 


V; und V2 sind abgeschlossene Vektorengruppen. Nach T 21 erschépft das 
Bild von Wo bereits V’; da der Faktor K Vv W, in eine kompakte Untergruppe 
von V’, also in (e) ttbergeht, ist sogar 


(s) Bild von V; = V’. 


Hy sei die Komponente der Identitat von H; HC W,H) C Wo. H/Hp ist nach 
Voraussetzung (in sich) kompakt. Also ist auch 


(§) (KH/K)/(KH,/K) 


kompakt, denn es lasst sich als Bild von H/Hp (bei der Faktorgruppenbildung 
nach K) auffassen. (§) ist aber Untergruppe von 


($§) (G/K)/(KH./K) 





‘ ‘Nach T 5 und T 10 wird der Homomorphismus tatsichlich durch einen Normalteiler 
efiniert. 
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und zwar nach T 11 abgeschlossene Untergruppe, weil nach T 17a KH abge- 
schlossen in G, also nach T 11 auch KH/K abgeschlossen in G/K ist. Nach 
T 18 ist G/K = V und, da KH,)/K als Bild des zusammenhangenden Hy zusam- 
menhiingend ist, auch (§§) eine Vektorengruppe. Das kompakte (§) ist als 
Untergruppe von (§§) gleich (e), also 


KH = KH 
HC KH,CKWCKXYV; 


(x) 


(die letzte Inklusion wegen (*) ). 

Nach T 17b ist V2H abgeschlossen in G; ferner ist V2 V H = (e) wegen (+x); 
also ist nach T 14 V2 topologisch isomorph seinem Bild V, (bei dem gegebenen 
Homomorphismus), ausserdem ist V; nach T 11 abgeschlossen. Also ist nach 
4y: V, V K’ = (e). 

Aus T 15, T 18 und (%) folgt G/ViH = G’/V’ = K’, also kompakt. Nach 
T 17b ist V2ViH abgeschlossen in G, also V2Vi1H/ViH abgeschlossen in dem 
kompakten G/V1H, also in sich kompakt; andererseits ist V2Vi1H/ViH Vektoren- 
gruppe (da Vi C K X Vi und daher ViH Vv V2 = (e) ist). Nach 2 ist dann 
Ve = (e). 

Das Bild K* von K ist kompakt, also nach 4a in K’. Andererseits ist @’ 
(als Bild von G = K X V;) gleich K* X V’, also nach 4a auch K’ C K*. Also 
K’ = K* = Bild von K. 


II 


8. Eine abgeschlossene zusammenhdngende Untergruppe einer Lieschen Gruppe 
ist eine Liesche Untergruppe, und entsprechend fiir Gruppenkeime. Beides lasst 
sich im Wesentlichen genauso beweisen wie bei J. v. Neumann" die Analytizitat 
der linearen Gruppen (Untergruppen der allgemeinen linearen Gruppe); siehe 
auch E. Cartan,!® §. 24. 

Die Komponenten einer abgeschlossenen Lieschen Untergruppe hdufen sich 





14 Kine Liesche Gruppe ist eine Gruppe, deren Gruppenraum eine analytische Mannigfal- 
tigkeit ist, und deren Operationen analytisch sind (wir nehmen also in den Begriff der 
Lieschen Gruppe den Zusammenhang des Gruppenraumes auf). 

Soweit es sich mit der Kiirze der Darstellung irgendwie vereinbaren liess, haben wir die 
Verwendung von Satzen der Lieschen Theorie vermieden. Wir erwahnen nur noch fiir das 
Folgende die Tatsache: Ist H eine Liesche Untergruppe der Lieschen Gruppe G, so lasst 
sich in einer Umgebung von e, ein analytisches Koordinatensystem einfiihren, in dem sich 
H als eine lineare Mannigfaltigkeit durch e und die Nebengruppen zu H als die zu ihr 
parallelen linearen Mannigfaltigkeiten darstellen. Daraus kann man leicht ableiten, dass 
die Faktorgruppe G/H wieder Liesch ist.—Entsprechendes gilt auch fiir Gruppenkeime. 

Man beachte im Folgenden noch, dass die Lieschen Gruppen im Kleinen kompakt, von 
zweiter Kategorie, im Kleinen zusammenhiangend, endlichdimensional und im Kleinen 
zusammenziehbar sind. 

18 Sitzungsberichte Akad. Berlin 1927, 76-90. Math. Zeitschr. 30 (1929), 3-42. 
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nirgends, der Komponentenraum besitzt keinen Haufungspunkt; siehe E. Cartan"*), 
S. 24. Insbesondere enthdlt also jede abgeschlossene Untergruppe, die Haufungs- 
punkte besitzt, eine Liesche Untergruppe # e. 


9. Eine abelsche Liesche Gruppe ist direktes Produkt von Kreisdrehungsgruppen 
und eindimensionalen Vektorengruppen, also auch direktes Produkt eines Lieschen 
K und eines V. (Beweis klar.) 


10. Ist G direktes Produkt eines halbeinfachen" Lieschen Keimes H und eines 
abelschen Lieschen Keimes A, so ist G eine X-Gruppe. 

BeweEts: Der Satz ist richtig fiir H = (e) (siehe 2) und fiir A = (e) (siehe 
z.B. E. Cartan, Thése,"® 8. 53). 

Sei N Normalteilerkeim von A X H; jedes seiner Elemente lisst sich in der 
Form a-h schreiben (a C A,h CH). Die bei dieser Darstellung auftretenden 
Elemente von H bilden einen in H abgeschlossenen Gruppenkeim H,, einen 
Normalteilerkeim von H, der nach 3 wieder X-Gruppenkeim ist. Der Kom- 
mutatorkeim H{ von H; ist also direkter Faktor: Hi = H; X H’. Der Kom- 
mutatorkeim von H’; ist in dem von Hj, also in H; enthalten, alsoin H{ Vv H{ = 
(ec). H' ist also abelscher Normalteilerkeim von H,, also auch von H, also 
H’, = (e) und A, = H;. Nun ist aber der Kommutatorkeim von N gleich 
dem von Hj, also gleich H,, also H;C N und N = A; X Himit A, CA. Ferner 
ist A = A; X A2undH = H, X Hz, also tatsichlich A X H = N X (Ai X A). 


11. Eine kompakte Liesche halbeinfache Gruppe ist endlichfach zusammen- 
héngend, ihre universelle Uberlagerungsgruppe™ also kompakt. 

Bewets: Die Faktorgruppe nach dem (diskontinuierlichen) Zentrum, die 
sogen. adjungierte Gruppe, lasst sich nimlich nach der Lieschen Theorie als 
lineare Gruppe auffassen; wegen der Kompaktheit darf man nach F. Peter und 





16 La théorie des groupes finis et continus et l’analysis situs, Mémorial sc. math. XLII.— 
Cartan setzt allerdings voraus, dass die Untergruppe ‘‘continu’’ (d.h. eine Mannigfaltig- 
keitsgruppe) ist, macht davon jedoch nirgends Gebrauch. Deutet man “‘continu’”’ im 
Sinne von ‘‘Kontinuum,”’ so bleibt die Beweisfiihrung wortlich richtig; man erhalt dann 
den oben von uns angefiihrten Satz. 

‘7 Halbeinfach heisst eine Gruppe (ein Gruppenkeim), die (der) keinen zusammenhin- 
genden abelschen Normalteiler ausser (e) besitzt. Man sieht ohne Weiteres, dass der 
Keim einer halbeinfachen Gruppe halbeinfach ist, und umgekehrt. Wir erwihnen noch 
aus der Theorie der halbeinfachen Gruppen, dass die halbeinfachen Gruppen im Kleinen 
direkte Produkte (nichtabelscher) einfacher Liescher Gruppen sind, und umgekehrt. 

18 Sur la structure des groupes de transformations finis et continus (Paris 1894). 

1° Wir verwenden von jetzt an haufig Begriffe und Satze von O. Schreier (Abstrakte 
kontinuierliche Gruppen, Abh. Math. Sem. Hamburg 4 (1926), 15-32). Wir erwahnen insbe- 
sondere: Ist G* eine Uberlagerungsgruppe von G, so ist G = G*/M, wo M ein abgeschlossener 
Normalteiler ohne Hiufungspunkt ist; und umgekehrt: ist M ein abgeschlossener Normal- 
re ohne Hiufungspunkt von G*, so lisst sich G* als Uberlagerungsgruppe von G*/M 

euten. 
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H. Weyl” annehmen, dass sie unitir ist. Daraus folgt nach H. Weyl,” S. 380, 
(siehe auch E. Cartan, a.a.0.*, S. 38-41) der endlichfache Zusammenhang der 
adjungierten Gruppe, also erst recht der der gegebenen, die sich als Uber- 
lagerungsgruppe der adjungierten auffassen lasst. 


12. Ein vollstindig reduzibler linearer Keim ist direktes Produkt einfacher 
abgeschlossener Untergruppenkeime. 

Bewets: Wir folgen E. Cartan.” Sei zundchst der gegebene lineare Keim G 
irreduzibel. Sei A ein maximal abelscher (abgeschlossener) Normalteilerkeim 
von G. A besitzt einen Eigenvektor uw: A(u) = du (A abhangig vom betref- 
fenden Element von A). Da A Normalteilerkeim ist, ist fiir jedes g C @G: 
Ag(u) = dg(u). Da G irreduzibel ist, also die g(u) den ganzen Vektorraum 
aufspannen, folgt daraus: A(w) = du fiir jeden Vektor u. Die Elemente von A 
sind also Multiplikationen,” A ist im Zentrum. Der lineare Gruppenkeim G’ 
entstehe aus G, indem man die Elemente von G so mit Skalaren multipliziert, 
dass die Determinanten eins werden. In G’ gibt es keine Multiplikationen 
mehr, G’ ist aber noch irreduzibel; nach dem soeben fiir G bewiesenen hat (’ 
keinen abelschen Normalteilerkeim, ist also halbeinfach. Der Kommutator- 
keim von G’ ist also (siehe Beweis von 10) gleich G’ ; andererseits haben G und @’ 
denselben Kommutatorkeim. Somit ist G’ der Kommutatorkeim von G, und G 
ist darstellbar als A X G’ (direktes Produkt eines abelschen und eines halb- 
einfachen Lieschen Gruppenkeimes). 

Sei nun G beliebig, aber vollstindig reduzibel. Seien I,, - - - , LZ, invariante 
lineare Mannigfaltigkeiten, die zusammen den ganzen Vektorraum aufspannen, 


und in denen G irreduzibel ist. Wir betrachten den linearen (irreduziblen) 
Gruppenkeim G;, gemiss dem EH; durch G transformiert wird; G; ist, wie wir 
im vorigen Absatz zeigten, direktes Produkt eines Lieschen abelschen und eines 
Lieschen halbeinfachen Gruppenkeimes. Wir bilden abstrakt das direkte 
Produkt der G;; es hat dieselbe Eigenschaft.24 G laisst sich als homomorphes 
Bild von G; X --- X G, auffassen, ist also nach 10 und 3 direkter Faktorkeim 





20 Die Vollstindigkeit der primitiven Darstellungen einer geschlossenen kontinuierlichen 
Gruppe. Math. Ann. 97 (1927), 737-755. 

*1 Theorie der Darstellung kontinuierlicher halbeinfacher Gruppen durch lineare Trans- 
formationen. III. Math. Zeitschr. 24 (1926), 377-395. 

* Les groupes de transformations continus, infinis, simples. Annales Ecole Norm. (3) 
26 (1909), 93-161 (p. 148, théoréme XVIII). 

*3 Zunichst hat man nimlich fiir jedes a aus A: a(u) = du fiir alle u einer Menge M 
von Vektoren, die den ganzen /-dimensionalen Vektorraum aufspannt; dabei kann der Wert 
von A mit u variieren. Die Transformation a induziert eine projektive Transformation 
im zugehdérigen (J — 1)-dimensionalen projektiven Raum, bei der / Punkte festbleiben, die 
keinem niederdimensionalen Teilraum angehoren; a induziert also die identische projektive 
Transformation und muss selber alle Vektoren mit einem Skalar multiplizieren, der, wie 
man leicht sieht, fiir alle Vektoren derselbe sein muss. Die Elemente von A sind also 
tatsichlich Multiplikationen. 

24 Siehe ”. 
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inG, X --- X G, und daher auch direktes Produkt eines halbeinfachen Lieschen 
und eines abelschen Lieschen Gruppenkeimes, also direktes Produkt einfacher 
Liescher Gruppenkeime. 


13. Ist G ein linearer unitérer halbeinfacher Gruppenkeim, so ist die von G 
erzeugte lineare Gruppe G* abgeschlossen im Gebiet aller linearen Transforma- 
tionen.*® 

Brewers: Die abgeschlossene Hiille G* von G* ist eine unitére Gruppe, also 
vollstandig reduzibel und nach 12 eine X-Gruppe. G ist daher direkter Faktor- 
keim in G*: G* = G X H (im Kleinen). Ist H* die von H erzeugte lineare 
Gruppe und H* ihre abgeschlossene Hiille, so kann G v H* keinen Hiufung- 
spunkt besitzen, weil es sonst nach 8 (zweiter Absatz) einen Lieschen Keim 
enthielte, der wegen der Vertauschbarkeit von G und H zum Zentrum des 
halbeinfachen G geh6érte und nicht allein aus e bestiinde, was nicht mdglich ist. 
G*/H* ist also im Kleinen isomorph mit G. Andererseits ist G*/H* als Bild 
von G* kompakt und besitzt nach 11 eine kompakte universelle Uberlagerung; 
G als Bild dieser universellen Uberlagerung ist auch kompakt (in sich), also ab- 
geschlossen im Gebiete aller linearen Transformationen. 


14. Eine im Kleinen kompakte Gruppe G mit treuer stetiger unitdrer Darstellung 
D(G) ist im Kleinen direktes Produkt einfacher Liescher Normalteilerkeime, also 
X-Gruppe. Ihre universelle Uberlagerungsgruppe ist direktes Produkt einer 
kompakten halbeinfachen Gruppe K und.eines V. 

Brewers: U sei eine geniigend kleine kompakte abgeschlossene Umgebung 
von ein G, D(U) ist also abgeschlossen im Gebiet aller linearen Transformationen, 
also Liesch. Die abgeschlossene Hiille D(G) von D(G) ist auch noch unitir, 
also vollstandig reduzibel, also ist auch D(G), also auch D(U) vollstindig re- 
duzibel. Daraus folgt nach 12 der erste Teil unseres Satzes. 

G lasst sich also im Kleinen als Produkt eines Lieschen linearen abelschen 
Keimes A und eines Lieschen halbeinfachen unitiren Keimes H darstellen. A 
lisst sich als Keim eines V auffassen, wihrend H nach 13 eine kompakte halb- 
einfache Liesche Gruppe H* erzeugt. H* X V (abstrakt gebildet) ist im Kleinen 
isomorph G. Die universelle Uberlagerung von H* X V ist das direkte Produkt 
von V und der universellen Uberlagerung von H*, also nach 11 auch wieder 
direktes Produkt einer kompakten halbeinfachen Gruppe K und eines V. 


15. Ist die universelle Uberlagerungsgruppe G* von G von der Form K* X V*, 
so ist auch G selbst von der Form K X V. 

Brewets: G = G*/M, M abgeschlossener Normalteiler ohne Haufungspunkt. 
M+ baw. My» seien die Mengen von Elementen von K* baw. V*, die bei der 
Produktdarstellung (K* X V*) der Elemente von M auftreten. Vj sei die 
minimale zusammenhingende, M,- enthaltende Untergruppe von V*. Dann 


* Siehe auch E. Cartan, a.a.0.", S. 37-41. 
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ist V* = Vi XV>. Wirsetzen K = (K*X Vt)/M,V =V3M/M. Dann ist in 
der Tat G =K X V und V eine Vektorengruppe. Dass K tatsachlich kompakt 
ist, sieht man so ein: V*K* ist nach T 17a abgeschlossen in G*, also V{K*/K*M 
~ V*/(V* v K*M) nach T 14. Nach der Definition von Vj und 2 ist diese 
letzte Gruppe aber kompakt (in sich), also ist auch V{K*/K*M kompakt. 
Nun ist aber nach T 15 


K*V*/K*M = (K*Vi/M)/(K*M/M); 









OES ey 








die Gruppe links haben wir gerade als kompakt nachgewiesen, der Divisor rechts 
ist K* isomorph, also kompakt, also ist nach T22 K = K*V{/M kompakt. 









16. Eine im Kleinen kompakte Gruppe mit im Kleinen treuer unitdrer Darstel- 
lung ist eine X-Gruppe der Form K X V. (Beweis folgt unmittelbar aus 14 
und 15.) 






rE ae 






III 


17. Wir betrachten nun die im Kleinen kompakten zusammenhingenden 
Gruppen G mit geniigend vielen stetigen fastperiodischen Funktionen (siehe 
Einleitung). Sie sind nach J. v. Neumann, a.a.O.?, 8. 480, Theorem 33, dadurch 
charakterisiert, dass es zu je zwei verschiedenen Elementen a und 6b eine stetige 
unitire Darstellung D(G) gibt mit D(a) # D(b). Insbesondere gibt es dann 
zu jedem a ¥ e aus G eine Darstellung mit D(a) ¥ 1. Bei einer solchen Darstel- 
lung gibt es eine ganze Umgebung U, von a, so dass D(U,) die identische lineare 
Transformation nicht enthalt. Mit abzahlbar vielen solcher U, lasst sich G — e 
iiberdecken. Es gibt also eine Folge stetiger unitarer Darstellungen D,(G) mit 
der Eigenschaft, dass zu jedem a ein n existiert mit D,(a) ¥ 1. 

G erscheint also (nach 14) homomorph abgebildet auf gewisse Liesche Gruppen 
Gn, die alle im Kleinen direkte Produkte einfacher unitérer Liescher Gruppen sind. 
Die die Homomorphismen definierenden Normalteiler H, von G haben (wegen der 
letzten Bemerkung des vorigen Absatzes) den Durchschnitt (e). 

























18. Gestatten G/H,, und G/H, treue stetige unitaére Darstellungen, so gilt 
dasselbe fiir G/(H, V H,); man braucht nur die Darstellungen von G/H» und 
G/H, langs der Hauptdiagonale aneinanderzureihen und sonst Nullen zu setzen, 
um die gewiinschte Darstellung zu erhalten. Daher diirfen wir von nun an 
voraussetzen, dass die H,, eine absteigende Folge abgeschlossener Normalteiler von 
G sind (andernfalls bilde man einfach die Durchschnitte). 

H?. sei die Komponente der Identitat von H,, C, die Komponentengruppe 
von H,, d.h. C, = H,/H? (siehe auch T 19). Die Komponenten von C, sind 
Punkte, wihrend G/H’ zusammenhangend ist. Also gehért C, zum Zentrum” 
















26 Wir verwenden hier den Satz von O. Schreier (a.a.0."%): Jeder Normalteiler einer 
zusammenhiangenden Gruppe, dessen Komponenten Punkte sind, liegt im Zentrum. 
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von G/H?, ist also sicherlich abelsch. Dann* besitzt C, eine abgeschlossene 
offene kompakte Untergruppe C;,, die nun auch Normalteiler von G /H® ist. Hi 
sei der Normalteiler von G, der bei dem Homomorphismus H, — C, auf C; 
abgebildet wird. H,, C H,;H,, ist offen in H, als Urbild von C/, das offen in 
C,, ist. 

H”’ sei der Durchschnitt der tw...) By H,, ist offen in 
H.V H,=4H,. Dasselbe gilt fiir den Durchschnitt von 1 bis n: H” v H, = H” 
ist offen in H,. Die H’, bilden eine absteigende Folge abgeschlossener Normalteiler 
von G mit (e) als Durchschnitt. Ihre Komponentengruppen C’” sind (als abge- 
schlossene Untergruppen der C,.) in sich kompakt. 

Wir setzen nun G, = G/H’.. Da H” offen in H, war, sind G und G,, im 
Kleinen isomorph, also gilt nach 16: 

Die G@” = G/H"%. sind Liesche X-Gruppen der Form K, X Vn. 


19. Sei U eine kompakte Umgebung von (e) in G und R(U) der Rand von U. 
Der Durchschnitt aller H;’ vy R(U) ist leer, und da sie alle in sich kompakt sind, 
sind fast alle H’’ vy R(U) leer. Die Komponente der Identitit fast aller H”’ ist 
(wegen e C U) in U enthalten, also kompakt. Da der Komponentenraum der 
H*: kompakt ist (siehe 18), folgt daraus nach T 22, dass fast alle H’’ kompakt 
sind. Wenn wir auf endlich viel H‘, verzichten und alle Striche weglassen, 
kénnen wir sagen: 

In G gibt es eine Folge absteigender kompakter abgeschlossener Normalteiler H,, 
mit dem Durchschnitte (e), so dass die G, = G/H, Liesche X-Gruppen der Form 
K, X V,, sind. 


20. Durch G wird ein Homomorphismus von G,4; auf G, erzeugt: G, = 
Grsi/(Hn/Hny1). Nach 7 (die Voraussetzungen von 7 sind erfiillt, denn jeder 
abgeschlossene zusammenhiangende Normalteiler von G,,; ist Liesch, also sicher 
im Kleinen zusammenhangend, und der Normalteiler H,/H,4: ist kompakt) 
kénnen wir annehmen, dass die V, in den G, so gewahlt sind, dass durch die 
Homomorphismen stets Kn41 auf Kn und Vn41 auf V,, abgebildet wird. 

Sez a, eine Folge von Elementen bzw. aus G, mit der Eigenschaft, dass bei den 
vorliegenden Homomorphismen stets a, das Bild von dni; ist. Dann gibt es genau 
ein a in G, von dem all diese a, die Bilder sind. Sei nimlich A, die Urbildmenge 
vona,inG. Es ist An = HnAny. Die A, bilden also eine absteigende Folge 
kompakter abgeschlossener Mengen, ihr Durchschnitt ist nicht leer, kann aber 
auch keine zwei verschiedenen Elemente enthalten, denn deren Quotient wire 
ein Element ~e von G, das allen H,, angehdrte. 

K* bzw. V* seien die Urbilder von K, bzw. V, in G; der Durchschnitt der K* 
heisse K, der der V* heisse V. Der Durchschnitt von K und V ist gleich dem 
der H,, also (e). Sei g ein Element von G; seien g, seine Bilder bzw. in G,. 





*7 Siehe D. van Dantzig, Studién over topologische algebra, Diss. Amsterdam 1931, 8. 18, 
TG 37.—Derselbe, Zur topologischen Algebra III, erscheint in Compositio mathematica. 
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gn lisst sich schreiben als b,c, mit b, C Kn, CnC Vn. Der erste Absatz dieser 
Nummer lehrt uns, dass wir annehmen diirfen, dass bei den vorliegenden Homo- 
morphismen stets bn: auf b, und cn4: auf c, abgebildet ist. Der zweite Abs atz 
dieser Nummer zeigt dann, dass zu den b, ein b in K und zu den c, ein c iin V 
gehoért, von denen die b, bzw. c, die Bilder sind. bc hat dann als Bilder in cen 
Gr die bren = gn. Also ist g = bec, bC K,c CV. Schliesslich sind K und V 
abgeschlossene Normalteiler von G. Rein gruppentheoretisch ist also G direktes 
Produkt von K und V. Nun ist aber K X V (stetig) isomorph abgebildet auf G, 
da be stetig von b und c abhingt. Nach T 5 und T 9 wissen wir, dass diese 
Beziehung eine topologische Isomorphie ist, sobald wir wissen, dass K X V im 
Kleinen kompakt ist. Das wird sich bei den folgenden Uberlegungen mit 
ergeben. 

Wir haben naimlich noch die Bezeichnungen K und V fiir die erklarten Normal- 
teiler von G zu rechtfertigen, d.h. zu zeigen, dass K kompakt und V eine Vekto- 
rengruppe ist. 

Zunichst V: Da die Normalteiler H,,/Hn41 der Gns1, die die Homomorphismen 
auf G, erzeugen, kompakt sind, sind alle V, isomorph aufeinander abgebildet. 
Zu jedem c, gibt es also ein Cry, von dem es Bild ist, also auch ein c C V, von 
dem es Bild ist; umgekehrt gibt es auch zu jedem c C V ein Bild c, in V,, und 
diese letzte Beziehung ist stetig. Nach T 5 und T 9 sind V und V, also topolo- 
gisch isomorph. V ist Vektorengruppe derselben Dimension wie die Vn. 

Nun die Kompaktheit von K: Ist O, offen in G, und O* das Urbild von 0, 
in G, so ist O* offen in G und beliebig klein (da der Durchschnitt der H,, gleich (e) 
war), falls nur O, geniigend klein und n geniigend gross gewahlt war. Die O* 
sind also als Umgebungssystem in G brauchbar. Daraus folgt, dass die Kon- 
vergenz einer Folge in G dquivalent ist mit der Konvergenz der Folge ihrer n-ten 
Bilder (fiir alle n) in Gn. Nach dem Diagonalverfahren schliesst man daraus 
aus der Kompaktheit der K, auf die Kompaktheit von K. 

Wir haben also den 

Havuprsatz I: Jede zusammenhdngende, im Kleinen kompakte Gruppe mit 
zweitem Abzdhlbarkeitsaxiom, die geniigend viel stetige fastperiodische Funktionen 
besitzt, ist direktes Produkt der (abelschen) Gruppe der Translationen des n-dimen- 
sionalen euklidischen Raumes (n = 0,1, - - -) und einer (zusammenhdngenden) 
kompakten Gruppe (mit zweitem Abzdéhlbarkeitsaxiom). 

Dass diese Gruppen auch wirklich geniigend viel stetige fastperiodische 
Funktionen besitzen, ist evident; man nehme etwa Funktionen, die fiir jedes 
feste Element von K periodisch auf V sind.* 

21. Sei A, irgendeine Folge irgendwelcher Gruppen (nicht einmal topologisch 
brauchen sie zu sein), von denen jede homomorphes Bild der folgenden ist. 
Die A, erzeugen eine ““Limesgruppe” A. Die Elemente von A sind die Folgen 





28 Ferner ist auch klar, dass in diesen Gruppen die durch die fastperiodischen Funk- 
tionen induzierte Topologie mit der gegebenen iibereinstimmt (siehe J. v. Neumann, 
a.a.Q. *, Theorem 36). 
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von Elementen a, C An, bei denen jedes Element Bild des folgenden ist; a, heisst 
die n-te Koordinate des Elementes (a, a2, ---) von A. Unter dem Produkt 
der Elemente a und b von A versteht man das Element von A, dessen n-te 
Koordinate das Produkt der n-ten Koordinaten von a und b ist. Es ist klar, 
dass A eine Gruppe ist. Ordnet man jedem Element von A seine n-te Ko- 
ordinate zu, so erhalt man einen Homomorphismus. 

Sind die A, topologische Gruppen und ist die zwischen ihnen bestehende 
Beziehung gebietstreu, so topologisiere man A wie folgt: Ist U, eine Umgebung 
in A,, so nenne man die Menge aller Elemente von A, deren n-te Koordinaten 
in U, liegen, eine Umgebung in A.” Dass die topologischen Axiome usw. in A 
erfiillt sind, ist klar, ebenso, dass A auf die A, gebietstreu abgebildet ist, falls die 
gegebenen Homomorphismen der A, gebietstreu waren. Erfiillen die A, das 
zweite Abzihlbarkeitsaxiom, bzw. sind sie kompakt, so gilt dasselbe bzw. fiir A. 

Ist eine Gruppe A topologisch isomorph der von der Folge A, erzeugten 
Limesgruppe, so sprechen wir von einer G,-adischen Erzeugung™ der Gruppe 
A mit Hilfe der An. 

Wenden wir das auf die zwischen den K, und K bestehende Beziehung an 
(siehe 20), so kénnen wir sagen: 

Havrtsatz II’: Jede zusammenhdngende kompakte Gruppe mit zweitem Abzdhl- 
barkeitsaxiom lasst sich G,-adisch mit Hilfe kompakter Liescher Gruppen erzeugen.*! 

Die kompakten Lieschen Gruppen sind alle bekannt (siehe E. Cartan, a.a.O."*), 
S. 37-42). Ihre universellen Uberlagerungen sind (siehe 12) direkte Produkte 





29 Kine Punktfolge in A ist also dann und nur dann konvergent, wenn ihre n-ten Koordi- 
naten (fiir jedes n) konvergieren. 

3° Das erste Beispiel G,-adisch erzeugter topologischer Gruppen findet sich in einer un- 
beachtet gebliebenen Arbeit von L. E. J. Brouwer: On the structure of perfect sets of points, 
Proceedings Amsterdam /2 (1910), 784-795, §4-5. 

Das Prinzip tritt dort schon trotz des speziellen Charakters des Beispiels in seiner vollen 
Allgemeinheit hervor. L. E. J. Brouwer erhalt in seinem Beispiel die Cantorschen Gruppen. 

Ohne Kenntnis der Brouwerschen Note hat D. van Dantzig (Uber topologisch homogene 
Kontinua, Fundamenta 15 (1930), 102-125) mit der G,-adischen Methode die Solenoide 
definiert (siehe Nr. 25 unserer Arbeit). Derselbe hat ein der G,-adischen Erzeugung nahe 
verwandtes Prinzip a.a.O.?”, 8. 20, entwickelt. Hier findet sich auch die Bezeichnung 
“G,-adisch’”’, die an die ganz aihnliche Erzeugung der p-adischen Zahlen erinnern soll. 

Fiir endliche abelsche G, finden sich ferner G,-adische Folgen bei L. Pontrjagin (Uber 
den algebraischen Inhalt topologischer Dualitdtssdtze, Math. Ann. 105 (1931), 165-205 
(195) jedoch mit der irrefiihrenden Bemerkung, dass diese Folgen keine Limesgruppe defin- 
ierten. 

Die G,-adische Erzeugung findet sich auch definiert und angewandt bei H. Freudenthal: 
Die Hopfsche Gruppe, eine topologische Begriindung kombinatorischer Begriffe, Compositio 
mathematica 2 (1935), 134-162. 

Auf demselben Prinzip wie die G,-adische Erzeugung topologischer Gruppen beruht die 
Alexandroffsche Spektraldarstellung kompakter Raume (a.a.O. **), S. 107-108). 

Zusatz bei der Korrektur: Eine systematische Entwicklung dieser Begriffe findet sich 
bei Hans Freudenthal, Die Rn-adische Entwicklung von Réwmen und Gruppen, Proceed- 
ings Amsterdam 38 (1935), 414-418. 

31 Siehe 7, 
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von Vektorengruppen und kompakten halbeinfachen Lieschen Gruppen. Die 
kompakten, einfach zusammenhingenden, halbeinfachen Lieschen Gruppen 
hat E. Cartan*) aufgestellt. Man braucht sie nur noch mit Vektorengruppen 
zu multiplizieren und nach einem (im Zentrum enthaltenen) diskreten Normal- 
teiler zu reduzieren, um alle kompakten Lieschen Gruppen zu erhalten; die 
diskreten Normalteiler ergeben sich alle aus den Untersuchungen von E. 
Cartan’). 

Nach dem Hauptsatz II ist damit das Problem der Aufstellung aller kom- 
pakten Gruppen mit zweitem Abziahlbarkeitsaxiom vollstaindig gelést. 


22. Ist irgend eine topologische Gruppe G homomorph auf G’ = G/H abge- 
bildet, so kénnen wir die Abbildung in zwei Schritten vollziehen, indem wir 
eine Gruppe G* einschalten: G* = G/H») (Ho = Komponente der Identitat 
von H; siehe T 19), G’ = G*/(H/H>). Beim ersten Schritt wird die Faktor- 
gruppe nach einer Lieschen Untergruppe gebildet; die Dimension sinkt (wenn 
der Schritt tiberhaupt wesentlich ist). Beim zweiten wird nach einem dis- 
kreten Normalteiler reduziert; die Gruppe bleibt sich im Kleinen isomorph. 
Wenn wir von G’ zu G iibergehen, wollen wir den Schritt von G’ nach G* den 
“iiberlagernden,” den von G* nach G den ‘‘dimensionserhéhenden”’ nennen. 

Ist die kompakte zusammenhingende Gruppe K von einer Folge Liescher 
kompakter Gruppen K, G,-adisch erzeugt, so diirfen wir also voraussetzen, 
dass jeder Schritt von K,, zu K,4; rein tiberlagernd oder rein dimensionserhéhend 
ist (die unwesentlichen Schritte lassen wir weg). 

U; sei eine geniigend kleine abgeschlossene Umgebung von e und zwar eine 
Vollkugel® in K;. Wenn U, schon erklart ist als abgeschlossene Umgebung von 
e in K, und zwar als Vollkugel, erklaren wir Un4: wie folgt: Ist der Schritt 
von K, nach K,4; tberlagernd, so setzen wir Un; gleich der Komponente der 
Identitaét des Urbildes von U, in Kn41; Unyi ist dann mit U, homéomorph. Ist 
dagegen der Schritt von K, nach K,4;: dimensionserhéhend, so nehmen wir 
Uns (nachdem wir K,4: im Kleinen als direktes Produkt von H,/H»a+s und 
Kyis/(Hn/Hny:) dargestelt haben) als Produkt einer geniigend kleinen Voll- 
kugel aus H,/Hn4:, die e als inneren Punkt enthalt, und einer Vollkugel aus 
Kass/(Hn/Hn4:) an; die zweite Vollkugel muss dabei (bei dem Isomorphismus 
Ky = Kass/(An/Hn)) Bild von U, sein. 

Die Folge U, definiert dann eine Teilmenge M in G. M ist entweder einem 
endlichdimensionalen Quader homéomorph oder dem (unendlichdimensionalen) 
Fundamentalquader des Hilbertschen Raumes. dim M = lim dim U, (dabei 
ist unter dem Limes einer iiber alle Grenzen wachsenden Folge © zu verstehen). 
Da U, eine Umgebung in K, war, ist dim U, = dim K,; da M Teilmenge von 
K ist, ist dim M Ss dim K. Also 


dim K = lim dim K,. 





%2 Vollkugel ist stets topologisch zu verstehen; wir haben das Wort Element vermieden, 
weil auch von Gruppenelementen die Rede ist. 
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Nun lasst sich das kompakte K durch beliebig kleine Transformationen in 
fast alle K, iiberfithren (d.h. die Urbildmenge jedes Punktes, eine Nebenklasse 
von H,, ist fir genigend grosses n beliebig klein). Daraus folgt nach dem 
P. Alexandroffschen Uberfithrungssatz** 


dim K S lim dim K,,. 


Hauptsatz III: Ist die kompakte Gruppe K mit zweitem Abzéhlbarkeitsariom 
G,-adisch erzeugt mit Hilfe der kompakten Lieschen Gruppen K,, so ist dim K = 
lim dim K,, und K ist dann und nur dann endlichdimensional, wenn bei der G,- 
adischen Erzeugung von K nur endlich viel dimensionserhéhende Schritte vorkommen. 


23. Wir nehmen nun dim K als endlich an und fragen, was geschieht, wenn K 
obendrein im Kleinen zusammenhiangend ist. Indem wir endlich viel K, aus 
der G,-adischen Erzeugung von K weglassen, erreichen wir, dass in der Folge 
K,, keine dimensionserhéhenden Schritte vorkommen; alle Schritte sind iiber- 
lagernd. U, sei eine offene einfach zusammenhingende Menge in Ki, U, ihr 
Urbild in K,. Die Komponenten von U, bezeichnen wir mit U*'"*» 
und zwar so, dass das Urbild von U*!*"** in Gay; aus den U***"*n*n+ besteht. 
(k; ist stets = 1.) 

Ich behaupte, dass der Index k,4: sovieler Werte fahig ist (unabhingig von 
der Wahl der vorangehenden Indizes), wie H,/H,»,: Komponenten, d.h. Ele- 
mente) besitzt, und dass die Komponenten simtlicher U, (also auch fiir ver- 
schiedene n) einander homéomorph sind. Der Beweis* wird induktiv gefiihrt: 

Wir schreiben W statt U‘'"*» und W* statt UM **=4_ Statt H,/Has 
schreiben wir H, das lasst sich dann auffassen als der Normalteiler, der den 
Homomorphismus von Ky; auf K, erzeugt. H ist diskret. Man beachte, 
dass die Abbildung von K,,: auf K, unverzweigt, d.h. im Kleinen umkehrbar, 
ist. 

Kin W* kann keine zwei Punkte enthalten, die zur selben Nebengruppe von 
H in K,4: gehéren; denn zwei derartige Punkte liessen sich in W* durch einen 
Weg verbinden, dessen Bild in W geschlossen, also zusammenziehbar wiire; 
eine solehe Zusammenziehung liesse sich aber auf das Urbild in K,4; tibertragen, 
was nicht méglich ist. 

Andererseits enthalt jedes W* von einem Punkt von W mindestens ein 
Urbild, wie man aus der Gebietstreue der Abbildung leicht entnimmt. 

W* und W sind also wirklich topologisch aufeinander abgebildet, und es gibt 
soviel W*, wie eine Nebengruppe von H Elemente hat, also soviel, wie H selbst 
Elemente hat, w. z. b. w. 





** Untersuchungen tiber Gestalt und Lage abgeschlossener Mengen beliebiger Dimension, 
Annals of Math. 30 (1929), 101-187 (120).—Erst hier beginnen wir, wesentlich dimensions- 
theoretische Begriffe zu verwenden, waihrend wir bis jetzt mit dem elementaren Dimen- 
sionsbegriff auskamen. 

** Wir skizzieren den Beweis nur; er beruht auf geldufigen Tatsachen iiber die Bezichung 
zwischen einer Mannigfaltigkeit und ihren Uberlagerungen. 
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Die Komponenten des Urbildes von U* in K sind die von den Folgen U{', U}'*, 
Ukskks ... erzeugten Mengen von K. Der so entstehende Komponentenraum 
ist entweder eine endliche oder eine Cantorsche Menge; im zweiten Fall kénnen 
die Komponenten keine offenen Mengen sein. Ist K im Kleinen zusammen- 
hingend, so sind aber die Komponenten jeder offenen Menge offen; es kann 
also nur endlich viel verschiedene Folgen U‘', U}'"*, --- geben, von einem 
gewissen n an findet keine Aufspaltung mehr statt, fast alle H,/H,41 beste- 
hen allein aus e, also auch fast alle H,. Fast alle K, sind dann topologisch iso- 
morph untereinander und mit K. Daraus folgt: 


Havuptsatz IVa’: Dann und nur dann ist eine im Kleinen kompakte Gruppe 
mit zweitem Abzdhlbarkeitsaxiom Liesch, wenn sie endlichdimensional und im 
Kleinen zusammenhdngend ist. 

Havuptsatz IVb: Dann und nur dann ist eine im Kleinen kompakte, zusam- 
menhdngende Gruppe mit zweitem Abzdhlbarkeitsaxiom, die gentigend viel stetige 
fastperiodische Funktionen besitzt, endlichdimensional und im Kleinen zusam- 
menhdngend, wenn sie Liesch ist. 

IVb folgt aus [Va unmittelbar, wenn man beriicksichtigt, dass nach Haupt- 
satz I nur eine Vektorengruppe als Faktor hinzukommen kann, die ja selber 
endlichdimensional und im Kleinen zusammenhiangend ist. 


24. Wir untersuchen weiter, wie die im Kleinen zusammenziehbaren® K 
aussehen.* 

Entsprechend den Uberlegungen von 23 darf man annehmen, dag alle H, 
zusammenhdangend sind. U sei eine Umgebung von e in K in sich zusammen- 
ziehbar. Man darf annehmen, da alle H, in U liegen. U, sei das Bild von K 
in K, = K/Hn; Uns D An/Hansi- Hn/Hns ist als kompakte Liesche Gruppe, 
wie man leicht sieht, Traiger eines héchstdimensionalen, in K,,; nicht beran- 
denden Zyklus, der also in U,,4;: liegt. Zu ihm gibt es als Urbild in U einen in K 
nicht berandenden e,-Zyklus (e,—0) derselben Dimension. Da U zusammen- 
ziehbar war, geht das nur, wenn dim A,/Hnay, = 0, also Hy, = Hay, also 
K = K, ist fiir fast allen. Dann ist aber K Liesch. Daraus folgt: 

Havuptsatz Va: Dann und nur dann ist eine kompakte zusammenhdngende 
Gruppe mit zweitem Abzdhlbarkeitsaxiom Liesch, wenn sie im Kleinen zusam- 
menziehbar ist. 

Havuptsatz Vb: analog zu IVb. 


25. Ohne Beweis erwihnen wir noch. 





35 Im Kleinen zusammenziehbar soll heissen: es gibt zu jedem Punkt beliebig kleine, 
ihn enthaltende, offene Mengen, die sich in sich auf diesen Punkt stetig zusammenziehen 
lassen. 

*6 Die hier folgende Vorbereitung von Hauptsatz V hat erst in der Korrektur ihre ge- 
genwirtige vereinfachte Gestalt erhalten. Auch die Beweise der Hauptsitze III und IV 
lieBen sich durch solehe Homologiebetrachtungen vereinfachen. 
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Hauprsatz VlIa: Zu jeder kompakten zusammenhdngenden Gruppe mit zweitem 
Abzdhlbarkeitsaxiom gibt es eine nulldimensionalblattrige kompakte Uberlageru ngs- 
gruppe, die direktes Produkt eines abelschen Solenoids und endlich oder unendlich 
vieler einfacher nichtabelscher Liescher Gruppen ist. 

Dabei nennen wir K* nulldimensionalblattrige Uberlagerung von K, wenn K 
Faktorgruppe von K* nach einem nulldimensionalen Normalteiler ist. 

Ein abelsches Solenoid® wird so definiert: Sei V~ die «-dimensionale 
Vektorengruppe, d.h. die Gruppe, deren Elemente die unendlichen Folgen 
reeller Zahlen (ri, 72, ---) sind mit der Addition der r, als Gruppenoperation 
und der folgenden Topologie: n-te Umgebung von (7, re, - - - ) ist die Menge 


. a , . ; . 
aller (s,, 82, ---) mit |r, — sk| < = firk Sn. Sei A, eine absteigende Folge 


abgeschlossener Untergruppen; A, sei enthalten in der Untergruppe von V” 
die entsteht, wenn man alle Koordinaten von der (n + 1)-ten an null setzt. 
Die G,-adische Folge V”/A, definiert dann ein abelsches Solenoid. 

Schliesslich ist in Hauptsatz VI das direkte Produkt unendlich vieler Gruppen 
F,, als Limesgruppe der G,-adischen Folge F:, Fi K Fe, Fi X Fo X Fs, --- 
zu verstehen. 

Havuptsatz VIb: analog zu IVb. 


26. Wir lassen nun die Voraussetzung der Kompaktheit im Kleinen fallen 
und beschaftigen uns mit zusammenhangenden Gruppen mit zweitem Abzihl- 
barkeitsaxiom, die geniigend viel stetige fastperiodische Funktionen besitzen. 
Wir gehen dazu von den Ergebnissen von 18 aus. Dann gibt es also in G eine 
absteigende Folge von abgeschlossenen Normalteilern H,, mit e als Durchschnitt 
und kompakten Komponentenraiumen, derart dass G, = G/H, = K, X V, ist 
(K,, Liesch; die Dimensionen der V,, diirfen jetzt iiber alle Grenzen wachsen). 
Ebenso wie im ersten Absatz von 20 haben wir wieder einen Homomorphismus 
von Gas; auf Gn: Gn = Gayi/(Hn/Hasi). Ebenso wie in 20 diirfen wir wegen 7 
annehmen, dass dabei Ky4; auf K, und Vyas; auf V, abgebildet wird. (Die 
Voraussetzungen sind erfiillt, da H,»/Hn»s1 als Bild von H, einen kompakten 
Komponentenraum hat.) 

Die G,-adische Folge K, X V, besitzt eine Limesgruppe G* = K X V (hier 
darf V auch ein V® sein; in dem Falle ist das Produkt nicht mehr im Kleinen 
kompakt, doch gilt noch das zweite Abzahlbarkeitsaxiom). Einem Element a 
von G, dessen Bild in G, a, ist, ordnen wir das Element (ai, a2, - - - ) von G* 
zu. Die Abbildung ist (stetig) isomorph; es liesse sich sogar zeigen, dass das 
Bild von G in G* iiberall dicht ist, man beachte jedoch, dass die Abbildung nicht 
notwendig topologisch isomorph ist. 

V® (also auch jedes endlichdimensionale V) lasst sich stetig isomorph in eine 
kompakte zusammenhingende Gruppe mit zweitem Abzihlbarkeitsaxiom ein- 
betten, nimlich in das direkte Produkt unendlich vieler Kreisdrehungsgruppen. 





37 Siehe auch 29, 
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Man ordne nimlich einem Element (71, 72, ---) von V~ die Folge (m, n2, ---) zu, 
wobei gesetzt ist 









LR NE RS 


i(rn—y+rn) 
é n—1 n P 






fir geradesn : mn, = 


fiir ungerades n: nn, = e""*""+)e, (o reell irrational). 







Daraus ergibt sich fiir das in K X V eingebettete G: 





Hauptsatz VII: Jede zusammenhdngende Gruppe mit zweitem Abzéhlbarkeit- 
saxiom, die geniigend viel fastperiodische stetige Funktionen besitzt, lasst sich 
stetig isomorph einbetten in eine zusammenhingende kompakte Gruppe mit zweitem 
Abzdhlbarkeitsaxiom. 
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Anhang 
(Received April 20, 1935) 


27. In diesem Anhang zeigen wir erstens, dass jede einseitig fastperiodische 
Funktion (beiderseits) fastperiodisch ist (auch in nichtkommutativen Gruppen 
und ohne alle topologischen Voraussetzungen). Zweitens beweisen wir: 

Havuptsatz VIII: Bei den zusammenhdngenden, im Kleinen kompakten 
Gruppen mit zweitem Abzdhlbarkeitsaxiom sind folgende vier Eigenschaften 
. miteinander dquivalent: 
| 1) G besitzt geniigend viele stetige fastperiodische Funktionen, 

2) G ist von der Form K X V (K zusammenhdngend), 

3) G transformiert e-Folgen in e-Folgen, d.h. ist lim a, = e, so ist auch lim 
S,0,8,) = @. 

4) G ist invariant metrisierbar, d.h. es gibt eine Funktion p(a, b) mit den 
tiblichen Eigenschaften der Abstandsfunktion und der Invarianzeigenschaft p(a, b) = 
p(as, bs) = p(sa, sb). 

Dabei ist die Aquivalenz von 1 und 2 aus Hauptsatz I und einem Satz von 
J. v. Neumann‘ bekannt; die Aquivalenz von 3 und 4 (ohne topologische Vor- 
aussetzungen ausser dem Abziahlbarkeitsaxiom) ist von D. van Dantzig bewie- 
sen*; dass 3 aus 1 folgt wird sich leicht ergeben, das Umgekehrte nur unter 
Verwendung der Aquivalenz von 1 mit 2 und von 3 mit 4. 































28. G sei eine Gruppe (ohne alle topologischen Voraussetzungen). f(x) sei eine 
auf G rechtsfastperiodische Funktion, d.h. der Raum der Funktionen f(xa) sei 
totalbeschrénkt.© Wir beweisen, dass f dann auch linksfastperiodisch ist, dass 
also der Raum der Funktionen f(ax) totalbeschrankt ist. 
















38 Zur topologischen Algebra I, Math. Ann. 107 (1932), 587-626, §5. 

89 Die Aquivalenz von 2 und 3 ist zuerst von Herrn L. Pontrjagin erkannt worden, der 
sie mir (ohne Angabe des Beweises) vor einiger Zeit brieflich mitteilte. 

40 Totalbeschrinktheit eines metrischen Raumes nennt man die folgende Eigenschaft: 
zu jedem e>0O lassen sich endlich viel Punkte derart finden, dass jeder Punkt von einem 
dieser endlich vielen einen Abstand <e hat. Sie ist aquivalent mit der folgenden Eigen- 

schaft: aus jeder unendlichen Teilmenge des Raumes lasst sich eine Fundamentalfolge 
auswihlen. (Siehe F. Hausdorff, Mengenlehre, Berlin-Leipzig 1927, §21, 4.) 
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Zu jedem ¢ > 0 gibt es endlich viel Elemente y;, --- , y», so dass zu jedem 
yCGein y (k = 1, --- , p) existiert mit 


| fey) — flew) | <5. (*) 


Insbesondere ist f also beschrinkt. Sei irgendeine Teilmenge von G gegeben. 
Aus ihr kénnen wir eine Folge a, a2, - - - so auswihlen, dass f(a,y) konvergiert 
in den endlich vielen Punkten y = y:, --- , y = yp. Es gibt also ein q, so dass 


i tice 
| f(amyx) — f(anyx) | < 3 firm >qnZ2qk=1,---,p. 
Ersetzt man in (*) x durch a, bzw. durch a,, so erhalt man zusammen mit der 
letzten Ungleichung fiir alle y 
| f(@my) — f(any) | < ¢ fiir m = qn2q. 


Liasst man nun ¢ eine Nullfolge durchlaufen, und wendet man dabei in bekannter 
Weise das Diagonalverfahren an, so erhalt man tatsichlich aus der gegebenen 
Menge eine Teilfolge a,, fiir die f(a,y) gleichmissig konvergiert; der Raum der 


(ay) ist also totalbeschrankt, f ist linksfastperiodisch. 


29. Sei G eine topologische Gruppe und f eine stetige fastperiodische Funktion. 
Ist e Héufungspunkt der zu aCG konjugierten Elemente, so ist notwendig f(a) =f(e). 

Bewels: Sei lim s,as,' = e. Die Folge f(s,'xs,) besitzt eine (gegen g(z)) 
gleichmassig konvergente Teilfolge.“t Zu gegebenem e>0 gibt es also unendlich 
viel n mit 


| f(sn'xsn) — g(x) | <€; 
fiir diese n gilt dann auch 
| f(x) — g(snxs,") | < e. 
Setzt man hier x = e, so erhilt man f(e) = g(e); setzt man x = a, so erhilt 


man (wegen lim s,as,' = e) f(a) = g(e); zusammen also f(a) = f(e), w. z. b. w. 


30. Aus 29 folgt unmittelbar, dass, wenn G geniigend viel fastperiodische 
Funktionen besitzt, e-Folgen in e-Folgen transformiert werden. Aus Eigen- 
schaft 1 folgt also Eigenschaft 3. 


31. Gsei nun im Kleinen kompakt und erfiille das zweite Abzihlbarkeitsaxiom 
G besitze ferner die Eigenschaft 3 aus 27. G lasst sich dann invariant metri- 
sieren.” In dieser Metrik sei U eine geniigend kleine, d.h. kompakte Volikugel 





“ Siehe J. v. Neumann, a.a.O. 4, Theorem 9. 
“D. van Dantzig, Studién over topologische algebra, Diss. Amsterdam 1931, TG 32. 
Zur topologischen Algebra III, erscheint in Compositio Math. 
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ume. Die Transformationen, die z auf srs! abbilden, sind dann isometrische 
Abbildungen von U auf sich; ihre Gesamtheit ist gleichartig gleichmassig stetig. 
Fiigt man zu ihr alle Limesabbildungen hinzu, so entsteht also eine kompakte 
Gruppe, in die G/Z isomorph abgebildet ist; dabei ist Z die Gesamtheit aller s 
mit sr = zs fiir allexaus U. Ist G obendrein zusammenhingend, so erzeugt U 
ganz G*, dann ist Z also das Zentrum. 

Von jetzt an setzen wir G stets als im Kleinen kompakt, zusammenhingend und 
dem zweiten Abzdhlbarkeitsaxiom geniigend voraus; ferner nehmen wir an, dass 
G die Bedingung 3 erfiillt. Dann hat sich also gezeigt, dass G/Z in eine kom- 
pakte Gruppe (Z = Zentrum von G) isomorph einbettbar ist; G/Z besitzt also 
geniigend viel stetige fastperiodische Funktionen und ist nach Hauptsatz I von 
der Form K X V. Wir miissen zeigen, dass G selbst von der Form K X V ist. 


32. Im Folgenden beachte man: 
a) Hine Untergruppe oder Faktorgruppe einer Gruppe mit der Eigenschaft 3 
hat auch die Eigenschaft 3 (siehe 27). 

b) Das direkte Produkt zweier Gruppen der Form K X V hat dieselbe Form. 

c) Eine Faktorgruppe einer Gruppe von der Form K X V hat dieselbe Form. 
(Beweis analog dem von 6 und 7.) 

d) Besitet G eine Folge von Normalteilern H mit (e) als Durchschnitt, fiir die 
die G/H geniigend viel stetige fastperiodische Funktionen besitzen, so besitzt G 
selbst geniigend viel fastperiodische Funktionen (fastperiodische Funktionen auf 
G/H lassen sich namlich als fastperiodische Funktionen auf G@ auffassen). 
Oder: Sind die G/H von der Form K X V, so ist es auch G selbst. 

e) Ist G/N von der Form K X V und N nulldimensional, so ist G selbst von 
der Form K X V. (Folgt aus Hauptsatz II, wenn man beriicksichtigt, dass 
der Ubergang von G/N zu G fiir die erzeugenden Lieschen Gruppen den Uber- 
gang zu Uberlagerungsgruppen nach sich zieht.) 


33. Die Komponente von e in Z heisse Zp). Dann ist Z/Z» nulldimensional. 
G/Z = (G/Z)/(Z/Zo) (siehe T 16 und 19). Da G/Z von der Form K X V 
ist, hat G/Z) nach 32e dieselbe Eigenschaft. Nach Hauptsatz I und II hat 
Zo beliebig kleine Normalteiler N, fiir die Z)/N Liesch ist. G/Zo = (G/N)/ 
(Zo/N). Nach 32d geniigt es hier, zu beweisen, dass all diese G/N von der 
Form K X V sind. Wenn wir wieder G statt G/N und Z statt Z)/N schreiben, 
brauchen wir also wegen 32a nur zu zeigen: Besitzt G die Eigenschaft 3, ist Z 
eine Untergruppe des Zentrums von G, ist Z Liesch und G/Z von der Form 
K X V, so ist auch G von der Form K X V. Wenn wir das bewiesen haben, 
sind wir fertig. 

Es ist G/Z = K X V. Bei der Faktorbildung nach Z sei L das Urbild von 
K und W das Urbild von V. Da sich G als eine Faktorgruppe von L X W 
auffassen lasst, geniigt es nach 32c, zu beweisen, dass L und W von der Form 
K X Vsind. Das soll in 34 bzw. 35 geschehen. 
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34. Z ist abelsch und Liesch, besitzt also einen diskreten Normalteiler N, 
so dass Z/N kompakt ist. L/Z = (L/N)/(Z/N) = K; nach T 22 ist also 
L/N kompakt und nach 32e ist L selbst von der Form K X V. 


35. W/Z = V; die Kommutatorgruppe von W ist also, da V abelsch ist, in 
Zenthalten. aund z seien Elemente von W; wir setzen g(x) = axa~'x~ (fiirein 
festesa). Dann ist also g(x) C Z und axa“ = ¢(zx)-2, also a*xa~ =: g(x)"-2, da 
Z zum Zentrum gehért. Gabe es eine Folge z,, mit lim z, = e und ¢(r,) ¥ e 
so kénnten wir, da Z Liesch ist, also nicht beliebig kleine Untergruppen (ausser 
(e)) besitat, Exponenten k,, so bestimmen, dass ¢(z,)*" nicht nach e konvergiert. 
Dann wiirde auch ¢(z,)"z, nicht nach e konvergieren, wihrend andererseits die 
Eigenschaft 3 besagt, dass a"z,a—" = ¢(r,)"r%, weal nach e konvergiert. Es 
kann also keine Folge z, geben mit lim z, = e und ¢(z,) ¥ e, d.h. es gibt eine 
Umgebung von e, in der iiberall g(x) = e ist. Fir alle x aus dieser Umgebung 
ist dann az = xa; W war aber zusammenhingend (denn V und Z sind es), also 
ist fiir alle z aus W tiberhaupt az = za. Diese Uberlegung lisst sich fiir jedes 
a aus W durchfihren, also ist W abelsch und nach Hauptsatz I von der Form 
K X V. 


AMSTERDAM, HOLLAND. 
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The theory of any given almost periodic function on a group G can be reduced 
- to the study of a continuous function on a uniquely determined compact group F. 
Then there is a one-to-one correspondence between continuous functions on F 
and a certain class of a.p. functions on G, such that convolutions of corresponding 
functions are again corresponding functions. This class of functions on G is 
| the smallest modul containing the given function. In II we repeat the definition 
of modul and give, with some indications for the proofs, certain of their proper- 
| ties that are not affected by the knowledge of the compact group F. In III 
we give the definition of the compactified group F and in IV we prove our 
statement concerning the class of functions on G related to the continuous 
| functions on F. 

| The approximation theorem for moduls of a.p. functions proved by Bochner 
and von Neumann! is put in an essentially different light if considered on the 
| compact group. We give a proof of this theorem in V, together with a gen- 






er er! ne 














eralization of the theorem concerning Bohr a.p. functions with positive Fourier 
coefficients. In VI we prove the product theorem for expansions of a.p. func- 
tions. This theorem might just as well have been proved on the basis of the 
approximation theorem given in (1) p. 475. 

In VII we give some definitions and results on the relation between different 
moduls on one group, applying this in VIII to moduls on compact groups. As 
a consequence we find in IX a theorem (th. 6) implicitly contained in Pontrija- 
gin’s paper (3), but giving a somewhat better insight into the character of a 
compact group. The proof of theorem 7 is nothing but an adaption of Pontrija- 
gin’s proof of the same theorem (cf. (3)), using theorem 6 as a starting point. 
Theorem 7 and its proof are a refinement of von Neumann’s work in (6). Theo- 
rem 6 can be used as the foundation for an analysis of the structure of a 
compact connected group (7). 

In X and XI we give two convergence theorems for a.p. functions and an 
analysis of infinite direct products of compact groups. Theorem 8 will be 

found in (2) as theorem 34, while theorem 10 is related to theorem 35 of (2). 

Theorems 4 and 10 are generalizations of results of H. Bohr: Math. Zeitschr., 

| 23 (1925), pp. 38-44. 
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Though abelian compact groups have not been specially mentioned, a com- 









! See (2), th. 32. The numbers in brackets refer to the list at the end of this paper. 
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parison of the present treatment of compact groups with the treatment of 
abelian groups in (4) and (5) will be found interesting. The same is true for 
von Neumann’s closed families of functions ((1), Ch. IV). This paper has been 
written in such a way that explicit knowledge is only supposed of the general 
theory of a.p. functions in the first three chapters of (1) and some topological 
properties of compact groups, to be found in the first chapter of (5) and in 
many other places. Except in a few remarks all the topologies occurring in this 
paper are separable metric. 

Some of the results common to this paper and (2) were found independently. 
Later the authors of (2) had the kindness to put a manuscript of (2) at my 
disposal, for which I wish to extend my thanks. Also Professor von Neumann 
communicated to me an essentially different proof of the product theorem (IV). 


II. Moduls of a.p. functions and representations 


Definition: A class of a.p. functions on a group G is called a modul IN of func- 
tions if it satisfies the following conditions: 

1. If f(x) and g(x) are in M, then f(x) + g(x), f(x) and af(x) are in M. 

2. If f(x) is in M, then all f(ax) and f(xa) are in M. 

3. If f(x) and g(x) are in M, then f(x)g(x) is in M. 

4. If the functions f,(x), n = 1, 2, --- are in M and the sequence f,(x) con- 
verges uniformly to f(x), then f(x) is in M. 

The following statements are rapid consequences of this definition, and the 
general theory of a.p. functions: 

If f(x) belongs to a modul M then the convolution of f(x) and any other a.p. 
function belongs to It. Compare (1), p. 457, remark. 

If f(x) belongs to a modul M and u(y) is a uniformly continuous complex valued 
function defined for all values taken by f(x) then u[f(x)] belongs to M. For on 
that range u(y) can be approximated uniformly by polynomials in y and 9. 

As a consequence of the expansion theory for a.p. functions ((1), th. 24 to 30) 
any element of a representation actually occurring in the expansion of an a.p. 
function f(z) can be obtained from f(z) by means of repeated convolutions 
(compare (1), th. 31). Applying also our other statements on moduls we find: 

The class of irreducible representations of G of which the elements occur in a 
modul IN is equal to the class of representations actuaily occurring in the expansion 
of at least one function of IN, and is closed under the operations of taking conju- 
gate complex representations and decomposing direct products of representations 
(see Wedderburn, Lectures on Matrices, p. 74). 

A class of representations closed under these two operations is called a modul 
of representations. The correspondence established above between moduls of 
functions and moduls of representations is obviously one-to-one, so that we can 
consider a modul as an abstract entity identified either by a class of functions 
or a class of irreducible bounded representations. 

Finally we note: 
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If G is a topological group, then the class of all continuous a.p. functions on G 
is a modul. 


III. Compactification of a group by means of an a.p. function'* 


a. If f(x) is a complex valued function of one variable z on a group G, then 
the distinct ones among the functions f(xay) of two variables x and y are in 
one-to-one correspondence with the elements of G/H. Here H is the maximal 
invariant subgroup of G such that f(x) is constant on any co-set of H. 

To prove this we assign elements a and b of G to the same class if and only if 
f(xay) = f(xby) for all values of x andy. Nowif pand qare arbitrary elements 
of G and a and b are in the same class, then pag and pbg also are in the same 
class. It follows immediately that the classes are co-sets of an invariant sub- 
group H of G and that f(x) is constant on each co-set of H. On the other 
hand if a and 6 are in the same co-set of an invariant subgroup with that prop- 
erty, then f(zay) = f(xby), so H is the maximal invariant subgroup with that 
property. 

We now identify the group G/H with the class of functions f(zay) and define 
f(a) on G/H by its values on the co-sets of H in G. 

b. In the space G2 of complex valued functions of two variables, each ranging 
over a given group G, we define a metric by the definition: 


a f(a, y), g(x, y)] = Min [l.u.b.2,, | f(z, y) — g(z, y) |; U1. 


The metric of G2 defines an invariant metric on G/H. Under that metric f(a) is 
uniformly continuous. 
This follows from: 


l.u.b.z,y | f(vay) — f(xby) | = Lu.b.z,y | f(epagy) — f(epbay) | ; 
| f(a) — f(b) | S Lub.z,, | fay) — f(xby) | . 


As a consequence the closure F of the group G/H of G2 is a complete group, 
uniquely determined by G and f(x), and such that f(a) can be extended to a 
uniformly continuous function on F. 

c. One of von Neumann’s results in (2) is that f(z) is almost periodic on G if 
and only if the class of functions f(zay) is totally bounded in Gz, that means if 
and only if the group F is compact. 

So we have succeeded in constructing a compact group F uniquely determined 
by any given group G and an almost periodic function f(x) on that group. 

d. To any continuous function on this group F there corresponds uniquely 
a function on G. It is defined on each co-set of H as constant and equal to 
the value of the given function in the element of F corresponding to that co-set. 
As the function on F is a.p. ((1), p. 483, (5), p. 451), the same is true for the 





1a After completion of this paper we found the contents of this section also in a paper 
by A. Weil: Comptes Rendus, Paris, 200, p. 38. 
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corresponding function on G. This follows immediately from the definition of 
almost periodicity. 

The continuous functions on F form a modul and the same is true for the 
corresponding functions on G. Moreover, to every continuous representation 
of F there corresponds a bounded representation of G, and the expansion matrix 
belonging to a continuous function on F and a continuous representation of F is 
equal to the expansion matrix of the corresponding function and the corre- 
sponding representation. We see that as far as their structure is concerned, 
from the point of view of convolutions and expansions, there is no difference 
between the continuous functions on F and the corresponding a.p. functions 
on G. The same is also true with respect to convergence and approximation 
questions. 

Remark. An interesting conclusion can be drawn in case the group @ is 
bicompact but not separable. Then G/H is bicompact and thus identical with F. 
But F is compact metric, thus separable. In other words: 

Any continuous function on a bicompact group G is constant on ali co-sets of a 
closed invariant subgroup H of G, such that G/H is separable. 

This implies an existence theorem of very many invariant subgroups for any 
bicompact nonseparable group. For instance we can conclude that any such 
group has a well ordered decreasing composition series with compact separable 
factors of composition. 


IV. The modul Nf of an a.p. function f(r) on a group G 


The modul Nf of an a.p. function f(x) on a group G is defined as the common 
part of all moduls containing the function f(x). It is obviously determined by 
all irreducible representations of G, together with all others obtained from these 
by taking conjugates and decomposing direct products. 

TuEeoreM 1. Jf to a group G and an a.p. function f(x) on G there corre- 
sponds the compact group F, then the class of functions on G corresponding to the 
continuous functions on F is the modul Mf. 

Considering the character of f(x) as a function defined on F we see that it is 
sufficient to prove the following statement: If f(x) is continuous on a compact 
group F and not constant on all co-sets of any closed invariant subgroup of F 
(except the identity element), then the modul of f(x) is equal to the class of all 
continuous functions on F. 

Given any element a of F distinct from the identity element 1, then we can 
find other elements b and c in F, such that f(bac) and f(bc) are distinct, otherwise 
f(x) would be constant on all co-sets of the minimal closed invariant subgroup 
of F containing a. The function gi(z) = f(bzc) belongs to tf and takes dis- 
tinct values in 1 anda + 1. Wecan define a uniformly continuous real valued 
function u(y), such that ulgi(1)] = 1, 0 S u(y) S 1 and uly) = 0 if 
2/1) — y| =| gil) — mi@)|. Then g2(z) = ulgi(z)] is a real valued 
function belonging to Mf, such that g(r) = 0 if xz belongs to some open 
set UL, containing a. 
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Now we give an arbitrary nucleus ¥% (see (5), p. 449) of F and determine for 
each point a of F outside of 8 such a function g2(x) and open set U.. The com- 
plement of % will be covered by a finite number of these open sets. The 
product h(x) of all corresponding functions g2(x) has the following properties: 


h(x) belongs to Mf , 
h(x) = 0 unless z belongs to &, 
O<A(xr)S 1, A(t) =1. 


If g(x) is any continuous function on F and e > 0 is given we determine % 
by the condition that: | g(x) — g(y~'z) | < ¢ for all x if y belongs to B. Then: 


| h(y) (g(x) — gy x)) | S ey), 


for both sides are equal to zero unless y belongs to B. So after taking the 
mean over y: 
1 
g(x) — My" X g(x) | S e. 

The function h X g(x) belongs to Mf (as a convolution with h(z)), so g(z) 
can be approximated uniformly by functions of tf. In other words g(z) 
belongs to Mf. This concludes the proof of theorem 1. 

Remark 1. An interesting corollary is obtained if we consider the modul as 
a modul of representation: 

CoroLuaRy. All continuous representations of any compact group F can be 
obtained, by taking conjugates and decomposing direct products, from any collection 
of such representations, not all equal on any two distinct points of F. In particular 
all continuous representations of a given closed group of unitary transformations 
are obtained by the same two operations, starting only with the given group. 

Remark 2. Theorem 1 shows, that the compact group F constructed in III 
by means of a group G and an a.p. function f(x), is associated more closely 
with the totality of functions in Nf than with f(x) itself. Furthermore if any 
modul J is given a corresponding function f(z) and so the corresponding com- 
pact group F can always be found, provided the number of distinct classes of 
inequivalent representations in Jt is at most countable. We multiply an ele- 
ment of each representation in the modul with a constant different from zero 
but small enough to insure the uniform convergence of the sum of all terms 
obtained. The modul of the function so obtained is the given modul 2M. 

A consequence is that whenever in this paper we discuss the continuous 
functions on a compact group, the results are applicable to any modul with 
a countable number of representations in any group. 

Remark 3. For an arbitrary modul we can construct (by Pontrjagin’s meth- 
ods in (3)) a bicompact group F’, such that the modul consists of all continuous 
functions on F. This allows the extension of most of the results of this paper 
to arbitrary moduls and bicompact groups. We mention in particular that 
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VIII e can be extended to transfinite sequences, that in IX theorem 6 is true 
for bicompact groups, and that in XI theorem 9 is extendable to the case of an 
arbitrary (uncountable) collection of independent moduls. 


V. Approximation 


In this section we will prove an approximation theorem for all continuous 
functions on a compact group. The method used is a refinement of the method 
used to prove theorem 1. 

In F we take an arbitrary nucleus U and in U another nucleus & satisfying!” 
a¥a', = BV = Vand VCuU. Then we determine a continuous real function 
h(x) on F, equal to 1 if x = 1, equal to 0 unless zx belongs to &, and satisfying 
0s hd) S31. 

Constructing he(x) = 1/2 (h(x) + Ai(a)) and A3(x) = Lub. he(yry), 
we obtain a new continuous real function satisfying: 0 S As(x) S 1; h3(x) = 0 
unless z belongs to B; h3(1) = 1; As(xy) = hs(yx) and h3(x-') = h;(z). 

Finally we put 


hs X hs(x) 
M.lhs X hs(x)]° 


Then g(x) is zero except for points of Ul. For hs3(y) ¥ 0 and h3(y~'z) ¥ 0 implies 
yC Vand yx C YB, sox C V?CU. The function is constant on classes of 
equivalent elements, so its expansion matrices are multiples of the unit matrix. 
The function is equal on inverse elements and real, so the diagonal elements 
are real and equal for conjugate complex representations. They are (except 
for a constant positive factor) the squares of similar elements defined for h;(z), 
so they are non-negative. As g(x) is a convolution its expansion is absolutely 
and uniformly convergent. So we have proved: 

THEOREM 2. (Given a compact group F and an arbitrary nucleus U there is a 
continuous real, non-negative function g(x) on F satisfying: 


g(x) = 0 unless x belongs to U, 
M, g(x) = 1, 80 g(x) is not identically zero, 





g(x) = 


g(xy) = g(yz), g(x) = g(x), 
g(t) = >>, apTriD,(x)], ap = 0. 


Here the sequence is absolutely and uniformly convergent. The subscript p changes 
over the inequivalent classes of irreducible continuous representations D,(x) of F 
and dy = a, if D,(xz) = D,(z). 

Remark 1. Without dropping essential properties of g(x) we can suppose its 
expansion to be finite. For that purpose we break off the expansion of g(r) 
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See (5), appendix. 
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such that the sum of the deleted terms is in absolute value less than a given 
¢ > O and add «. Then the expansion of the new function g’(zx) is finite and 
0 < g'(x) — g(x) S 2e. The sequence should be broken off without separating 
any representation and its conjugate representation. 

THEOREM 3. Any continuous function f(x) on F is approximated uniformly 
by the convolutions f X g(x) or f X g'(x) af the nucleus U converges to the identity 
element of F. 

If 6 > 0 is given we can choose the nucleus U such that 


| f(x) — flay) | < 6ify Cu. 


For the corresponding function g(x) of theorem 2 we have then 


| g(y) (f(z) — f(zy)} | < gly) 


so if we put 
9X f(x) =f X g(x) =filx), then | f(x) — falx)| <5; 
9X f(t) =fX ge) =file), then |f(x) — fs(e)| < 6 + 2M, f(e). 


Remark 2. The functions f;(x) are derived from f by multiplication of the 
expansion matrices with the positive constants a,. For each fixed p the num- 
bers a, must approach the limit 1 as 6 approaches zero. This follows immedi- 
ately from (1), proof of theorem 26. 

Remark 3. It is according to III, remark 2, possible to construct functions 
g(x) and g’(x), as mentioned in theorem 3, for any almost periodic function f(z), 
the functions only depending on the modul Nf. 

Remark 4. One consequence, that could have been obtained in several other 
ways, is that the number of inequivalent irreducible continuous representations 
of a compact group is at most countable. In fact they must all be present in 
the expansions of a countable number of functions g(x) belonging to a countable 
number of nuclei U. 

TueoremM 4. If the expansion matrices? a» of an a.p. function f(x) are positive 
Hermitian, its expansion ts absolutely and uniformly convergent. 

The properties supposed for f(x) are still true for the approximating functions 
fs(x). Accordingly f;(1) = >>,8,ap Tr[a,] is non-negative, so f(1) isnon-negative. 

The functions obtained from f(x) by taking away any finite number of terms 
in its expansion still have the same properties, so they are non-negative for 
x=1. It immediately follows that 


ps 8» Trla,] S f(1) 





2 We define the expansion matrices a, as the transpose of the matrices so defined by 
von Neumann. A term of the expansion acquires now the form 2,8,Trace [apD,(x)]. 
Compare (1), th. 26. We will write Tr for Trace. 
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for any finitesum. So the infinite sum is convergent. And as we can suppose 
that the a, are diagonal matrices with non-negative elements it follows that 
the sequence 


>, 8» Trla,D,(x)] = f(z) 


is absolutely and uniformly convergent. 

Remark 6. Asin the case of Bohr a.p. functions this theorem can be general- 
ized to the case where the expansion matrices a, have the following property: 
For any vector & (of the correct number of components) the number fa,&* lies 
in a part of the complex plane, independent of p, and bounded by two half lines 
through the origin making an angle less than x. Supposing the part to be 
symmetric with respect to the real axis, theorem 3 applies to f(x) + f(x), 
with the expansion matrices a» + a5. Next wesee that | Tr[a, — a*]| divided 
by Tria, + a*] is uniformly bounded, from which the statement follows im- 
mediately. 


VI. The product theorem 


The direct product of two irreducible unitary representations can be decom- 
posed into the sum of a finite number of such representations, so any product 
of elements of such representations can be written as a finite linear combination 
with constant coefficients of elements of other representations of the same type. 

It follows immediately that if f(z) and g(x) are a.p. functions a formal product 
can be written down for their developments simply by substituting the finite 
linear combinations mentioned above for each product of representation ele- 
ments, taking all terms containing any one element of any one representation 
and adding all coefficients of those terms. 

THEOREM 5. The expansion of f(x)g(x) is the formal product of the expansions 
of f(z) and g(x). 

The proof is divided into two steps: 

a. The sequence obtained for the coefficient of any one term in the formal 
product is convergent. 

Suppose >>,8, TrlagD,(x)] and >-,s, Tr[8,D,(zx)] are the expansions of f(x) and 
g(x). The coefficients of the elements of D,(x) in the formal product of these 
expansions will be obtained in the form: 


M:z{ > Sq Trla,D,(x)))(>— Sr Tri8,D,(x)])Dp(a-)} ’ 


and it can be easily verified that the elements of this matrix are determined as 
formal infinite symmetric bilinear forms in the elements of all matrices a» and 
all matrices Bp. 

The quadratic forms corresponding to these bilinear forms are bounded (if a 
factor s3 is absorbed into each component of a»). For if C(x) is written for any 
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element of D,(z-') we know | C(z) | < 1. So if all summations are taken over 
the same finite range: 


| M (Qu 8q TrlagD,(z)])* C(z)} | 

< Mz{|d0 8_ TrlagD¢(z)] |? | C(z) |} 

< Max > 8_8, Tr[e,D,(x)] Trla,D,(z)]} 
= 2, 8 | a0 |? S Nz. 


The last equality follows from D*(xz) = D,(x-') and the orthogonality rela- 
tions of the unitary representations ((1) Th. 24). From well known theorems it 
follows now, that the coefficients in the formal product are determined by 
means of convergent series. 

b. The series so obtained is the expansion of f(x)g(z). 

To prove this we apply the summation method of section V on f(x) and g(z). 
The products f;(x)g;(x) approach uniformly the product f(x)g(x). As the ex- 
pansions of f;(x) and g;(x) are absolutely and uniformly convergent, the theorem 
for these functions is evident. But the series for the coefficients in the expan- 
sion f;(x)gs(x) are obtained from the series for the corresponding coefficients 
of the formal product of f(x)g(x) by multiplication with positive constants 
(a,a,, see Th. 2 in V), approaching 1 as 6 goes to zero. As the latter series 
are convergent, the sums of the former series must converge to the sums of 
the latter series. As f;(x)g;(x) converges uniformly to f(x)g(x) the coeffici- 
ents in their expansions converge uniformly to the corresponding coefficients 
in the expansion of f(x)g(x). So b follows and theorem 5 is proved. 





VII. Relations between different moduls on a group G 


We will say that a modul Nt; is contained in another modul Nto(Hti CK Mee) 
if each function (representation) in Qt, is also in Mte. The functions (repre- 
sentations) common to two moduls Nt and Nte form a third modul Nti- Me. 
If Dti-Me contains only constant functions (the identical representation) then 
M1 and Ms are said to be independent. 

The sum IN = TM. of any collection of moduls MN. is defined as the com- 
mon part of all moduls containing the moduls Mt.. Obviously Pt contains 
exactly all irreducible unitary representations to be constructed by decom- 
posing direct products of representations each contained in at least one of the 
M.. So each representation in M is contained in the sum of a finite number 
of the Yt. and each function in Jt can be approximated uniformly by func- 
tions in finite sums of moduls Jt.. This simplifies considerably the treatment 
of infinite sums of moduls. _ 

A collection of moduls is said to be independent if any modul in the collection 
and the sum of all other moduls are independent. As a result of our remark 



















> 


ae ah tate ah ts fed —_ ——_ fe 





ALMOST PERIODIC FUNCTIONS AND COMPACT GROUPS 87 


on infinite sums of moduls we see immediately: A collection of moduls is inde- 
pendent if each of its finite subcollections is independent. If we distribute all 
moduls of an independent collection in subcolilections (each modul occurring 
only in one subcollection), then the sums of the subcollections are also inde- 
pendent. As a result of the form of the definition of independence and the 
remark made about infinite sums of moduls, this statement reduces immediately 
to the special case of the distribution of a finite independent collection of moduls 
into two subcollections; and by an induction to the total number of moduls 
this in its turn reduces to: a: If Dt and Me are independent moduls and also 
M; and M; + Me then all three moduls are independent. 

Another result to be obtained as a consequence of a is the following: A (well 
ordered) sequence of moduls is independent if each modul and the sum of the 
preceding moduls are independent. 

The proof of a goes back to the case where the moduls Nt, Mt. and Mt; con- 
tain only a countable number of representations. For if a is not true, so that 
for instance Nt; and Mte + Pts are not independent, then there are three irre- 
ducible unitary representations D;(x) in M;, i = 1, 2, 3, neither of which is 
the identical one, such that D,(x) is an irreducible part of the direct product 
D(x) X D3(x). Then we can replace 22; by the smallest modul containing 
D(x), of course satisfying the additional condition. As a consequence we can 
assume that the group on which the moduls are defined is compact. This case 
will be treated in the next section. 


VIII. The moduls of a compact group 


For any modul 2 of continuous functions on a compact group F we can con- 
struct a function f(x) such that Jt = Mf. (Compare IV, remark 2 and V, 
remark 4). If H is the invariant subgroup constructed for F and f(x) by the 
method of III, then H has the property that any function in I is constant on 
any co-set of H and the same is not true for any invariant subgroup not con- 
tained in H. 

a. The correspondence between the moduls IN and the closed invariant subgroups 
H is one-to-one. Mt determines H in the way indicated above and on the other 
hand 9 consists of all continuous functions constant on all co-sets of H (com- 
pare theorem 1). 

If NM, and Me are two moduls and H, and H, the corresponding groups, then 
H; D> Hz implies Nt, C Me and conversely. 

b. To Mi-Me there corresponds the group (Hi, He] generated by H, and Hz. 
Obviously the modul of [Hi, H2] is contained in both 9, and Nte and a function 
belonging to both Nt, and Mz is constant on all co-sets of [H1, H2,] and so belongs 
to the modul of [H;, H2]. 

c. To Mi + Mz there corresponds the common part H;-H2 of H, and Hz. For 
the modul of H,-H2 certainly contains Mt, and Ne. Suppose it contained more 
than the modul 9, + Ms. Then the group H corresponding to Dt + Me 
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would have H,-H: as proper subgroup and it would be easy to find a function 
in Nt or in Mt. not constant on H. 

d. The modul IN of a compact group F is the sum of two independent moduls 
if and only if F is the direct product of two groups. Suppose I is the sum of two 
independent moduls Nt; and Yt. Then the corresponding invariant subgroups 
H, and H: generate F because Yti-Dte consists of constants only and have only 
the identity element in common because Jt = Di + Me. So F is the direct 
product of the two groups H; and Hz. Furthermore Jt; is the modul of con- 
tinuous functions on Hz and Qtz is the modul of continuous functions on A. 
A similar reasoning can be made starting with the direct product of two groups 
H, and Hz. The proof of a in VII is now evident: Under the conditions of a 
the compact group F with modul Dt + Me + Mets is the direct product of two 
groups F; and G with moduls Mt; and Ht + Mee and G is the direct product of 
groups F; and F, with moduls Yt; and Miz. So F is the direct product of F,, 
F, and F;3 and a follows immediately. 

e. If Mth, Me, --- is an increasing sequence of moduls, with the sum IM, then 
the corresponding decreasing sequence of closed invariant subgroups H,, Ho, --- 
has the group H corresponding to It as common part. 

In fact if H’ is the common part of H;, He, --- , then all representations in 
any of the 2;, so also in Yt are constant on co-sets of H’, so H’ is contained 
in H. On the other hand H is certainly contained in the common part of 
all H. {eo 


IX. The structure of a compact group 


In particular we can take the increasing sequence of moduls on the compact 
group F in the following way: Arrange all distinct classes of irreducible con- 
tinuous representations of F in a sequence. Take for Mt, the smallest modul 
containing the first n representations. Then the group F/H,, belonging to 
that modul can be given as a unitary group (by arranging the n representations 
as blocks along the diagonal of a larger matrix). As such groups are (not 
necessarily connected) Lie groups and the corresponding H, have only the 
identity element in common we have proved: 

THeoreM 6: If U is any nucleus of a compact group F then U contains a closed 
invariant subgroup H such that F/H is a Lie group. (Not necessarily connected, 
including the case of a finite group.) 

For some classes of compact groups F certain properties can be proved for 
the subgroup H: 

If F is locally connected, H is also locally connected. As the number of com- 
ponents of H is then finite we can replace H by a connected group, satisfying 
theorem 6. A proof of this statement together with a more detailed proof of the 
next statement will shortly appear in the American Journal of Mathematics. 

If F is finite dimensional and the given nucleus is sufficiently small, then H 
must be 0-dimensional. 
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By means of theorem 6 we can find a decreasing sequence of invariant sub- 
groups such that the factor groups are Liegroups. Subdividing these Lie groups 
in a suitable way into complexes we obtain a spectrum for F.* It follows now 
from the dimension theory and a study of relative cycles on the spectrum of F, 
that the dimension of F is equal to the upper limit of the dimensions of F/H. 
On the other hand if F is finite dimensional and H is sufficiently small, the 
dimension of F'/H is at least the dimension of F. But as soon as the dimensions 
of F and F/H are equal, the subgroup H must be 0-dimensional. Otherwise 
‘we could find an invariant subgroup G of H such that H/G is a positive dimen- 
sional Lie group and then F/G would be a Lie group of dimension higher than 
that of F. 

Combining these two results, taking into account that a 0-dimensional con- 
nected set consists of one element, we find Pontrjagin’s theorem: 

THEOREM 7. If a compact group is finite dimensional and locally connected 
it is a Lie group (again not necessarily connected). 


X. Decomposition of continuous functions with respect to moduls in F 


Suppose f(z) is a continuous function in the compact group F and I a modul 
of continuous functions in F corresponding to the closed invariant subgroup 
H of F. 

If x is a fixed element of F and y a variable element of H then f(yz) is a con- 
tinuous function on H. We define f,(x) = M,f(yr). Then f,(x) is a function 
on F obviously constant on all co-sets of H. It is continuous because whenever 
ab“ is contained in a sufficiently small nucleus of F, then f(ya) — f(yb) < «. 
(Compare (5), I, 5.) 

We will say that f(x) is the result of taking the mean of f(x) over the co-sets of H. 
From (2) theorem 8 it follows immediately that M.f(x) = M.fy(x) = M.M,f(yz). 
Here y varies again on H. 

The expansion of fu(x) ts obtained from the expansion of f(x) by selecting the 
terms corresponding to representations in the modul M. | 

Of course all terms in the expansion of fx(x) belong to that modul, so it is 
sufficient to prove: If g(x) is constant on all co-sets of H, then f X g(x) = 
tu X g(2). 

But if y varies on H and z varies on F then: 


f X g(x) = M.f(@)ge"z) = M.M,fey)gy'e"2) . 
As g(x) is constant on co-sets of H we find: 
i X g(x) = M{M,f(zy)lg@"xz) = Mifu(z)g(e"x) = fu X Gg). 


We apply this on the increasing sequence of moduls Dt, Mte, --- of which 
the sum is equal to the modul of all continuous functions of z. The corre- 





* Compare: Alexandrot, Gestalt und Lage, Annals of Math. 30 (1928), 101-187. 
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sponding subgroups we call H,, H2, --- and the results of taking the mean of a 
function f(z) over these groups we call fi, fe, ---. As the groups Mi, Hz, ... 
decrease and have only the identity element in common, the sequence of func- 
tions fi, fz, --- must converge uniformly to f(x). In fact we can find a number 
n so large, that the oscillation of f(z) on any co-set of H, is less than a given 
«> 0. But then | f(r) — f,(x)| < ¢«. This proves (compare IV, remark 2) 
the following theorem: 

Tueoreo 8: If f(x) is any a.p. function, It, Ms, --- an increasing sequence 
of moduls whose sum contains IN;, and fi.(x) the a.p. function whose expansion is 
obtained by selecting the terms in the expansion of f(x) belonging to Mx, then f;(z) 
converges uniformly to f(x). 


XI. Independent moduls and direct products 


Suppose the compact group F is the direct product of a countable number of 
groups F), F2,--- .4 Then there is on F, corresponding to each of its sub- 
groups F;, a modul J; consisting of all continuous functions constant on the 
co-sets of all F,, 1 # 7. According to VIII, c and e, any sum of moduls M; 
consists of all continuous functions constant on the product of all groups F; 
not corresponding to any of the Xt; in the sum. From VIII d we can now see 
that the moduls 22%; are independent. Furthermore the sum of the moduls 
M; is the modul MN? of all continuous functions on F. 

Suppose on the other hand that the modul 9 of a compact group F is the 
sum of a sequence of independent moduls Yt, Mte, --- . Applying VIII d, 
we can prove by induction that F is the direct product of compact groups F,, 
F2, --- , Fx, of which the moduls are Nt, Dte, --- , Mz, and a group F;, of which 
the modul is }> ,5,, Dt. The group F; is determined in F as the subgroup on the 
co-sets of which all functions of >) ,<, Dt: are constant. According to VIII e, 
the common part of all groups F;, is the identity element of F. It is now very 
easy to establish a (topological) simple isomorphism between F and the direct 
product of all groups F;. So we have proved: 

THEOREM 9. The modul I of continuous functions on a compact group F 
is a sum of independent moduls M; if and only if the group F is the direct product 
of the groups F ; determined by the moduls M; (according to IV, remark 2 and not 
according to VIII). 

Suppose a continuous function f(x) on such a group F has the property that 
all the representations occurring in its expansion belong to one of the moduls 
M,.. We call f(x) the function obtained from f(x) by taking the terms in the 
expansion of f(x) belonging to M,. As >>, M, =Mis independent of the order 
in which the sum is taken we find, according to theorem 8, that the sum 
2s fi(x) converges to f(x) independent of the order in which the sum is taken. 





“Compare (4), appendix 1; footnote 5, Annals of Math. 35 (1934), p. 905; (5), III 6m. 
We use the definition in (5); the equivalence with the definition at the other places cited 
follows directly from theorem 9. 
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So the series >», ' f,(x) | iseonvergent. The function f;(x) can be considered as 
afunctionon Fy. We call y; the element of F; where | f;(x) | obtains its maxi- 
mum value and y the element of F corresponding to the sequence , 2, -- 
of elements of Fi. Then | fe(y) | = | fe(yx) | , so the sequence | f,(y) | majorizes 
the sequence | f(x) |. This proves: 

THEOREM 10. Jf ail terms occurring in the expansion of an a.p. function f(x) 
belong to one of a collection of independent moduls Nt, Me, --- and the terms in 
MN, form the expansion of the function fx(x), then the series >>, f,(x) converges 
absolutely and uniformly, with f(x) as sum. 


Tue Jonns Hopkins UNIVERSITY. 
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This paper! lays abstract foundations for a general theory of combinatorial 
topology; it is an outgrowth, and in part a refinement, of some features of the 
author’s thesis.2. The basic notion is that of cell space, i.e. a space whose funda- 
mental elements are cells rather than points. In such a space there is perfect 
duality between “closed” and “open.” We study two dual ways of mapping 
one cell space on another, in terms of which we are able to characterize formally 
one cell space as a subdivision of another. Through incidence numbers and 
correspondence numbers we introduce algebraic considerations which are a 
natural counterpart of our set theory and which combine with the set theory to 
provide a broad working basis for further operations. 


1. Definition of a cell space and its dual. A cell space, or discrete space,’ 
S, is a (finite or infinite) set {x} of elements, called cells, together with a relation 
<, read is on the boundary of (cf. thesis p. 193), which is 


irreflexive (x X 2) 
asymmetric (y x xifa < y) 
transitive (x < zifx < yandy < 2). 


The cell space is not ordered by the relation < since y X x does not necessarily 
imply x < y. A familiar example of a cell space is a simplicial complex; the 
(open) simplexes s, of all dimensions p constitute the cells, and s, < s, if and 
only if s, is a (p-dimensional) face of s,. However this example is a quite 
specialized one (see Alexandroff, loc. cit.,? p. 1651). 

For convenience we write x < y also as y > x (“y has x on its boundary”). 
Then we can define the dual S* of the cell space S as a formal copy of S in which 
the relations <, > are reversed; i.e. S* is a cell space related to S by a one-one 
correspondence z* < x such that 


x* < y* if and only if x > y. 





1 Presented to the American Mathematical Society in preliminary form, February 25, 
1933. See Abstract 39-3-71, Bull. A. M. S., 39 (1933) p. 196. fn that time the author was 
a National Research Puliew. 

2 Tucker, ‘‘An abstract approach to manifolds,’ these aii 34 (1933) 191-243. We 
shall refer to this as thesis. 

’ Cf. Alexandroff, ‘“‘Sur les espaces discrets,’’ Comptes Rendus Acad. Sci., Paris, 200 
(1935) 1649-1651. 
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This abstraction is drawn from the familiar idea of “dual complex” in the 
combinatorial theory of manifolds. Although the dual of an arbitrary complex 
may not exist in a strict geometric sense, it does exist abstractly, and proves 
very useful.‘ 

Of course the dual of S* is the original cell space S, i.e. (S*)* = S. 


2. Cell space compared with point space. Let X be a set of cells of S. 
We say that X is closed [open] if 


x >) y ar.d ye X imply re X. 
The closed [open] sets of S possess the following properties: 

a) the sum of any number of closed [open] sets is closed [open]; the null set 0 

is closed [open] 

b) the common part of any number of closed [open] sets is closed [open]; 

S itself is closed [open] 
c) given any two elements z, y there is a closed [open] set which contains 
zor y but not both. 
Conversely these properties taken as postulates® characterize S. According to a) 
the class of closed [open] sets of S forms an inverseless Abelian group*® (i.e. 
satisfies all the axioms for a commutative group except the one which postulates 
that each element has an inverse) with respect to (finite or infinite) logical 
addition. According to b) the class of closed [open] sets of S forms an inverseless 
Abelian group with respect to (finite or infinite) logical multiplication. Taking 
a) and b) together we see that the class of closed [open] sets of S forms an 
interesting sort of ring. 

It requires but slight changes of wording to make a), b), c) into postulates 
for a topological (point) space in the weakest sense of Hausdorff.’ We must 
weaken a) [or b) if we are dealing with open sets] to read “any finite number,” 
and we must strengthen c) to read ‘‘which contains x but not both.” The 
weakening of a) [or b)] spoils the symmetry between a) and b), on which the 
existence of the dual space S* depends. The strengthening of c) makes each 
element a closed set, thereby putting the relation < out of use. If c) were 
strengthened without weakening a) [or b)] we should have the trivial case of a 
totally discontinuous space in which each set is both open and closed. 

Let X* denote the set of cells of S* which correspond to the cells of a set X of S. 
Then X* is open [closed] if X is closed [open]. Of course the complement 
S — X of a closed [open] set is open [closed]. 





* An elegant instance of this may be seen in a recent paper of Alexander, ‘‘On the chains 
of a complex and their duals,” Proc. Nat. Acad. Sci., 21 (1935) 509-511. Kolmogoroff 
reported on similar investigations at the Moscow Topology Conference. 

* Alexandroff has also given these postulates, loc. cit. His separation postulate, 
attributed to Kolmogoroff, is equivalent to 3), but is otherwise formulated. 

* Or an Abelian groupoid—ef. Garrett Birkhoff, these Annals, 35 (1934), p. 351. 

"See Hausdorff, Mengenlehre (1927) 226-232. 
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3. Cell space compared with chain structure on a complex. We use the 
following terminology and notation: 


closure CX set of all cells < some cell of X 
aperture AX set of all cells = some cell of X 
boundary BX set of all cells < some but + any cell of X 
derived DX _ set of all cells > some but ¥ any cell of X.° 
These definitions imply such relations as the following: 
BX =CX —-X DX = AX —-X 
A*X = CX* D*X = BX* 
AX = C*X* DX = B*X*. 


(Here A*X means (AX)*, etc.) The last two lines are just two ways of stating 
that the notions of aperture and closure are dual and also that those of derived 
and boundary are dual. 

The boundary operator B possesses the following properties which taken as 
postulates characterize the cell space S: 


>> z and B >> z have no cells in common 
B>\z= > Be mod oz; Bo = 0 
BBz = 0. 


(Here >> x denotes an arbitrary, finite or infinite, sum of cells of S.) These 
properties bear a striking analogy to those of the chain-boundary operator F so 
familiar in present-day homology theory: 


a chain c and its boundary Fc have no cells in common 
F >) dc = > Fe (A’s are coefficients) 
FFc = 0. 


The essential difference lies in the types of addition used in the two cases; the 
logical addition used with B is an inverseless operation, whereas the group 
addition used with F is an operation which has a well-defined inverse. 

We have noticed above that the work of the derived operator D in S is dupli- 
cated by the work of the boundary operator B in S*. Hence D is characterized 
by the same three properties as B was above. There is of course a group 
operator’ related to D as F is to B. 





8 In thesis ‘star’ and “fringe’’ were used in much the same sense as “‘aperture’’ and 
“derived” are used here. The term “‘derived’’ is due to Alexander, loc. cit.‘ 

® The 6 operator of Alexander, loc. cit.4 Previously this was used in the indirect form 
F*c*; cf. thesis. 
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4, Closed and open mappings. Consider two cells spaces, S and S’, and 
a correspondence between them. If the mapping S — S’ is many-one (i.e. 
single-valued) we say it is continuous provided 


xar<y implies sy. 


An equivalent condition is that the inverse one-many mapping S’ — S preserves 
closed [open] sets; this is the familiar criterion for continuity in point topology. 
Although such continuity yields some results in cell topology (cf. thesis p. 208) 
it seems that we normally need the stronger types of continuity introduced in 
the next paragraph. ; 
We say that the mapping S — S’ is closed [open] if for each pair of cells x, y’ 
it is true that 
+ 


*{<) 


, 


some y > y’ if and only if x — some x’ (<)' 


HAIIY 


A closed [open] mapping, if many-one, is continuous in the sense stated above 
and maps closed [open] sets into closed [open] sets.” But the definition of closed 
[open] mapping can be applied whether the mapping is many-one or not. 

The following theorems follow directly from the definitions. A closed [open] 
mapping preserves closures [apertures]—i.e. the image of a closure [aperture] = 
the closure [aperture] of the image. Closed [open] mappings are transitive— 
i.e. the resultant S — S’’ of one closed [open] mapping S — S’ followed by 
another S’ — S’’ is closed [open]. The inverse S’ — S of a closed [open] map- 
ping S > S’ is open [closed]. The mapping S* — S’* of dual complexes deter- 
mined by a closed [open] mapping S —> S’ is open [closed]. 

A closed [open] one-many mapping may be “broken in two” as follows. 
We form a cell space S° by combining a copy Y° of the image Y’ of an arbi- 
trary closed [open] set Y of S with a copy Z° of the open [closed] complement 
Z=S8 — Y;given any pair of cells y°, z° of Y°, Z° we require that 

y° ha 2° if and only if y >] 2 where y > y’. 

Let S — S° map Y on Y° as S > S’ maps Y on Y’ and map Z on Z° identically, 
and let S° + S’ map Y° on Y’ identically and Z° on Z’ as S > S’ maps Z on Z’. 
It is easy to verify that S > S° and S° > S’ are closed [open] one-many mappings 
which have S — S’ as their resultant. The inverse mappings S’ — S° and 
S° — § are open [closed] many-one mappings which have the open [closed] 
many-one mapping S’ — S (the inverse of S — S’) as their resultant. Hence 
an open [closed] many-one mapping may also be “broken in two.” 


5. Subdivision of a cell space. Let S be an ordinary simplicial complex 
" ‘° Mappings thus characterized have also been recently introduced by Alexandroff, 
beng les suites d’espaces topologiques,’’ Comptes Rendus Acad. Sci., Paris, 200 (1935) 

8-1709. 
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and let S’ be a simplicial subdivision of S. We denote by S — S’ the one-many 
mapping which partitions each simplex of S into a collection of simplexes of §’, 
S — S’ is a closed mapping; its many-one inverse S’— Sis open. We denote 
by S’— S” = S asimplicial, or barycentric, mapping of S’ on S’’ = S deter. 
mined by “projecting” each vertex of S’ into a vertex of the simplex of § on 
which it lies. Then each simplex of S’ goes into the simplex of S of which it is 
piece or else into a simplex on the boundary of that simplex. S’ — S” isa 
closed many-one mapping. The resultant S— S’’ = S of S — S’ followed by 
S’ — S’’ is a closed many-many mapping of S into itself which is characterized 
by the fact that each simplex of S goes into itself modulo its boundary. 

By abstraction from the last paragraph we get the following formal characteri- 
zation of one cell space as a subdivision of another. We say that S’ is a sub- 
division of S if there exist mappings 


S— S’ one-many and closed 
S'S” =S8S many-one and closed 
whose resultant S — S’’ = Sis such that 
roz’=2 mod Bz. 


This notion of subdivision is necessarily quite crude since our present tools 
are very rudimentary; later, however, we shall be able to give it more content. 

Since closed mappings are transitive, subdivision is transitive. Moreover 
subdivision may be ‘‘broken in two” by interpolating a cell space S° of the type 


described in §4—provided of course that more than one cell of S is partitioned. 

The notion of subdivision has a dual which we call expansion for want of a 
better term." It is defined by substituting “‘open” for ‘‘closed”’ and ‘‘Dz” for 
“Bz” in the definition of subdivision. From our definitions it follows that a 
cell space S’ is an expansion of a cell space S if and only if S’* is a subdivision 
of S*. We can accordingly obtain an expansion of S by passing first to the 
dual S*, then to a subdivision S’* of this dual, and finally to (S’*)* = S’. 


6. Incidence and correspondence numbers. Let us assign to each cell za 
dimension dim x subject to the condition 


dim x < dim y ifa < y. 


The values of the single-valued function dim z are elements of an ordered set, 
the “dimension set.” Given an element p of this ordered set we denote by 
p + 1 the predecessor (successor) of p, i.e. the last element < p (the first element 
> p), if it exists. 

With each pair of cells x,_1, x, of successive dimensions of S we associate al 





11 For implicit use of this notion see thesis, p. 210 (the 0-weld) and p. 220 (the complex 
M»*), 
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integer [tp1: 2p] = [%p:2Xpu], called their incidence number, subject to the 
condition 


Suna XX Sy if [ty-1 : Zp] ¥ 0. 


Intuitively the incidence number of x,_; and x, represents the algebraic number 
of times zp-1 is on the boundary of x». We agree that it is permissible to change 
the sign of an incidence number [z,p_; : xp] at pleasure, provided we change at 
the same time the signs of all the incidence numbers [yp-;: zp], [2p : yps] 
which involve 2p, or else the signs of all those which involve z,_;.. This operation 
is described as changing the orientation of x», or of xp_1. 

Given a correspondence between S and S’, we associate with each pair of 
cells x», xz, of the same dimensions, the one cell from S and the other from S’, 
an integer [z» : z,] = [z, : 2p], called their correspondence number, subject 
to the condition that 


x, corresponds to z, if [z, : 2] = 0. 


Intuitively the correspondence number of z, and x, represents the algebraic 
number of times z, corresponds to xy. We agree that the sign of this corre- 
spondence number must be changed if the orientation of either z, or 2, is 
changed. 

We form various secondary numbers from our incidence and correspondence 
numbers as follows: 


[Zp : Lp+1] - ) [Xp $ Zp) [zp * Zps:] 
[pz : x5] = » [Tpz1 : 251] [vez : x] 
is, : >] = > ig, : x, [x,, : 25). 


In each case the summation extends over all values of the repeated cell-symbol. 
Of course these secondary numbers exist only if there are at most a finite number 
of non-zero terms in the sums. 


7. Abstract complex. We say that a cell space S, whose cells are endowed 
with dimensions and incidence numbers, is an (abstract) complex C if for each pair 
of cells tp1, Zp41 of S the number [x p_1 : Zp4:] exists and is zero. All the usual 
complexes of combinatorial topology fall within the scope of this definition.” 

The dual C* of a complex C is a complex. We assume that the dimensions 
of the cells 2* of C* form a subset of our “dimension set” which is ordered by > 
just as the subset of dimensions of C is ordered by <. This is indicated sym- 
bolically by writing dim z* = n — p when dim z = p. We assume that the 
incidence numbers of C* are given by the rule 


* om» ° 
[Tap > Zn—pyi] = [Tp-1 : Tp). 





* Also some more general ones. For instance, the set of all singular cells on a space 
forms a complex in the sense of our definition. (This example was suggested by a remark of 
Professor Veblen), 
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Hence 





* 


n—p—1 : dil = 0 if and only if [Xp : Lp] = Q0. 


[x 






It may be easily verified that any closed [open] subset of a complex is a 
complex. 






8. Mappings of complexes. We say that a mapping C — C’ of one complex 
on another is closed [open] if it is closed [open] in the set-theoretic sense of §4 
and if it satisfies the algebraic requirement that the numbers 









’ / , , , , 
[x, : Tye] = pie [z, : z,\[z, : LF); [Tp : Ly] 7 pm [r>F1 : tyrl[Zpz : z,| 


exist for each pair of cells zp, x,,, and be equal—i.e. 






/ / 
[z, : TF] - [tp+1 : z,). 


This algebraic condition for a closed [open] mapping is a direct analogue of the 
set-theoretic condition. In some cases the algebraic condition implies the 
set-theoretic one, for example, in simplicial complexes. 

The resultant C — C’’ of one closed [open] mapping C — C’ followed by 
another C’ — C’”’ is closed [open] (we assume that the numbers [z, : z;] 
exist). The inverse C’ — C of a closed [open] mapping C — C’ is open [closed]. 
The dual C* — C’* of a closed [open] mapping C — C’ is open [closed] (assuming 
of course that [7 -. : aol = [z,: x,]). 

A closed [open] mapping C — C’ which is one-many, or many-one, can be 
“broken in two” by the interpolation of a complex C° provided C — C’ does not 
increase [decrease] dimensions, i.e. 

















= 


> 
dim 2 | j dim x’ if r— 2’. 





To establish this we merely have to assign appropriate algebraic properties 
to the cell space S° of §4. We give dimensions to the cells of S° by the rule 






dim x° = dim 2, 










where & denotes the cell of Y’ or Z of which z° is a copy. Due to the above 
proviso there can be no violation of the fundamental requirement that p < 4 
if x? < 2%. We assign incidence numbers and correspondence numbers by 
the rules: 











[5-1 : x] as [Zp > Ey] 


[p22] = (zp: 2], fx: 2!) = [ex]. 






Then S° is a complex C° and C > C°, C° > C are closed [open] mappings which 
have C — C’ as their resultant. 












9. Chains. A chain of dimension p is a function g(z,) which is defined over 
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the p-cells of a complex C and whose values are elements of an Abelian group 
G (which we write additively). Using incidence numbers and correspondence 
numbers we are able to associate with a given chain g(x,) certain other chains: 


9z(tp) = 21 g(t) (tp: 2px] — (p F 1)-chain on C 
g'(zp) = > g(xp) (xp: x’) p-chain on C’ 
g+(t») = p g(x,y) [ap : 571] (p + 1)-chain on C’ 
9g’ (tp) = 22 g(t») [zp : 25] p-chain on C’’. 


These chains exist only if the sums involved have at most a finite number of 
non-zero terms. The (p — 1)-chain g_(z,) is called the boundary of g(x») and 
the (p + 1)-chain gi(zp) is called the derived. If gz(x,) = 0 the chain g(z,) is 
said to be closed“ [open]. Due to the condition [x _1 : zp41] = 0 on a complex a 
boundary [derived] chain is closed [open]. 

Since it may be undesirable, or even impossible, to consider all chains based 
on a group G and complexes C, C’, etc., we shall restrict ourselves to a class of 
“admissible” chains which satisfy at least the following requirements: 1) the 
boundary [derived] g+(x) of an admissible chain g(x) exists and is admissible; 
2) the image g’(x) of an admissible chain exists and is admissible; 3) the admis- 
sible p-chains of a complex form an Abelian group; 4) every finite chain is 
admissible (i.e. the set | g(x) | of cells x for which g(x) ¥ 0 is finite); 5) every 
subchain of an admissible chain is admissible (g(z) is a subchain of g(x) if 
| g(x) | C |g(x) |). It is to be understood in 1) that “boundary” stands through- 
out or else ‘‘derived;’’ i.e. the class of chains admitted for boundary operations 
and that admitted for derived operations may well be different, and moreover 
may be based on different groups G. 

If there exists an admissible chain g(x,41) such that 


9+(Xpx1) = g'(Xp) — 9?(Tp) 
we write 
9'(Xp) ~z G9 (Zp). 
10. Subdivision of complexes. We say that a complex C’ is a subdivision 
[expansion] of a complex C if there exist mappings 
CC’ one-many and closed [open] 
C’—-C”" =C many-one and closed [open] 
which combine so that under C > C’”’ = C (i.e. C3 C’ > C" = C) 
zz" =f mod Bz [mod Dz] 
[z:2"]=1 forz = 2”, 


a ee 


's A term used by Alexander, loc. cit.‘ 
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and under C’ > C’” = C’ (ie. C’ 3 C"’ = CC’ = C’"’) any admissible 
(1) g(x') ~z9'"(x') on 3) X’ if gz(x’) = gz(2’). 


Here g’’(x’) and g(x’) are the images under C’ > C’’’ = C’ of g(x’) and 
gx(z’). >> X’ is the minimal set, consisting of images X’ under C — C’ of cells 
az of C, which contains the set |g(x’)| of cells x’ for which g(x’) ~ 0; >> X’ isa 
subcomplex of C’ since it is an open subset of the closure C >> X’ [closed subset 
of the aperture A >> X’]. This definition of subdivision [expansion] is a direct 
extension of the set-theoretic one in §5 except possibly for condition (1) on chains 
under C’ > C’’"’ = C’. Weshall examine this condition. 

Condition (1) implies that the image X’ on C’ of a cell x of C, under C — C’, is 
“cell-like” in the sense that an admissible 


(2) g(x’) ~z e’(x) on X’ if g(x’) = 0 on X’, 


where e’(x) is the image under C — C’ of an “elemental” chain e(x) which 
vanishes on all cells except at most x; i.e. e’(z) = 0 or else a chain arising from z 
alone. For by (1) there exists an admissible chain g(x’) on C’ — X’ such that 
G(x’) = gz(x’) — gx(x'). Hence g(x’) + g(x’) = gz(x’) which implies 
that g(x’) + g(x’) ~= some g’’(x’). This establishes (2). If C — C’ does not 
increase [decrease] dimensions, g(r’) ~= e’(x) ¥ 0 on X’ implies g(x’) = e’(z) 
on X’, 

On the other hand (2) may imply (1). This occurs if C — C’ is one-one except 
for a finite number of cells z', x?, --- , x*, which we may suppose numbered so 
that x‘ « a [x + 2’) ifi <j. For then from any admissible g(x’) such that 
gx(x') = g(x’) we have by (2) that 


g(x’) ~= g(x’) + e’(z") on OX’, g(a’) on )>X’ — X” 


2 
g'(x’) ~= g(x’) + e'(a?) on SOX’ — XY”, g(x’) on 90 X’ — DX" 
1 





k-1 k 
g*(2') ~z g*(x') + e'(z#) on OX’ — YX’, gtx’) on OX’ — DX’. 
1 1 


This yields (1) since g*(x’) is invariant under C’ — C’’’ = C’. Hence (2) is 
equivalent to (1) for finite complexes. A similar argument based on dimensions 
rather than individual cells can be formulated if admissible chains satisfy the 
requirement: 6) > +g(x) is admissible if it exists and if > 9=(x) exists and is 
admissible. 
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APPROXIMATIONS WITH HELP OF CERTAIN FRACTIONS 
By I. Vinocrapow 
(Received April 22, 1935) 


Ina previous paper’ I have proved the following theorem 

Let n be an integer > 1 and « be an arbitrary small positive constant. There 
exists a number L depending only on n such that for any Q > 1 and for any real 
number a it is possible to satisfy for integral z and m the system of inequalities 


|az* — m|< LQ 


0<z<Q 
where 
— a oe — 
oa ws Ee 
In the present paper I give a better result for the value of p. Here I obtain 
“ 1 
P= 15n? log 10n’ 


which for n > 15 is far better than the previous value of p. 

I apply here the same method as in my recent papers.? The proof of the 
theorem indicated above is performed without use of Weyl’s approximations 
while the method elaborated in the paper previously mentioned is based on those 
approximations. The result of this paper can be improved and the method is 
applied to more general problems of the same type. 


1. Notation. nis an integer = 10; 





k = [n log 10n + 1); had: rt = 2k?; 
1, mn 2 
ee ioctl tii * = iia log 100° 
¢, 4, +++ are constant numbers depending only on n; 0, 4, --- are numbers 
with modules not exceeding unity. A << B or B > A where B is positive, 


means that 
|A| <oB. 
If z is a real number, then (z) denotes the distance of z to the next integer. 


‘ Bulletin de V Académie des Sciences de l’U RSS, 1927, p. 567-578 /Russian/. 
2 C. R. de ’ Académie des Sciences de ’ URSS, 1934, v. II, No. 6; Ibid., 1934, v. III, No. 
1; Ibid., 1934, v. IV, No. 5-6. 
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a is real and 
6 

“+=; (@g=1; 9g 

q q 

A=q°; M = [A-™). 


P= P, = (2); P, = E uP} |; tee 5 P, = Eesti 


2. Some properties of the symbols introduced above. We have 


IV 


2 


a= 


Ee 
















<qis, 


ke 


4 
k > 4.6n; M <q 





; Then we find 
) Aaa , 
P; > pes . 


Mi” eceanhauewecmeeiitetes | 
P, >> MOBO pa- yy gate 














But we have 


log (1 — vA > — (1 + zs) log 10n > — log 10n — 0.26 > — log 138n, 





2 2 2 2 
jt NE Se 
v(1 v) 33 > 13 33 > 33° 


Therefore if we choose cp large enough we obtain for all g = ¢, 











P, > q??. 





We deduce from (1). 





P, ee P, > | ai ite 





and find 










a< (1 = yp)” log 10n < g-logl0n _ pi 


10° 










3. Estimation of the module of a trigonometric polynomial. The numbers 
mi, «++ , m, we shall regard for the present as constant positive integers not ex- 
ceeding M. Let the numbers 2, --- , 2,, y run over the set of values 
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It is obvious that the numbers 
— = mary + --- + mx; 


are different from each other; none of them exceeds N = Mgk2", and the num- 
ber of them is equal to P; --- P;. We have 


ps > e2tiay"— K [P > ee > esiialoat | 
ad § > os oe 

. i 
«| PP... Pr bs > e2riay™u | p 
y 


u=—N 
: e2tiay™u > e2tia(y™—y")u 


: «K [ #4 } : 


ywY 














p> 


u 














| 
«K | Ma *, min (100, cn) | chm y"— yk. 


h 


But . 
q q. — wh , bh _ ah , 
—9 <h<35: tes et tal tees 
The number of solutions of the Diophantine equation 
y*—-yi=h 


is < P. 
Let s denote the absolute least residue of ah modulo q; in the case when 


h 2 0 we have 
ak’ 8 1 8 
— > v)>! ~'- #-, 
( q 2/ @q@ 2% 4 
the same s recurring < P times. Therefore it appears that 


2 bp eras | << | ato Pae +P >) vs) <«K MgP', 
u y s=1 
b> Zz; e2riaynt 


y é 








< PP, --- P.Mq}}. 








4. A peculiar periodic function. Let 8 be a real number. There exists a 
periodic function ¥(z) with the period 1 possessing the following properties: 

0 S ¥(z) S 1 in the intervals m+ 6 —-A Sz S m+ 8 + A where misany 
integer, 

¥(z) = 0 in the other intervals; 

¥(z) can be developed in a Fourier series: 

¥(2) = A + ¢(z); gz) = >> (An cos 2rmz + By, sin 2rmz), where 


m=1 
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AnKA; Bn<KA,ifms 2", 
1 


Atm7ti ’ 






a ES, 






a ifm > A. 


Am <«K Atm ? 












5. The proof of the main theorem. Put 
S,,. = >» glay"x?) , 


s-¥ 


y 








Syise: Sur]. 








It is easy to see that in order to estimate the module of the sum S we have to 
estimate the module of a sum of the type 


R= >>--+ DS Dn, +++ DT, 
as | mk 
















































E 
| T=  » i ors, 
i y g 
| where for every given system of values m, --- , m;, the number é runs over the ‘ 
set of values 
E = MZ] + ML + +++ + MT; , I 
the numbers z, running over the set of values described in 3. 
The numbers D,, satisfy the conditions 
Da = A, if ms", 
D,, = Armrn? ifm > A“, 
h 
If no m, exceeds M, we have by 3, 
T<P*([P,.-- P,Mq}}. 
Since for D,, we have the bounds indicated above we find that the sum of all 
terms of R corresponding to this case is 
<« P*[P, --- PrMq}}. 
| If at least one of the numbers m, exceeds M we apply the evident estimation 
| T<PP,.--- Pr; 
an 
1 1 
Dn oS SRG <K > = A** ? 4 
2 2 Atm (AM) wl 








it is easy to see that the sum of the terms of R corresponding to this case is 
«K PP, --- PrA*. 





we 
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Thus we have 
R<P*(P, .-- PsMql! + PP; --- P,A% 


od | Mq ! 
a: k ‘Pi >... k 
<«< PP, P,A (4  peey | +a) 


k—-ntneotl oy» 
« PP, --. Ppt (aM 2 q? i 4 at) 


. P,A* (qi? 2+ 0.80) } 0.2 + gn), 





<«K PP; -- 
But 
45{2k + (1 + Ak — 0.8n)} —0.27 
3n log 10n —0.4n bn 
15n? log 10n ee 5° 
Therefore 
~ bn 
R<« PP, .-- PrA*q-; we— =z, 
and 
S <K PP, --- P,A*q-. 


Hence there exists at least one value of y such that 
Sy1--> SyeK Py --- PrA*q-. 


Therefore there exists at least one value of s such that 
SyeKAPq, a= t 


hence we have 
Dd Vay") — AP, K AP.q~* . 


Thus we see that there exists a co = co such that for all g = cz we have 


I 
> V(ay"x?) > AP. 


" Therefore there exists at least one value of z, = x such that 
Y(ax"y") > 0, 


and this is possible only when 
ax"y” = m+ B+ 4A, 


Where m is integral. As 
lszysqQ 


Wwe can formulate the result as follows. 
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THEoREM. Let 8 be real. It is possible to find a c’ such that in representing 
the real number a in the form 











re (a,q) = 1, 


: 
it is possible to satisfy the system of inequalities 
|az*? — B — m| <c'¢’, 


0<z2< q 


a= 








for integral z and m. 


Remark. This theorem holds and its proof differs little from the above, if 
in the product z = zy the numbers z and y are regarded as primes. 












6. Corollaries. Put in particular 6 = 0. For any Q > 1 we can represent 
the number a in the form 


a. 6” 2 
me oe oh (a,q) =1; 0<qs7; r= Q?. 







i ae 







If g > [Q]? then by the theorem we have 








6 1 
eo f Pe = - = OO 
(2) pa i Es p= 2 ~ 15n? log 10n’ 


0<2<Q. 







If gq S [Q]! then we have 











n @ a” n n—1 —} 
ag” = |— + — }q” = ag? + AQ. 
q qr 





If we put 






z2=4q; m = ag", 






we see that the inequalities (2) may be satisfied also in this case and we obtain 
therefore the result mentioned at the beginning of this paper. 
We can also write the inequalities (2) in the form 








, 






m 
a@7's$—-|-- 
2g” 


c 
aq 
| which gives the approximation to the number a by a certain fraction with a 
| perfect n* power in the denominator. 








0<2<Q; 
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UBER DIE BESTE ANNAHERUNG VON FUNKTIONEN EINER 
GEGEBENEN FUNKTIONENKLASSE 


By A. KoLMoGOROFF 
(Received May 1, 1935) 


1. Allgemeine Fragestellung. Wir setzen voraus, dass eine bestimmte Ent- 
fernungsdefinition fiir den in Betracht kommenden Funktionen erklirt ist. 
Betrachtet man das Problem der Annaherung einer Funktion f durch lineare 
Formen 

g = Cigi + Cove + te Hi + CrPn 


mit festen Funktionen ¢, ¢2, --- , gn, SO entsteht die Aufgabe (das Tchebycheff- 
sche Problem) mit Hilfe einer geeigneten Wahl der Koeffizienten ci, ce, --- , 
Cn, die Entfernung p(f, ¢) méglichst klein zu machen. Ohne die Existenz und 
Eindeutigkeitsfrage zu diskutieren bezeichnen wir mit E,(f) die Untere Grenze 
von p(f, ¢). Fir eine Klasse F von Funktionen f bezeichnen wir weiter mit 
E,(F) die obere Grenze von £,(f) fir alle f aus F. Die Grésse E,(F) ist durch 
die Klasse F und die Funktionen ¢), go, --- , gn, bestimmt. Wir Stellen jetzt 
eine neue Aufgabe: bet gegebenen F und n durch die Wahl von Funktionen ¢u, 
$2, *** 5 Gn, das Minimum von E,(F) zu erreichen. Unabhiangig von der Existenz 
dieses Minimums bezeichnen wir mit D,(F) die untere Grenze von E,(F). 

Jeder Funktionenklasse F entspricht also eine Folge ganz bestimmter nicht 
negativer (eventuell unendlicher) Gréssen 


DF) = DAF) =--- = D,(F) =---. 


Wenn £,(F) wirklich das Minimum D,(F) erreicht, so kann man auch die 
Kindeutigkeitsfrage stellen und zwar in folgenden Sinne: sind die Funktionen 
$1, $2, +++, Yn» Welche das Minimum D,(F) realisieren, bis auf eine lineare 
Transformation eindeutig bestimmit, oder nicht? 


2. Spezialisierung. Wir betrachten weiter nur die Funktionen einer 
reellen Veranderlichen, welche auf der Strecke (0, 1) definiert sind. Als Ent- 
fernung p(f, ¢) fiihren wir 


of, ) = | / ‘YG -oe az) 


ein. In diesen Voraussetzungen gelang es mir fiir die folgenden Funktionen- 
klassen einfache Resultate zu erhalten: 
F,(p = 1) besteht aus allen p-fach differentierbaren Funktionen f mit 
1 
i {fM}2dr < 1. 
0 
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F*(p = 1) besteht aus allen Funktionen von F,, welche den Periodizitatsbedin. 
gungen f(0) = f(1), f’(0) = f’(1), «++ ,f? ?@) = f?-(1), geniigen. 









3. Ergebnisse. Im Falle F} ist 





1 \? 
Dem—1 (F2) = Dea (#3) = (4), m = 1, 2,3,.--.; 





das Minimum D,(F*) ist dabei immer erreichbar; die besten Funktionen 4, 
v2, +++, ¢n, Sind im Falle n = 2m + 1 bis auf eine lineare Transformation 
eindeutig bestimmt und zwar sind es 


1, 4/2 sin 2rkzx, 4/2 cos 2rkz, k= 1,2,.---,m. 













Im Falle F; ist 






D,F:) = =, n = 1, 2,3,-+--; 









die besten Funktionen ¢, ¢2, --- , gn, sind dabei bei jedem n bis auf eine lineare 
Transformation eindeutig bestimmt, es sind 


1, ~V/2 cos rkz, Te eee ee 


So einfach lassen sich die Resultate im Falle F, bei einem beliebigen p nicht 
ausdriicken: sie hingen von einem speziellen, sich mit p dndernden, ortho- 
normalen System von Funktionen 


Uni, Une, --+ , Upry +++, 


welches im 4 naher bestimmt wird, ab. Es wird bewiesen, das im Falle F, 


D,(F >) = + oO, 

























n=1,2,---,p—l, 






n=p,p+1,p+2,::-, 


gilt, wobei \{?) die im 4 definierten Eigenwerte sind. Assymptotisch gilt dabei 


(bei festem p) 
1 \? 1 pt 
D,(F,) = (+) +0 (2) . 


| 

Die besten Funktionen ¢, go, --- , gn, sind im Falle F, fiir n = p bis auf eine 
lineare Transformation eindeutig bestimmt, es sind die n ersten Funktionen 
Unx, k = 1,2,---,n. Fir p = 1 ist dieses Ergebniss mit dem oben gesagten 
| 








im Einklang, da es 






Un = 1, Uin = V2 cos x(n — 1)z, n = 1, 2,3,°°"5 






gilt. 





f 
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4. Definition und Eigenschaften der Funktionen U,,. Fir n = 1,2, --- ,p, 
setzen wir Up, gleich dem mit 
1 
i U : n dx =1 
0 


normierten Legendreschen Polynome n — l-es Grades. Fir n = p+ k,k> 0, 
definieren wir U,, als die ebenso normierte Lésung des Systems 


- Pe y°?) — ry = 0, 
A 
yo, = yr), micoe = g2%,) =0, 


welche dem k-ten vom Null verschiedenen Eigenwert \‘”’ des Systems (A) ent- 
spricht (Selbstverstandlich denkt man sich dabei \\?’ nach ihrem Grésse geord- 
net). Diese Definition setzt voraus, dass alle vom Null verschiedenen Eigen- 
werte von (A) positiv und einfach sind, was tatsichlich auch zutrifft.' 

Unter den Eigenschaften des Systems {U,,} (bei einem festen p) wollen wir 
die folgenden hervorzuheben: 

1. Dieses System ist orthonormal und vollstindig. 

2. Die p-fachen Ableitungen 

Pp 
Upn = & U. pn 

bilden ein orthogonales (obwohl nicht normiertes) Funktionensystem. 

3. Fir jede p-fach differentierbare Funktion f mit 


1 
i {f}? dx < +a 
0 
folgt aus 
f~ Li anU on 
die Giiltigkeit der Entwicklung 


jf” ~N Zz AnUpn- 


Es ist bemerkenswert, dass die Eigenschaften 1-3 das System {Upn}, bis auf der 
Ersetzung der Legendreschen Polynomen durch irgendwelche andere p orthonormale 
Polynome vom Grade < p, eindeutig bestimmen. 

Es sei noch zum Schluss erwahnt, dass bein < p die Funktionen up, identisch 
verschwinden und dass bei n = p + k, k > 0, man Upn als diejenige Lésung 
des Systems 





((—1)? y® — ry = 0, 
(B) / (p—1) 
Ye=0,1 = Ye=0,1 = *** = Yz=0,1 = 0, 





_'Vgl. M. Krein, “Sur une classe des opérateurs differentiels,” im Druck in Bull. de 
l Acad. des Sc. del’URSS (1935). Herrn M. Krein bin ich fiir die entsprechende briefliche 
Mitteilung dankbar. 
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erhiilt, welche dem k-ten vom Null verschiedenen Eigenwert A‘?) entspricht (die 
Eigenwerte von (A) und (B) sind offenbar identisch). Statt der gewodhnlichen 
Normierungsbedingung braucht man hier 


1 
J uz, dx = r\?). 
0 


5. Geometrische Andeutung zum Beweise. Zuerst machen wir einige 
Bemerkungen zur allgemeinen Fragestellung. Die Menge aller Funktionen 
Y = CigQi + Cope + --- + Cry, mit festen Funktionen ¢, ge, --- , gn, bildet einen 
n-dimensionalen linearen Unterraum ®, des Raumes R aller in Betracht kom- 
menden Funktionen. £,(f) ist die Entfernung des Punktes f von der Menge 
®,. Die Grosse E,(F) ist also ein natiirliches Mass der Abweichung der Menge 
F von dem linearen Raum @,. Die untere Grenze D,(F) der Gréssen £,(F) 
kann man, folglich, als die n-te Breite der Menge F zu bezeichnen. 

Unsere speziellen Betrachtungen beziehen sich auf den Hilbertschen Raum H 
aller quadratisch integrierbaren Funktionen. Die Mengen F, und F* lassen 
sich als elliptische Zylinder dieses Raumes auffassen. Es ist geometrisch fast 
slbstverstandlich, dass man in diesem Falle das Minimum D,(F) der Grésse 
E,(F) erreicht, wenn man den n-dimensionalen linearen Raum ®,, betrachtet, 
welche von den n gréssten Hauptachsen des Zylinders F aufgespannt ist. Diese 
Hauptachsen bestimmt man leicht nach den klassischen Regeln der Variations- 
rechnung. Insbesondere stimmen im Falle F, die Richtungen der Hauptachsen 
mit den oben definierten Funktionen U,, tiberein. Die entsprechenden Halb- 
achsenlangen sind bei k < p unendlich und bei k = p + i, 7 > 0, den Gréssen 


1/V x) gleich. 


KLJASMA BEI MosKAv. 
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1. The notation to be used in this paper agrees with the one which is de- 
scribed in §1.1 of the following paper On rings of operators. 

The quotations refer to the bibliography of that paper, quotations from the 
paper itself will be marked RO. 

We will make free use of the results of Chapters I and II in RO, excepting 
however Lemma 2.3.7 in §2.3. This Lemma is based on the results of the 
present paper, but it will not be used in the other parts of those sections. 

Our subject is the introduction of a new topology in the ring of operators B 
(cf. (18), p. 370) of a space § (cf. RO, §1.1, point (b)), which is more appro- 
priate for use under certain conditions than the three topologies of B defined 
in (18), pp. 378-388. Apart from its independent interest, we need it for 
application in RO, Lemma 2.3.7 in §2.3, and in Chapter ITI. 

This topology is technically superior to the three above mentioned ones in 
this: For the “uniform” topology in B the results of our §4 are true, but those 
of our §3 are not. For the “strong” as well as for the ‘“‘weak” topology in B, 
§3 is true, but §4 is not. (We will give an example for this in §5.) The 
“strongest” topology however, as we are going to define it, will have all these 
properties. 


2. Consider a space © satisfying the postulates A, B, C, E of (16) (pp. 64-66), 
that is, a Hilbert space or a finite dimensional Euclidean space (cf. (16), §1, 
point (b)). (Of course only the first case is interesting. In the second it is 
easy to see that the “weak” and the “uniform” topology coincide, and there- 
fore all others do too.) Form the ring of all everywhere defined, bounded, 
linear and closed operators in §,B. Define the strongest topology in B as follows: 

Strongest topology in B. If AoeB, € > 0, and if fi, fe, --- is a sequence 
from © with a finite >°7 || fi ||?, then let U(Ao; fi, fe, --- , €) be the set of all 
A eBwith )°7 || (A — Ao)fi ||? < « All U(Ao; fi, fe, --- , ©) of this sort, for 
a given Ao, are the neighborhoods of Ao. 

It is easy to show that this is a topology in the sense of Fréchet-Hausdorff, 
fulfilling his postulates a) — 4) (cf. (18), p. 378; ef. for reference footnote 28) 
eod). The countability axioms are not fulfilled, and we will even show in §5 
that a condensation point of a set S C B need not be a limit point of some con- 
vergent subsequence of S. 

The strongest topology is stronger than the strong but weaker than the 
uniform topology in B (ef. (18), pp.381-384). In fact: Every U3(Ao, fi, --+ 5 fe, © 
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coincides with U(Ao;f, --- , fs, 0, 0, --- , €) and every U(Ap, fi, fe, --- , 6) 
contains U;(A, «/>,7 || fi | \|?). That it is really different from the uniform 
topology follows from its violating Hausdorff’s first countability axiom; as to 
the strong topology we will give an example in §5. 

Thus every strongly, and a fortiori every weakly closed subset S of B is 
strongest closed too. (Note that if a topology becomes stronger, the notion of 
closedness with respect to it becomes broader.) 

Every strongest convergent sequence of operators is strongly convergent too, 
and therefore uniformly bounded (ef. (18), p. 382). 

Every strongly convergent sequence of operators is strongest convergent also: 
Let the sequence be Ai, As, --- ; it must be uniformly bounded, say 
\| Anf || S C||f ||, and let the limit be. A. Let fi, fe, --- be a sequence witha 
finite >. || f;||2. Choose a j with > Il fll? < ae 

i=jt+ 
A,f; converges strongly to Af;. So for ini sufficiently great n 


I (4e — Avrell s (4/Z)' 


fori = 1,---,j. Then 




















Ifi = 1,---+, fj every 






—— 
















>) WN (4a — Adfell? = >) Ul (4a — AG IP + D>) I Ge — ASIP 


t=1 i=1 t=j+1 


i(4/§) +40( > tar) s at 


that is A, e U(A;/fi, fe, --- , €) proving our statement. Thus the entire differ- 
ence between strong and strongest topology is due to the difference between 
condensation points and limits of convergent sequences. But, as we saw, this 
difference is inherent to such topologies in B; and for the considerations which 
we are going to make in §3, it is decisive. 
















3. We wish to prove: 
If a subset M of B has the property that A, B eM imply aA, A*, A + B, 
AB «M and if M is strongest closed, then it is weakly closed too. Thus it is 
aring. (Cf. (18), p. 388, Definition 1.) 

Note that every ring M does obviously have the above properties, therefore 
they are characteristic for a ring. 

We will prove the above statement by reconsidering the proof of Theorem 5 
in (18), pp. 393-396. 

Consider the operator Ey defined for the ring R(M) in (18), p. 393. Consider 
an arbitrary sequence f{, f2,--- in § with a finite >°7 || f? ||. Form the 
space © ® § of all sequences fi, fo, --- in with a finite )>7 || f;||?, © ® $ 
is a space of the same type as 9, if we define the inner product by 





—- 
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(< fi, fe, iis i >; < Ji, 92, -*° >) = - (fi, 9s) 


(the sum is absolutely convergent). Cf. RO, §2.4. 

Let correspond to every A ¢B the point < Af}, Aft, --- > in © @ © (as 
A is bounded, || Af || $ C || fl, therefore, }°7 || Af; |? S$ C? YF |] s2 If? is 
finite), and call it the image of A. Let & be the set of the images of all A eM, 
and MN the (strong) closure of ; & is linear and QM is linear and closed. Let FE 
be the projection of 2. 

E can be written as an operator matrix < E,, >, t,s = 1, 2, --- (ef. RO, 
§2.4, Definition 2.4.2). 

If f e&,thenf = < Afi}, Af?,--- >,A eM. Thusif BeM, thenfor B® = 
< i.B > (ef. loc. cit., Lemma 2.4.4) Bf = < BAf*, BAf},--- > e&. Thus 
B® maps % on part of &, and therefore J? on part of M. Every Eg eM, thus 
BOR eT, EBLZ = BHG, that is EB©R = BE. Replace Be M by 
B* « M, then B*® = B®*; applying now* to the above equation, we obtain 
EB®E = EB®. So BE = EB®, < b.B> < Eis > = < Ens > <54.B>; 
BE,,, = E,,.B (cf. loc. cit., Lemma 2.4.5). 

Thus every E,,, commutes with every B « M, that is LE, « M’. Nowf = 
< fi, fa, ++» > €M is characterized by Ef = f, that is by 


fi sa pen Ei, fe; for t=, 2, cse< 


If f is the image of an A eB (not necessarily A e M!), then we have f, & Af? 
and our condition becomes Af? — >>? E,. Af? = 0. If in particular A eM”, 
then it commutes with every E,,, (e M’) and so we can write 


Aw? =0 where wl =f? — >°., Ff. 


If A «M then A* eM, thus the images of A, A* belong to Jt. Thus Aw! = 
A*w! = 0; therefore Eww? = 0 (ef. (18), p. 393). Now if only A e M” (re- 
member that M ¢ M’’!) and AE® = A then 


Aw? = AEw? = 0. 


Thus the image of A belongs to It, and so for every « > 0 a BeM exists, the 
image of which has a distance < ¢ from the image of A: > 7-, || (B— A)f¢ ||? 
<e. In other words B ce U(A, fi, ft, --- , ©). 

So if A «M”’, AE, = A, then for every sequence fi, fz, --- with a finite 

1 || f? ||? and for every « > 0a BeM with B c U(A;ft, 7%, ---, ©) exists. 
Therefore A is a strongest condensation point of M, andso A eM. Conversely 
every A eM satisfies A e M’’, AE, = A (ef. (18), p. 394). Thus M is the 
common part of M’’ with the set of the A with AZ, = A. These sets are 
obviously weakly closed (cf. (18), p. 388), and so M is too. (In fact, Theo- 
pe in (18) shows at once, that it is precisely R(M).) This completes the 
proof. 

Note that we have proved Theorem 6 in (18) over again: Consider an arbi- 
trary M, and use R(M) in our considerations. 








2 eee ae 
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4. Our next objective is to prove this: 
Consider a direct product 5 = [Ii ® &. (ef. RO, §2.1, Theorem I), and the 
correspondence A; <> A‘) between all A; ¢ B; and some A‘) ¢ B®, the set of 
the latter ones being precisely B‘‘) (cf. RO, §2.3, Lemma 2.3.2 and Definition 
2.3.1). A; < A‘ is a one-to-one mapping of B; on BS'). We claim: It is 
continuous both ways in the sense of the strongest topology in B; resp. B®. 


For the proof, note first that [[ ? ®§; is isomorphic, (RO, §2.2, Lemmas 2.2.1, 
2.2.3), to ([]%-1,;+; ® 5) ® Hi. Therefore we may assume n = 2,7 = 2 and 
use the apparatus of RO, §2.4. Then A,, A‘ become A e Bz and A® = 
< bt2A > t2n1,2. Denote the complete normalized orthogonal set in §,, used 
there (loc. cit.) again by ¢g:, g2, ---. 

Now Be U(A; fi, fo, --- , €) (in Bz) is obviously equivalent to 


B® ¢€U(A®; < fi, 0,0,---, >, < fo, 0, 0, --- > s+, e€>), 


(in B®) and B® ¢ U(A®; < 91,1) 91,2) *** >< 92,1, 92,2, **° >; init €) (in B®) 
is equivalent to B « U(A; fi, fo, ---, €) (in Bs), if fi, fo, --- is some simple 
sequential arrangement of the double sequence gj, 1, 91,2, «++ » 92,1) 92,2) °°") °°": 
The auxiliary conditions are satisfied because 


z || < fi, 0, 0, 729 > ||? = 2d Il fll? 


t=1 


i] 


Dw I<giugix ess > IP = DO lg IP = dD lhl. 
i=1 é,j=1 k=1 
Thus A <— A® is bicontinuous between Bz and BY’ C B @® in the strongest 
sense. This completes the proof. 


5. We now give the examples mentioned in §§1-2. 
The first example coincides with that one in (18), p. 383. Let be a Hilbert 
space, ¢1, ¢2, --- , complete normalized orthogonal set in it, Amn = Ptem) + 
m Pro, the set of all Amn, m,n = 1,2,---,m<n. 

If a sequence fi, fo, --- with a finite }>%_, || f; ||? is given, then 


X(T luot) =F (FS iGede) =F isle 


ee) 


is finite, and so lim, ),7=1 | (fi, gp) |? = 0. Choose an m with >>?-1 
| (fi, Gm) |? S €/2 and ann > mwith >°%_, | (fi, gn) |? S €/2m*. Then >07-1 
I| Amnfil? = Didar (1 (fy em) 2 + me? | (fy gn) [2) S €/2 + m? €/2m? = & 
Thus Am, n € U(0; fi, fo, ---, €). So 0 is a strongest condensation point of S; it 
is a fortiori a strong and a weak one. 

If a subsequence A m,,n,)v = 1, 2, --- from S converged weakly to 0, it would 
be uniformly bounded (ef. (18), p. 382). As || Am,n¢n || = m this implies that 
the m, are bounded. Thus for some m we have infinitely often m, = m, 
(Am, ny» Pin» On) = 1, Amn, € Us(0; ga, 1). Thus Amn, v = 1, 2, --- can 
not converge weakly to 0, a fortiori not strongly and not strongest. 





















o = -_ 


ee 


i, 
l- 
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We now pass to the second example. Let now S be the set of all 
256n2(1 — Py) where n = 1, 2, --- and where I is any closed linear set with 
< n dimensions. 

If ne fi,--+, fn are given, then 256 n°(1 — Piy,s,....4) fi = 0 for 
i=1,---, nso 256 n(1 — Pry,..., 4) € Us(O; fi, --- , fa, €). Thus 0 is a 
strong cusanaaiiia point of S. But it is not a strongest one: Put f} = 1/27 ¢;, 
i=1,2,---. Then >>? || f¢ ||? = + 7 1/2 < 1. Consider now an A ¢« S 
that is an A = 256 n? (1 — Pg) where Ithas S ndimensions. Then M = 
{y;,--+ We} where yi, --- , ¥ are normalized, orthogonal and k < n; thus 


> || Pm os |? = ps <7. Il Pov ell) = > > | (sw) 
=¥ (ESleowe)= Disksn. 


v=1 t=l1 v=l1 


So || Pm vs: || > 4 cannot occur = 4n times, and therefore an i’ < 4n with 
|| Pm ge || S % exists. Then || (1 — Py) fi ||? = 1/42” || (1 — Pm) oe ||? = 
1/44" || or — Poy gv |? = 1/40"? (1 — 4)? = 1/16: = 1/256 n? and so Dc? 
(Afi, f:) = 256 n? (U7 ((L — Par) fi, Si )) = 256 nt Der I — Pa) fi IF 2 
256 n? || (1 — Py) fi- ||? = 1. 

So we have >.? (Af?,7°) = 1 and as 


Ea) s Slat tis Sil anit (S U2 ih) 


<4/ Silas 


we have 7 || Af? ||? = 1 too, thus A ¢ U(O; f?, f2,--- , 1). Therefore 0 
is not a strongest condensation point of S. 
Form now §$: @ $2 with §; a Hilbert space and $2 = § thatis ~ @ § (ef. 
§§3 and4). Form the A <> A® image of S C B:it is S® C B'?’ @ (cf. RO, §2.3). 
= <f?,f?, --- > isan element © ® § with 


elt => lel 





(Ag, ¢) = (< Afi, Af, coe Dy <fis Se, ee >) = . (Afi, fi) = i 


if A eS, that is if A® ¢S®. Thus 0 is not a weak condensation point of S@. 
Let S’® be the weak closure of S®, S’ its inverse image by A«A®, Then 0 
¢S’?, and so 0¢ 8S’. 

S’® is weakly, and a fortiori strongly closed. S® CS’, SCS’, 0isastrong 
condensation point of S, so it is one of S’ too, therefore as 0 ¢ S’, S’ is 
not closed strongly and a fortiori not weakly. 


Tae InstiTuTE For ADVANCED Stupy. 
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Introduction 


~ 1. The problems discussed in this paper arose naturally in continuation of the 
work begun in a paper of one of us ((18), chiefly parts Iand II). Their solution 
seems to be essential for the further advance of abstract operator theory in Hilbert 
space under several aspects. First, the formal calculus with operator-rings 
leads to them. Second, our attempts to generalise the theory of unitary group- 
representations essentially beyond their classical frame have always been blocked 
: by the unsolved questions connected with these problems. Third, various 
aspects of the quantum mechanical formalism suggest strongly the elucidation 
of this subject. Fourth, the knowledge obtained in these investigations gives 
an approach to a class of abstract algebras without a finite basis, which seems to 
differ essentially from all types hitherto investigated. 
The results which we shall obtain throw light on an entirely new side of 
operator theory; they lead to a new notion of linear dimensionality (which, 
under certain conditions, has a continuous range of numerical values); and 
indicate a way out of the paradoxes of unbounded operator theory. 
In the four following §§ of this Introduction we will give a somewhat more 
detailed outline of the four aspects of our problems, which were enumerated 
above. 

































2. We consider a linear space with an inner product (that is a Hilbert space 
or a finite dimensional Euclidean space, cf. (b) in §1.1), and in it the ring B 
of all bounded operators (cf. (f) in 1.1). Subsets M of B for which A, B «eM 
implies aA, A*, A + B, ABeM (ais any complex number, A* is the adjoint of A, 
ef. the notation in §1.1), and which are closed in a suitable topology of B 
are called rings. (All these notions are discussed in detail in (18).) We will 
chiefly consider rings M which contain the unit operator 1: 1 «M. If M, N are 
given rings, denote the smallest ring containing M, N by R(M, N), and the 
greatest ring contained in M and N by M.-N (this, by the way, happens to be the 
set theoretical intersection of M and N). 

The operations R(M, N) and M-N obey both the commutative and the asso- 
ciative law, therefore each of them could be analogised with addition or with 
multiplication. Owing toR(M,M) = M-M = M the analogy is closer with the 
“Boolean algebras’”’ (as they occur in set theory or in logics), than with algebra 
proper. As the analogue of the distributive law, which connects addition and 
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multiplication, does not hold in general, this analogy is not perfect. (The 
distributive law would be, according to how we identify R(M, N) and M-N 
with addition and multiplication, either R(M-N, M-P) = M-R(N, P) or 
R(M, N)-R(M, P) = R(M, N-P). None of these equations holds in general.) 
Thus it is somewhat arbitrary how we carry out these identifications. We 
choose to make R(M, N) correspond to addition and M-N to multiplication. 

In this notation the rings M (and similarly the rings with 1 « M) form a lat- 
tice. (Cf. (1), (9), (12a).) We use the terminology of (9), and therefore write in 
this § M ~ N for R(M, N) and M— N for M-N. One verifies immediately 
the lattice postulates I-IV (cf. (1), p. 422) for these operations. 

The lattice R of all rings with 1 ¢M contains a smallest element: the set 
(a1) of all operators of the form al; and a greatest element: the set B of all 
bounded operators in . We write in this §, 0 and 1 for (a1) and B. 

Now B& has a property, which brings it nearer to the Boolean algebras than 
lattices usually are: there exists an operation M’ in R which dualises addition 
and multiplication ; that is, for which 


(D,) (MN) = MAN’ 
(Ds) (M ~N)’ = M’ UN’ 


hold. To this end we define M’ as the set of those A which commute with all 
B «eM (ef. (18), p. 374); then M’ e R and 


(Ds) M = M” 


(cf. (18), p. 397). Now (D)) is obvious; and (Dz) follows from (D,) by replacing 
M, N by M’, N’, applying ’ to the equation, and using (Ds). 

In the analogy with Boolean algebras (or logics) in which M ~ N corresponds 
to the sum (resp. “or”) and M ~ N to the product (resp. ‘“‘and”’), M’ should 
correspond to the complement (resp. ‘‘no’’). 

Another lattice of such a structure consists of all closed linear manifolds of §. 
Denoting it by M we define: If IM, N are two closed linear manifolds in , 
then It ~ MR is the smallest closed linear manifold containing them (ef. (d) in 
§1.1, where it is denoted by [Mt, It]); Mt ~ Nis the greatest closed linear mani- 
fold contained in them (their set theoretical intersection, Dt- Jt); 0 is the smallest 
element of M: the set (0) consisting of 0 alone; 1 is the greatest element of M: 
. (We use these notations in this § only.) Then we may define Qt’ as the 
set of all elements of § which are orthogonal to all elements of Mt: 5 — M 
(cf. (16), p. 74). One verifies again the lattice postulates I-IV (ef. (1), p. 422) 
for M, while the distributive law (postulate VI, eod., p. 453) does not hold in 
general. (Postulate V, eod., p. 445, holds, thus M is a B-lattice, cf. eod.) 
(D1)-(Ds) too hold. 

Following the analogy with the complement in Boolean algebras (and “no” 
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in logics) further, we are led to expect 
(D,) MvTJM’=1 
(Ds) M “>~“ M’ = 0 e 


(In the lattice M (D4), (Ds) hold. In fact there is a quite intimate connection 
between M and a certain type of logics: The probability-logics of quantum 
mechanics. Cf. (20), pp. 130-134.) These equations, however, are not true 
in general in R. For instance, if M is Abelian (cf. (18), p. 374), then M C M’, 
and thus M ~ M’ = M’,M ~M’=M. For this reason it is of interest to find 
out, for which particular elements M of R (D,), (Ds) hold. As ’ dualises (D,) 
and (D5) (apply ’, and use (D,)-(Ds)), they are equivalent. Thus it suffices 
to discuss one of them. In our original notations they read: 


(D,) R(M, M’) = B 
(Ds) M-M’ = (al). 
The theory of these equations will be the chief subject of this paper (cf. §3.1), 


3. Let § be the n-dimensional Euclidean space ©,, » = 1, 2,---. In this 
case it is easy to detail the meaning of (Ds). 

Assume M-M’ = (a1). Let M” be the set of all unitary elements of M, 
then M is the ring generated by M/” (cf. (18), p. 392). Thus M’ = (M’)’; 
and as M’ is a group of unitary matrices, M consists of all linear aggregates of 
elements of M”’. Now apply the theory of unitary group representations to 
M’. 

As M’ consists of unitary matrices, it is completely reducible (cf. (14), pp. 
11-12, footnote 1). Introduce a coordinate system in © = ©,, in which M’ 
appears completely reduced. Let the irreducible parts of M” correspond to the 
sets of coordinates p: + pot --- + ppittl,--+, pit Pot -:+ + Doi tDs 
fors = 1,---,7, wherer = 1, 2,---; piy---, pr =1,2,---;pite-- + 
pr = n, and denote them by Ih, --- , I... Denote the number of those which are 
equivalent to I; by q(= 1, 2, --- , ), and arrange the I, so that these should be 
I,,---,I,. By a further coordinate transformation we can even make I, - - - , I, 
identical. Besides p; = --- = pg=p. Thus every element of M2 looks like 
this: It consists of r (= q) matrices succeeding each other along the main di- 
agonal, the q first ones being identical and of degree p. The same is true for 
their linear aggregates, the elements of M. 

The matrices which occur in the q first diagonal minors form an irreducible 
system, inequivalent to those which occur in the r — q other diagonal minors. 
So the theorems of Burnside, Frobenius, and I. Schur (ef. (3), (8); or (14), p. 412) 
apply. Therefore these matrices are perfectly arbitrary, and independent of 
the r — q other ones. Thus we can prescribe the q first ones to be equal to the 
unit matrix, and the r — q others to vanish. So an element Ep of M results, 
which commutes obviously with all elements of M; thus E)¢M-M’. As 
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M-M’ = (al), we have Ey = al. This clearly necessitates a = 1, and so the 
, — q vanishing diagonal minors in Ey cannot be present. Therefore r — q = 0, 
g=r,n=—Pt-+> + Po = Pd. 

If we write the general element A of M as a matrix: A = {a,,,}, u,v = 1, 
...,n then our discussions have characterised A as follows: Put » = 
os -— 1) +9,» = p(t — 1) + 7, where s,f = 1, --- g; o, 7 = 1,---, p (remem- 
ber n = pq), then 


= 0 ifs t 
Gs.» -{° function “| oats 
a, tT alone 
If we replace the index u(= 1, --- , m) by the two indices o(= 1, --- , p) and 
s(= 1, --- , g), and similarly v by 7 and ¢, then we have: 
A= ee Fear aeeree with 
8,t=1,°°*,@ 

(S) Qe,s,7,t = &. cBe.0 


where 6,,, is the Weierstrass-Kronecker symbol, and b.,, is arbitrary. 
Conversely: If M consists of all {654,: be,+}., -=1,---,p 
8, t=1,°°°,@ 


then it is a ring, M’ consists of all {6¢,-¢s,¢}.,-=1,---, p 
8, t=1,°"',@ 


and so M-M’ of all {5,,-4s,,@} = al. Thus (S) gives the general solution of 
(Ds) for A) = &,,. 

In other words: The general solution of (D;) obtains, by replacing the one 
coordinate index » = 1, --- ,n in © = &, by two independent coordinate in- 
dices o = 1,---, pands = 1,--- , q (n= pq), and collecting in M all linear 
operators A which operate on o alone, while M’ consists of all those which oper- 
ate on s alone. 

This is the effect of the application of the classical Burnside-Frobenius-I. 
Schur theory of unitary group representations. Thus the solving of (Ds) con- 
nects directly with the fundamental facts about unitary representations. 

If the analogous situation held in Hilbert space, we would be led to expect 
that if is Hilbert space, the solutions of (Ds) can be brought in the following 
form: § is isomorphic to the functional space of all functions f(z, y) in two 
independent variables x, y, (ff | f(x, y) |? dx dy finite); the ranges of x and of y 
are continuous or discrete, in the latter case f .-- dz resp. f --- dy is meant to 
indicate a sum. (Cf. (16), pp. 69 and 108-111.) M consists of all operators 
which operate on xz alone, and M’ of all those which operate on y alone. (Cf. 
§3.2, where this is more precisely discussed.) 

The essentially different character of Hilbert space, compared with the spaces 
.,n = 1,2, .-., is reflected in the fact that this is not so. We will see that if 
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© is Hilbert space, (Ds) has further solutions. (Cf. in particular §§8.6 and 
13.2.) Their properties seem to be of great importance for the general theory 
of operators. 

The general importance of the solutions of (Ds) for operator theory follows 
from this fact too, that their knowledge allows a characterisation and classifica- 
tion of all rings of operators. This will be discussed in a subsequent paper of the 
second author. 


4. Another interpretation of (Ds) is suggested by quantum mechanics. The 
operators of © correspond there to all observable quantities which occur in a 
mechanical system ©. (Cf. (6), pp. 55-60, and (20), p. 167. We restrict our- 
selves to bounded operators, which correspond to those observables which have 
a bounded range. Thus B corresponds to the totality of these observables.) 
Now if S can be decomposed into two parts G1, Ss and if we denote the set of 
the operators which correspond to observables situated entirely in ©; or in ©, 
by M, resp. Me, then we see: 


(1) M,, M2 are rings, and 1 (which corresponds to the “constant”’ observable 
1) belongs to both M,, Me. 

(2) If A eM,, Be Mz then the measurements of the observables of A and B 
do not interfere (being in different parts of ©); therefore A, B commute 
(cf. (6), pp. 11-14 and 76, or (20), pp. 117-121). Thus M, C Mj. 

(3) As © is the sum of S,, S: therefore R(M;, Mz) = B. 


(1)-(8) describe the problem of “factorising” B which is discussed in more de- 
tail in §3.1; it leads to our old problem: As M; > M;z therefore R(M;, M;) > 
R(M,, M:) = B so R(M,, M;) = B, that is precisely (D,), which, as we know, 
is equivalent to (Ds). Conversely: If M fulfills (D,) (that is D;), then M; = 
M, M2 = M’ satisfy (1)-(3). (Cf. §3.1 for more details.) 

Thus our problem of solving (Ds) corresponds to the quantum mechanical 
problem of dividing a system © into two subsystems G;, G2; and in particular 
the solutions M of (Ds) correspond to the complete rings of all observables of 
suitable quantum mechanical systems. 

This interpretation of (Ds) suggests of course strongly the surmise formulated 
at the end of §2.2: It should be possible to describe § as (isomorphic to) the 
space of all two variable functions f(z, y), (ff | f(x, y) |? dx dy finite), M operating 
on x only, and M’ on y only. In this case ©,, Se would be explicitly given: 
©, being described by the coordinate x, and Gz by the coordinate y. 

The fact that the surmise of §2.2 is not true, is therefore the more remarkable; 
particularly so because certain features of the “exceptional” rings M seem to 
make them even better suited for quantum mechanical purposes than the cus- 
tomary B. We will now discuss these properties of M. 


5. The full system of solutions of (Ds) will be discussed in §§8.3-8.4. While 
we refer to those sections for a complete discussion, we would like to call atten- 








de 
J 


awe 
~ 





ON RINGS OF OPERATORS 121 


tion here to the following: If the surmise formulated at the end of §2.2 holds, 
then M is obviously isomorphic to the ring of all operators on x. That is, ac- 
cording to whether z has a finite or infinite range, M is isomorphic to the ring 


B of either a finite dimensional Euclidean space €,, n = 1, 2,---, or of a 
Hilbert space ©’. In the systematic notation used in §8.4 these possibilities 
are labeled as cases (In), m = 1, 2, --- , respectively, (I,,). (In the last case 


the range of z may be either continuous or discontinuous, but it is well known, 
that this does not affect the character of the Hilbert space ’ at all.) As we 
mentioned, these cases do not exhaust all possibilities for M: further cases, 
labeled (II,), (II,,), (III,,.) may occur. (All of them, except (III,,) certainly 
exist; while the existence of (III,,) is as yet undecided. Cf. §13.3.) 

The cases (In), m = 1, 2, --- , are of course the simplest ones, and they are 
the ones on which our notions as to what operators should look like have been 
developed. This is true for general operator theory as well as for quantum 
mechanics. It is therefore of particular importance to compare the other cases 
(I,,)-(III,,) under the following aspects: Which one has the most properties in 
common with (I,), the ring of all matrices of n rows and n columns, and which 
one can be considered as the limiting case of (I,,) forn — ©?. The investigations 
of operators in Hilbert space have always been carried on with the idea that the 
B of Hilbert space, that is (I,,), is the natural limiting case. We think however 
that our results indicate that there is more point in assigning this rdle to (II). 
There are two chief reasons for this assertion: The existence of a trace, and the 
behavior of unbounded operators. Chaps. XV and XVI of this paper have been 
devoted to the purpose of deriving these common features of (I,) and (II,). 
In what follows we will make a few qualitative remarks on the subject. 

The cases (I,) and (II,) are characterised by this property: It is possible to 
define for all Hermitian operators A ¢ M a function 7(A) with finite real values, 
which has the formal properties of the trace (cf. §§15.4—15.5), and there exists 
only one such function T(A). In the cases (I,), where the operators A «M 
correspond to matrices {a,,,},,)...,n obviously T(A) = (1/n) Di Gy, » (the 
“normalising factor” 1/n is necessary, because we require T(1) = 1), and it is 
well known, that in case (I,) (that is: for all bounded infinite matrices 
{a,,0) met _..)no such function 7(A) can be defined. (The expression which 


is formed in analogy to (1/n) 07 a,,, will not converge in general.) Now we 
proved, as mentioned above, that the only further case where such a T(A) 
exists and is unique, is (II). 

Considering the immediate applicability of T(A) to quantum mechanics (it is 
the “a priori” expectation value of the observable A, which is correctly normal- 
ised here, but cannot be in (I,,), cf. (20), pp. 165, 169), it is significant that its 
existence and uniqueness is a characteristic of (II). 

_ Amore general problem which will be discussed by the second named author 
in a forthcoming paper arises now from the following motive: It would be desir- 
able to characterise those abstract algebras, in which one and only one function 
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T(A) with the properties of the trace (as discussed above) exists. (They should 
be abstract, that is no connection with the operator rings should be postulated.) 
The result is, that all algebras which meet these requirements are isomorphic 
to an operator ring M in a (Euclidean or Hilbert) space §, which solves (D;) 
and belongs to cases (I,), m = 1, 2, --- , or (Ih). 

~ Returning to case (II,) let us point out, that the analogy with (I,) goes so far, 
that theorems of the following type hold: Every system of linear equations 
(which can of course be written as one operatorial equation Af = 0 where A eM 
is the “coefficient matrix,” and f « represents the variables) has a rank. In 
case (I,) this is a number 0, 1, --- ,  — 1, n, but we replace it by its n-th part: 
0,1/n,---,(m—1)/n,1. Now in case (II,) it is any number 20, 1. Two 
adjoint systems of equations (Af = 0 and A*f = 0, cf. §16.1) have the same rank. 
(Observe the analogy with (I,), and the contrast with (I,,)!) Similarly a 
dimensionality for subspaces of © (linear, closed sets) can be defined, which 
has the values 0, 1/n,---, (n — 1)/n, 1 (in the customary normalisation 
0, 1,---,” — 1, n) in case (I,), and all values 2 0, < 1 in case (II). 

With this notion of dimensionality even the ‘‘minimax principle’’ (ef. (5), 
pp. 26-29) can be proved, which thus labels the proper values of all Hermitian 
operators (in M), even in continuous spectra! So it makes sense to speak 
about the ‘“‘proper value No. a of the operator A (from below)” for any 
a = 0, <1, even for irrational ones! (cf. §15.2). 


6. Let us now consider the unbounded operators. While M consists prima 
facie of bounded operators only, there is a natural way to extend it, so as to 
include unbounded ones too: An arbitrary (not necessarily bounded) operator 
X is said to belong to M, if it is invariant under all unitary transformations 
U’ ¢€M’; we denote the set of all those linear, closed operators X with an every- 
where dense domain which belong to M, by U(M). (Cf. $§4.2 and 16.4, as 
to the notions of linearity and closure cf. (16), p. 70. The bounded elements 
of U(M) form precisely M.) 

While in general Hermitian operators possess a resolution of unity if and only 
if they are hypermaximal (cf. (16), p. 92, or (15), Theorem 9.3, p. 339) this is 
much simpler in cases (I,) and (II,): Here every Hermitian operator A « U(M) 
is hypermaximal, and has therefore a (unique) resolution of unity. (In case 
(I,) this is due to the trivial reason, that every linear operator is bounded in 
that case. But in case (II:) unbounded operators exist, in the same way as 
they do in (I,,)!) 

The operators in U(B) (© a Hilbert space) behave very pathologically from 
the point of view of operator algebra: Thus if A, B, « U(B), then A + B and 
AB cannot be formed in general, and the entire mechanism of replacing operators 
by their extension leads to very paradoxic results. (Cf. (17), pp. 230-234, 
where these conditions are discussed in detail.) This applies, of course, to 
every U(M), M in case (I,,). In cases (In) and (II) again it is not so: The 
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algebra of U(M) works without any difficulties, and if A is an extension of 
B, A, B « U(M), then A = B. (Cf. for details §§16.3 and 16.4.) 


7. A detailed account of the content of this paper is given in the table of 
contents which follows. The main results are summed up in the Theorems 
|-XV, while the essential problems are formulated as Problems. It will be 
pointed out after each problem to what extent it is solved and where the solu- 
tions are to be found. The auxiliary considerations, which lead to the Theorems, 
are grouped into Lemmas. 

The notations are explained in §1.1, where the chief references too are given. 
These, as well as all other quotations, refer to the bibliography, which follows 
after the table of contents. 

Various continuations of the investigations begun in this paper, which we 
propose to undertake in several subsequent papers, are indicated throughout the 
text. (Cf. also note at the end of this paper.) 

Here however we would like to mention that very similar methods to those 
used in this paper permit us to discuss the corresponding problems in the non- 
separable analogues of Hilbert space (cf. (11), (13)). The analogy to Cantor’s 
theory of alephs, which we stress in Chapters VI and VII, becomes then even 
more apparent. This subject, too, will be treated at a later occasion. 
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Part I: Preparatory Considerations 
Chapter I: Notations 


1.1. In what follows we will have to assume that the reader is familiar with 
the unitary—orthogonal—geometrical discussion of the elementary properties 
of Hilbert space, as contained in the treatise (16) (particularly pp. 63-78) or 
in the remarkable exposition of the subject in (15) Chapter I. Besides we will 
have to make frequent use of some other papers of one of us, namely (18), (21) 
and (22), which is a variant to a theorem of (18). 

Certain notations will be used on this account subsequently, without further 
references to their meaning. They are as follows: 

(a) « eS means that 2 is an element of the set S,S C T or T > S means 
that S is a subset of 7’, (including S = 7’). The set of all elements x witha 
certain property e«(x), will be denoted by (x; e(x)); the set of all f(x) with z 
having the property ¢(x), by (f(x); «(x)); the set theoretical sum of the sets 
S, T,---, plus the elements x, yo, --- by (S, T, --- , 20, Yo, --- ). Theset 
theoretical product (common part) of the sets S, T, --- is denoted by S-T. --: 

A symbol n, such that x7 S has a meaning similar to that of x ¢ S, will be 
defined in §4.2, Definition 4.2.1. 

(b) A linear space with a linear product, and which is separable and complete, 
will be denoted by . (We will use affixes and suffixes if more than one such 
space occurs.) In other words: § is a space in which operations a-f, f + 9, 
(f, g) satisfying the conditions A, B, C, E, of (16) p. 64-66 are given. Condi- 
tion D (loc. cit.) is explicitly excepted. Thus © is either a Hilbert space or a 
finite dimensional Euclidean space accordingly as D is fulfilled or not. We only 
consider 1, 2, --- , dimensional Euclidean spaces, excluding explicitly the 0- 
dimensional case where § = (0). 

(c) We denote complex or real numbers by a, ¢, a, x, C, D; integers by 7, j, k, m, 
n, P, g, 8, t, u,vand N. Elements of § are denoted by f, g, ¢, ¥, sometimes (in 
direct products) by ®, WV. 

(d) Arbitrary subsets of are denoted by G, linear subsets by 2%, linear and 
closed subsets by &, §, Mt, N, B, OQ. As the latter are again spaces of the type 
of §, their symbols sometimes replace . 

The smallest linear and the smallest closed linear set containing certain sets 
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or elements are denoted by { --- } and [ --- ] respectively (instead of ( --- ), 
cf. (a)). The set of all elements of Xt which are orthogonal to I is denoted by 
nN — Me. 

(e) Operators in an § will be denoted by A, B, X, Y. For certain special 
kinds of operators, the following letters will be used: E, F, G and P for projec- 
tion operators, U, V, and W for unitary and partially isometric operators (cf. 
(16), p. 70). 

(f) The ring of all bounded, everywhere defined, linear and closed operators 
in 9 is B, its subrings are M, N, (cf. (18), p. 388). 

Arbitrary subsets of B are S, the smallest ring containing S is R(S), the ring 
of all A which commute with X and X* for every X « S is S’. 

(g) As discussed in (18), pp. 378-388, two different topologies can be used in 
§, and four in B, “Strong” and “Weak” in § and B, “uniform” in B and finally 
there is the “strongest” topology in B. If nothing in particular is said, we 
always mean the “strong” topology in §; otherwise the topology to be used will 
be specified. The properties of these topologies are not all of the customary 
type and they are of some importance. Details are given in (18) and (22) 
loc. cit. 

(h) In part IV, a group G and a space S, will be considered, where © consists 
of one-to-one mappings of S on itself. We will denote the elements of @ by 
a, b, and c; those of S by z, y; the unit, the inverse induced by a e Gin S are 1, a~. 
These notations will however only be used in Part IV. 

The results of operator theory which we will use most frequently (apart from 
the general theory of Hilbert space and the spectral form of hypermaximal 
operators) are these: Theorems 1, 5, 9 in (18), Theorems 5, 6, in (19), and 
Theorem 7 in (21). 


Chapter II: Direct Products 


2.1. An operation which generates a new space © with the help of n given 
ones, $:,---, 6, is the direct multiplication. As it is one of the essential 
elements of the situations which we are going to discuss, and as a general abstract 
treatment (valid for Hilbert spaces too and not using special coordinate sys- 
tems) of this notion does not occur in the literature, we will give a systematic 
discussion. 


Definition 2.1.1. Let n = 1, 2,--- spaces G1, --- , Gn be given. Consider 
all functionals ®(f,, --- , f,), Which are defined for all systems 


fieHi,t = 1,---,n, 
and have complex values, and which are conjugate linear in each f;: 
(i) (... ,ofi,---) = a®(.--. fi,---). 
(ii) Bl... fit gy, --+) = O--- fees) OC --+ Gye). 
Call their set [T*_, © &,. 
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Definition 2.1.2. If asystem f? ¢ $;,7 = 1, --- ,n, is given, form the fune. 
tional 


P(f,, bts » Jn) = Ili-: (fi, fi) - 


Clearly é¢[][7 @ ©; Defne@ = [[t @ff =fi @--- @f. 
Definition 2.1.3. Consider all finite linear aggregates of the form 


Oe 2 ce las ® fi,, p=0,1,---,f, eD;. 
Call their set [[%-; ® ©;. (Clearly []t-; ® 5 C []%-1 @ &;.) 


/ 


Lemma 2.1.1. If 6, ¥ e[]%~; ® i, that is 


$= } Tht. ® fi.,; v= ) Eres ® 93.0 


then form 
(4, v) = Sail See Bits (FE as 93.0) ° 


This expression depends on ®, Y only, but not on the particular decomposition used. 

Proof: Owing to the linearity it suffices to consider the case when ® = 0 or 
YW = 0; and owing to the symmetry in @, ¥, we may assume V = 0. We vill 
show that each addend of the sum : in (®, V) vanishes separately. Indeed: 


pot [Tin (Sir. 980) = USI, + Sin) = 0. 
Lemma 2.1.2. If @e[]%_,’ @ G, , then (®, &) > O for  & 0. 
Proof: Consider first any &¢ [[*%_,’ ® ©,. Then 
(®, ©) = Dee et Tt (Stn St..)- 
For any complex x1, --- , Zp, 
Live Ser St dh = (Li Siw Ula Ste) = || Do eSt0lP 20; 


therefore each matrix ((f%,,, f%,,))y, »1,...p (p dimensional!) is semidefinite. 
Thus it is the sum of (at most p) semidefinite matrices of rank 1, that is of 
the form ((a@/&})), ,01,...p- Thus (, ©) is a sum of terms 


P n t~t Pp n i n i 

By Vem Ili. a,a, = oe as Ili. ai-[[t.@: 
oe n i Pp n eo p n tj2> 
= ah ae ee | vin | Eve Ili. x} | 20. 


So we have (4, &) 2 0. 
From this, Schwarz’s inequality 








| (2, ¥) | < V (4, 6)-(%, v) 


follows literally as in (16), p.64. Thus (®, 6) = 0 implies (@, ¥) = 0 for every 
VeVi’ @G,. Put ¥ = []t, @f, then 


& (fi, eo Jn) = (%, | ® fi) — 0, 
andso® = 0. Thus ® & 0 implies (4, &) > 0. 





or 
ill 


ite. 
of 


ery 
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Lemma 2.1.3. With the above definition of (#, ¥), []°_,' ® 9, is a linear space 
with an inner product, that is, it satisfies the conditions A, B, in (16), p. 64. 
Thus it can be metrized by defining 


Distance (®, V) = || & — W ||, where || || = V(4, 4). 


Proof: This follows immediately from Lemmas 2.1.1 and 2.1.2, remembering 
(16), pp. 64-65. 
Lemma 2.1.4. We have || Bets ®@ f; | == i |f; ||, and for every 
be]]%1' ® G;; 
#(fi, ae »Jn) = (@, IT. ® f,) 
| &(fi, esti Ju) | = | ® | “ Ii. Il fi |. 


Proof: The first equation follows directly from the definition of || --- || in 
[]:.:’ ® §,; while the second is obvious, and the third results from Schwarz’s 
inequality: 


lof, +f) = 1 in @f)| s le] - | Tia © &]) = lel Tra Vall 
Definition 2.1.4. Consider those functionals @¢ []%_, ® ,, for which a se- 
quence ;, Bo, --- € tly ® §, exists, so that 
(i) lim (fr, «++ fn) = (fy «++ fa) for alll f: € Gi. 


ro 


(ii) lim || ®, — , || = 0. 

We write for this briefly  ~ (#,, d2, --- ). Call their set ait. ® §; = 
9: ® --- ® Ga, the direct product of G1, --- , Dn. 

Lemma 2.1.5. Every sequence ®,, ®2, --- from te ® §; satisfying (ii) in 
Definition 2.1.4. belongs to precisely one ® ¢ [[":_, ® ©; in the sense of (i), (ii) eod. 

If  ~ (#1, Be, --- ), then all other sequences with ® ~ (Vi, Vo, --- ) are char- 
acterised by lim, || ®, — WV, || = 0. 

Proof: We have (by Lemma 2.1.4) 


| ®(fi, +++ fn) — Bf, --+ fn) | Se — & || Wil fill. 


Thus lim, ose | ®-(fi, Pie Jn) fei ®.(fi, Bia » Jn) | wai 0, So lim, ®; (fi, gas Jn) 
exists. Call it (fi, ---, fn). Clearly @ ¢ [[%_, © S:. Thus (i), (ii) hold; 
therefore  e []7 @ G,, ® ~ (4, d, --- ). Bis unique by (i). 

As to the second statement, we can assume, owing to the linearity, that 
’=¢,=¢,=...=0. If lim,..||¥, || = 0 then we find, as above, 0 = 
lim, 4 V,(fi, ++» ,fn). And ||\¥, — ©, || < || ¥ |] + ||. |], thus tim,,... 
i¥}—,||/=0. Thus0 ~ (, Ws, --- ). 

Assume conversely 0 ~ (W;, V2, --- ). If we did not have lim, || Y; || = 0, 
we would have || ¥, || = a > 0 for a fixed a > 0 and infinitely many r’s. Con- 
sidering a suitable subsequence, we obtain it for all r’s. Now lim, V;-(fi, --- fn) 
= 0 implies lim... (¥,, ¥°) = Ofor any fixed W° « []%_,’ @ H;. Put v= ¥,,, 








RO = 
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where 7 is so great that r, s = ro imply || ¥, — W. || S$ a/2. Then we have 
for r = 1 


| (W,, V,,) | = | (V5 V,,) | et | (W,, A Y,, Y,,) | = | v,, |? ican | V,, —¥V, | || Y,, H 


2 
21%, ("Sv = (ial —$) Ie 2(a-Z)a=% 


contradicting lim,_... (W,, V;,) = 0. 
Lemma 2.1.6. If 6, ¥ e[][%-1 ® Gi, that is 


b ~ (%, 2, --- ), V ~ (%, Vo, +--+), V,,  e]]%-1 @ ; 


then lim, (®,, V-) exists. Denote it by (@, WV). This quantity depends on 
&, W only, and not on the particular representation used. If 6, V e[[%~; ® &;, 
it agrees with the previous definition. 

Proof: lim,,,.0 || ®- — ® || = 0, lim,,,. || ¥- — Ws |] = 0 imply by 
Schwarz’s inequality lim, ,.. | (®-, V;) — (®s, Vs) | = 0, thus lim,_... (@,, ¥,) 
exists. If further 6 ~ (61, 63, ---), V~ (Wi, Wa, --- ), then we have by 
Lemma 2.1.5. lim,.. || ®; — &/ || = 0, lim,_.. || ¥ — Y; || = 0 and so 


fim, 10 (4,, W,) = lim ,. 0 (e', Vv’) . 


If &, ¥ e]]%-; ® Gi, then ® ~ (4, 4, --- ), V ~ (¥, ¥, --- ) show that the 
new (®, WV) agrees with the old one. 

Lemma 2.1.7. If & « [["-1 ® §i, then (#, ®) > 0 for  & 0. 

Proof: (&, &) = 0 follows by continuity from Lemma 2.1.2. If (4, ®) = 0, 
then for @ ~ (41, do, --- ), ® e [[%-; @ Gi, lim,... (&,, ®,) = 0, 


lim, || @, || = 0, 


and thus by Lemma 2.1.5¢ = 0. So & & 0 implies (4, 6) > 0. 

Lemma 2.1.8. With the above definition of (6, V), [[%=1 ® 9, is a linear . 
space with an inner product, that is it satisfies the conditions A, B in (16), p. 64. F 
Thus it can be metrized by defining. 

Distance (®, V) = || 6 — W ||, where || ® || = (4, &)}. 

Proof: This follows immediately from Lemmas 2.1.6 and 2.1.7, remembering 
(16) pp. 64-65. 


Lemma 2.1.9. []%~, ® f; is a continuous function of the fi ¢ Si. (We use t 
now the metric, strong, topology in all these spaces.) 

Proof: Put a = max;-,,...,, || f? ||, and assume that all || f; — f? || < ¢ for an a 

e>0. Then ; : 

| T[i-1 @f -— TTi-1 @F¢ | = || Vj-1 TTi-1 @F @ TLi-j41 OF . F 

— [Lisi @f: @ IIi-; @F.) | ; 


= || Vier [iat Of © G-S}) @ Ti-j41 @ Ff || 
< D%-: || [Liz @ £@ VU; -— f}) © t=): OF | 








ar 
4. 


ng 


an 
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Dia Wt hel - Fl -he  | 

< Di-1 @ + dt cari = (a + 6-2". 

Lemma 2.1.10. Lemma 2.1.4 holds for ® « [["_,; ® ; too. 
Proof: Follows by continuity. 

Lemma2.1.11. If e[]%-1 @ Gi, F1, 2, --- e []%-{ @ G; then 
 ~ (4, ho, ee ) 


is equivalent to lim, || ® — ®, || = 0. 

Proof: If lim, || & — ®, || = 0, then Lemma 2.1.10 gives Definition 2.1.4, 
(i), and || 4, — ®, || < || ®@ — 4, || + || @ — 4, || gives Definition 2.1.4, (ii). 
Thus ® ~ (4, 2, --- ). Conversely, if @ ~ (@;, $2, --- ), then by definition, 

@ — 4, || = lim,.. || ®, — ||. Thus lim,, ,.. || ®, — ®, || = 0 implies 
lim,» || @ — ®, || = 0. 

Lemma 2.1.12. ii tes ® Hi, tetas @ ; are both separable spaces, that is 
they satisfy condition D in (16), p. 65. 

Proof: Ete ® §,; is dense in ors ® §; by Lemma 2.1.11, so it suffices 
to show that []%-; ® ; is separable. By Definition 2.1.3 the separability of 
the set of all [[%-, @ fi, fi € H:, suffices; and this follows, by Lemma 2.1.9 
from the separability of the spaces $1, --- , Dn. 

Lemma 2.1.13. [][%-, ® ©; is topologically complete, that is it satisfies condi- 
tion E in (16), p. 65. 

Proof: Assume &, $2, --- € [[%-1 ® i, lim,, ,.. || &- — || = 0. For 
each @, choose a ®° ¢€ [[%_; ® ; with || ®, — ° || < 1/r; thus lim,_. 
|¢,— 6? || = 0. Solim, ,.. || ®? — ©? || = 0, and for @ ~ (#}, ©), --- ), 
lim, || & — ®? || = 0 (by Lemma 2.1.11), and thus lim,_,.. || & — &, || = 0, too. 

This discussion can be summed up as follows: 

Theorem I. The direct product of $1, --- , Dn; 1 ® i, arises by the 
topological completion of the set [["-; ® ©; of all finite linear aggregates of 
expressions [[%-, ® f%, f? €;:. It is a set of functionals ® = & (fi, --- , fn) 
in the sense of Definition 2.1.1, thus []?-1 ® S: C[]%-1 © ©; and it is a space 
satisfying conditions A, B, C, E of (16), pp. 64-65 (cf. our §1, (a)). Further 
essential properties are given in Lemmas 2.1.1, 2.1.4, 2.1.9, 2.1.10, 2.1.11. 

Ifn = 1, Bites ® ; coincides not only in our notation with §,, but in reality 
too. 

In this case we may write f{ for []%-, f?, or even better f°. The linear 
aggregates of f”s are f’s again, so ][%-; ® ©; coincides with §;. Thus 
already i ae ® ; is complete, and Bites ® ; contains no further elements. 
Note that in this correspondence of the one-variable functionals © to the 
f « S,  (f) becomes simply (f°, f). A well known theorem of M. Fréchet and 
F. Riesz implies therefore, that in this case the @ e [["-, ® ; are characterised 
by | #(f) | < C. || f || fora suitable constant C. (Cf. for instance (16), p. 94.) 

This latter point is remarkable, because for n > 1 the condition 


| &(f;, di iu >In) | = C-JTt-1 Il fi | 


IA IIA 
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is necessary (cf. Lemma 2.1.10) but not sufficient for the ® e | = ® Hi, as 
we will show after Lemma 2.2.2. 

2.2. It is of interest to discuss the relationship between ail ® Handa 
set of complete normalised orthogonal sets in each §i. 

Lemma 2.2.1. Let a complete normalised orthogonal set ¢:,1, ¢i,2 -- + be given in 
each ;,i =1,---n. Then the [a1 ® inti try be, «++ try = 1, 2, --- forma 
complete normalised orthogonal set in Bits ® Hi. 

Proof: By definition 

((T%-: ® ¢i, tis ITi-: @ $i, ui) = IIi-: (Gi, tis Yi, ui) = ITi-: 94;, uj 
proving the normalised and orthogonal character. The linear aggregates of 
the ¢;,, are dense in §,, thus those of the []%~1 ®@ ¢i,1; are dense in] [°-; ® §; 
(by Lemma 2.1.9), and therefore in Ti iws ® §;. This proves the complete- 


ness too. 
Lemma2.2.2. In order that an n-variable functional ® e [] ® 9; (cf. Definition 


2.1.1) should belong to [["_, ® ©; 
| (fi, --- Idi Ss CTT. ll fi | 


(for a suitable constant C) is necessary. If this ts the case, ® is completely char- 
acterised by the numerical values 


P(¢1,1,, ne ag Yn, tn) = Qt,,.--, tn for all th, ee t. = 1, 2. 
The finiteness of ><”... 4,1 | Gu, .--, tn [2 ts then characteristic for ® « [["_; ® &:. 


With this restriction the az,,...1, can even be prescribed arbitrarily, and a ® 
e [[%-1 © © with these ay, .... 1, will exist. 

Proof: The necessity of the first condition follows from Lemma 2.1.10. It 
implies, owing to the linearity, that @(fi, --- , fn) is continuous in the fi, --- f,. 
Thus the values ®(¢1,1,, --+ , Gn.t,) determine ®(fi, --- ,f,) if every f; is a limit 
of linear aggregates of 9,1, 9,2, --- ; that is always. 

By Lemma 2.1.10, (4, [["* Sy, ) = O(91,1,, °-* » Ontn) = At, , therefore 

re. nk? must be finite, by Lemma 2.2.1 and (16), "66. Con- 
versely if a “itn Gt,,--.t, With a finite : ee tine | Gt, +++ t, |? is given, then 
@ = » bell ie ieigll A Re ini iets ® ¢i, +; exists and is e ho ® 9; by Lemma 
2.2.1 and (16), p. 67, and for the same reason 


P4145 °+* Onin) = (® [] 2 @ it) = O4,.--, tn- 


We now see that in the case n = 2, the preliminary condition on ®, 


LS(fi, fe) |S ClAl- AI, 


means that the matrix (az, ti. te<1,2,-.. associated with @ is bounded in the 
sense of Hilbert’s theory; while @ e []%_, ® ©; means the finiteness of 


” 2 
t1,te=1 | Qt, te | ’ 


that is that the matrix belongs to E. Schmidt’s class of matrices. Thus while 








the 


hile 
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the preliminary condition is already characteristic for n = 1, it is not for n = 2. 
If 6; = S: = His a Hilbert space, and J a conjugation (passing to the complex 
conjugate, (ef. (15), p. 357) in , then ®(fi, fe) = (Ifi, fe) is an example for the 
opposite; because with 1,1 = 2,1 we obtain ay... = 54,1,. 

Lemma 2.2.3. If in the notation of Lemma 2.2.2 , V ¢ ia ® §; corresponds 
to Qy,.--.tn TCSP. D4, ..-, tn then 


(%, v) _ acwvnn ead OM pete" pip ace il 


n? 


the series being absolutely convergent. 

Proof: The last formula of the proof of Lemma 2.2.2, together with Lemma 
2.2.1 and (16), p. 66, give this. 

Lemmas 2.2.2 and 2.2.3 show that the dimension of []°_, ® &; is the product 
of the dimensions of all ; that is: 0 if at least one of them is 0; © if none of them 
is 0 but at least one ©; the finite product if all are finite. From new on we 
assume that all $; have dimensions * 0, that is that ©; * (0). 

2.3. We define now certain operators in [["_, ® ©;. We will denote the 
ring of all bounded, everywhere defined, linear and closed operators in ; by 
B;,i = 1,--- , nthe same in [["_, ® 5; byB ®. (Cf. (17), p. 370.) 

Lemma 2.3.1. If an operator A; ¢ B; anda ®e [["_, ® §; is given, then a 
unique &* e |]; ® H; with 


®*(fi, --- Ji? ++ f,) = O(f,,--- » Ai Sis +++ Sa) 


exists. (A; is the adjoint of A;). If || A;fi\| S$ D || fi || for all fie Sj, then 
| o* | sD]. 

Proof: We may assume 7 = n. The uniqueness of #* and its existence in 
[[%_1 © ©; are obvious. 

AC with | ®(fi, --- , fn) |? S C? []%_, || fi ||? exists, therefore there exists for 


any given fi, tpt Sn an f° = fi(fi, ‘age » Sn—1) € §, with ®(fi, pore » In) _ (f°, fn) 
and || f° || = C []7=1 || f.|| (ef. (16), p. 94). Now 


O*(fi, ce » fn) soa #(fi, pais. » ATS) = (f°, Arf) = (Af, fn). 


Furthermore A, is bounded, therefore a D with || A,f || < D || f || exists. So 
we have: 


LO (fay ++ 5 fn) | = | (Ant, Sn) | S | Ans Ill fal 
< D||fll- fal] s CD [Ti | fi 
a | B*(y, tis °°* Ou, tn) x = - a | (An f(r, ket?" » Pn, tn) ? 
= Dotan -sstrset |] AnfGuns °° » Pn—atas) Il? 
Fe eee Pee ee 
SD? Di eee stant | (Pitas + 9 Pn-tstaa)s Gata) |? 


a D* i +++, tn=l | B(G,, 4,5 es Pn, ty) P. 
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Thus @ « []_, ® 9, implies 4* « ont. ® ; (by Lemma 2.2.2), and we have 
|| &* || < D || || (by Lemma 2.2.3). 

Lemma 2.3.2. If we define an operator A‘; by A‘? 6 = &* in the sense of 
Lemma 2.3.1, then AS «B®. 

Proof: A‘; is everywhere defined and linear by Lemma 2.3.1; and if we choose 
D with || A.f || < D||f ||, then || AS® || < D|| @|| by the same Lemma, 
Thus A‘) is bounded and therefore it is closed, too. 

Lemma 2.3.3. A‘ []"_, @f, = [L[jzts, ® Af, © Wie S,- 

Proof: Follows immediately from the definition. 

Lemma 2.3.4. The correspondence A; ~ A‘? is a (one to one) isomorphism 
for the operations aA,, A;, A; + B;, and A;B,;. 

Proof: This is obvious for aA; and A; + B;; for A; and A;B; it follows by 
applying these operators to the ids ® f; as the limits of linear aggregates of 
I]t: ® f; cover all []5_1 ® §;. 

That A; = B; implies A‘‘’ = B‘'?, is clear; the converse is again seen by 
considering the [[’_, ® f;. 

Definition 2.3.1. Call the set of all A‘;"’, if A; runs over all B,, B‘"?. 

Lemma 2.3.5. BY = (BY, j % 1)’; that is: BS is the set of all operators 
in B ® which commute with all elements of all BS{”s j * 7. 

Proof: It is obvious that for j <i, AS? AG? = AY AGS if 6 = []7_, @ hf. 
Thus this holds for all © ¢ [[%_, ® :, A‘? and A‘? commute. In other 
words: B‘'? C (BY, 7 & 1)’. 

Assume now A° ¢ (BY? j= 7%)’. Then A® commutes with every A‘?, j i. 
Introduce again the complete normalised orthogonal systems ¢;,1, ¢;,2, -- 
in 9; j7 = 1,---,n. The projection P,,; . (ef. (16), p. 74) belongs to §;, 
it transforms 9;,. into 6.,:¢;. Thus P{3} «BS transforms [[7_, ® ¢:.n 
into 54;,1 T]i-1 @ ¢.4; and as this is a complete normalised orthogonal system, 
this means that P(é? ,,is the projection of [] [1 gx.) ¢; = t] (the smallest linear 
and closed set containing all [[%_, ¢:., with t; = t). Now A® commutes with 


Pi, ,: Therefore ry, ,) ® = ® implies ae JA°S = AS. The former is 
the case for 6 = []Jizi @x.4 @ fi @ [[iei: ® ¢e., and t=t; Thus A% 


when written as a [[%_, @ gx, Series, wi, --- Ua = 1, 2, --- has terms with 
u;=t;only. As this holds for every j *s 7 we have 


A°é = [lizi @ gu, @ fi @ TDo nc @ Gk, tz « 


Thus f; is determined uniquely by f; and the t;, k *< 7. Consideration of the 
operator ee .)J *s%,t *& s, shows however, that t; = ¢ and t; = 8 
give the same. So the value of t; does not matter. Thus f; = Ajf; fora 
fixed operator A; in ;. It is clear that A; is everywhere defined and linear; 
and || A°® || < D|| ®|| implies || A; f; || < D/|| f; || so that A; is bounded 
and therefore closed. So A; «B;. The definition of A; gives A® = A\ 6 
for all 6 = []?_, ® gi, thus for all 6. So we have A® = A’) «BS. 

This proves B;') > (B‘!); 7 & 2)’, completing the proof of B = (BS); 7 & 1)’: 















1€ 


T; 


ed 
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Lemma 2.3.6. BS? is a ring and contains the operator 1. 

Proof: This follows from (18), p. 397, because B‘;’ has the form S’ (by Lemma 
2.3.5). 

Lemma 2.3.7. Let S; be a set C Bi, and S‘') the set of all A\?, 
A, eS\ C(B @). Then S; is a ring if and only if S‘° is one. 

Proof: Define a ring by its characteristics established in (22), §3. The only 
notions entering there are the operations aA, A*, A + B, AB, and the strongest 
topology, as defined in (22), §2. Now all these are invariant under A; ~ A”: 
the algebraic operations by Lemma 2.3.4, and the strongest topology by (22), 
§4. Besides closure in B{) and in B @ is the same thing, because B‘;' is a ring 
by Lemma 2.3.6, thus weakly closed in B®, and a fortiori in the strongest sense. 
This completes the proof. 

Lemma 2.3.8. R(BY, .-- , Bo”) =B ®. 

Proof: We could prove this by a direct construction, but the following indirect 
proof is quicker: The same considerations as the ones we made in the proof of 
Lemma 2.3.5 (but now without the exceptional 7) show that 


(BY? ;7 =1,---,n)’ = @l). 


So R(BY”, cp a)’ - (BY, oe Bi)’ = (al), and by (18), p. 397, 
RB’, --- , By) = (@l)’ =B ®. 

We will frequently use the above quoted Theorem 8 from (18), p. 397: That 
if M is a ring which contains 1, then M = M”. No particular references will 
therefore be made to it. 

The results of the foregone discussion can be summed up as follows: 

Theorem II. The sets B‘', i = 1, --- , n, defined in Definition 2.3.1, are rings 
which contain 1;B‘'? being isomorphic to B; Any two B‘') commute, and 
R(BY'’, --- , BY”) = B®. 

Further essential properties are given in Lemmas 2.3.5, and 2.3.7. 

2.4. The asymmetric aspect of the case n = 2 is of importance. 

Form [[?_; ® ©; = $1; ® Ss, and introduce a (finite or infinite) complete 
normalised orthogonal system in $1: ¢1, ¢: --- . Now define 

Definition 2.4.1. If 6 € H: ® Ge, form the f%(¢.) € H2, t = 1, 2, --- as in 
the proof of Lemma 2.3.1. Denote them by f®, ¢ = 1, 2, --- resp., and write 
Ov <j, JO... >= <fO> oo .. 

Lemma 2.4.1. The f®, t = 1, 2,--- determine’ ~ < f, f®,.-. > 
uniquely. If dimension §y,, is finite, the f can be prescribed arbitrarily; if it is 
infinite, then the only restriction is that >.*_, || f ||? must be finite. 

If ® Sie <7" J™, ria >; Yr g™, g™, — >) then (4, v) = Ze (f, g). 
The sum is absolutely convergent, if infinite at all. 

Proof: Let ¥1, 2, --- be a complete normalised orthogonal system in §:; 
form, as in Lemma 2.2.2, 6 &, vi.) = (S, v4) = 4 P is uniquely 
determined by the a1, and so by the f™. For given a:,1,'s & exists if 
Ds. | 4,1, |? is finite; but if the a, :, are defined by the f : az, = (f, v1) 
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then or, | az,¢, |? = || {™ |/?, therefore the condition is, that Dt, Il SF |! is 
finite. 
If the dimension of §,, is finite, the number of the ¢,’s is, and the condition 
is void. If the dimension of §,, is infinite, we obtain the condition: 
7 «1 || f@ |? is finite. Finally Lemma 2.2.3 gives: 


(®, v) ac tnt y™, V,) (g™, V1.) = >, (f™, g) . 


all sums being absolutely convergent. 

The operators in $; ® 2 can be expressed in a simple normal form, in which 
only operators from $2 occur: 

Definition 2.4.2. If A® is an operator in B ® (for 5; @ se), then form 
A°<0,---,0,f,0,--- > = <i, fe, --- > (the f stands in place no. 2). 
Every f* defines an operator A;,, by f; = Ars fi. Write A°~ < Az. ee 

Lemma 2.4.2. All A:,; belong to Bz (for He), they determine A° uniquely. If 
dimension of §, is finite, the A:,, can be prescribed arbitrarily; if it is infinite, 
they cannot. 

Proof: A:z,; is clearly everywhere defined and linear. A° is bounded, so a ( 
with || A°® || < C || @ || exists. Then 


|| Aue ||? = p= Ae f ||? = | A° < 0, 0, sis OF, 0, 77: > |? 
sC?|| <0,---,0,f0--->|P=C fl, | Aeef ll SC lls. 


Thus A;,, is bounded and closed too. It is clear from Definition 2.4.3, that the 
A;,, determine A° uniquely for all = <0, --- , 0, f, 0, --- >, and therefore 
for all ®, 

If dimension of §,, is finite, say p, then the formula in Definition 2.4.2 cer- 
tainly defines an operator A°, which is everywhere defined and linear. Each 
A,,, is bounded, say || A:,.f || S C:s || f ||. Then 


A® < fi, +++ Sp > = < Dota Anihy ++) Detar Ato fi>. 
| A°e |? = || A°< fi, --- fp > I? = Doras |] Dear Ace fe |? 
S Dota P Detar || Ate Se |? 

S Lia pe ia Cu fe PS CI WR = CSP, 


where C? = p max;-1,...,» D)2=1 C7,,, and so || A°@ || < C || @||. Thus A" 
is bounded and closed too. 

It would be easy to formulate the restrictions arising if the dimension of $1 1s 
infinite, but they are of a very implicit type. In fact, even if $2 is one dimen- 
sional, they express that the numerical matrix < a;,. eT bounded in 
the sense of Hilbert’s theory. 

The rules of computation for this representation A° ~ < Ai,s >, ,21,0,... Ht 


very similar to those of common matrix-algebra. 
Lemma 2.4.3. If A, B°, C° ¢ B @, and A° ~ < Abs Pt sa12 
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Bo ~ < Bis >t,s21,2---7 Co < Cts >t, s21,2,-.. then the following rules of com- 
putation hold: 

(i) If C° = a A®, then C:,, = aAz,s. 

(ii) If C* = (A%*, then C.,, = Aj, :. 

(iii) If C° = A® + B®, then Ci,. = Ais + Bis. 

(iv) If C° = A°BY, then Ci. = Dota1 Ans Bin. The S°%_, converges in the 
sense of the strong topology of Bz, irrespectively of the order in which the 
n = 1,2, --+ are gone through. 

Proof: (i), (iii) are obvious. Denoting < 0, --- , 0, f,0,--- > (the f stands 
in place no. t) by f‘, we see: (A, g“) = (A: f, 9). Therefore in case 
(i) we have on one hand (C° f, g) = (C,.f,g) and on the other (Cf), g*) = 
(A°g®, f®) = (Ast 9, f) = (At, t J, g) thus proving C,,, = A,,; *. 

Consider finally case (iv). We have C°f‘? = < Cis f >saie,.... 

On the other hand C°f‘) = A°B*f = A® < Binf >na12,... = AX > * 


Lett n=l 





(B:,nf)™ where the >-*_, is strongly convergent, irrespectively of the order in 
which the n = 1, 2, --- are gone through. So we have further (as A® is 
continuous) : 


cy) o- bm A(Binf)™ sta a < Ans Binf > sel, 2, +++ 
=< ) in Ais Binf > ent, 8, +++ 


with the same kind of convergence. This proves C;,, = An. Bin. We 
now investigate the correspondences A; ~ A‘;'?. 

Lemma 2.4.4. If A € Be, then A® ¢B @ is ~ < 644A > ¢,5=1,2,..-- 

Proof: Obviously 9: ® f ~ <0, --- ,0,f,0, --- > (fin place no. ¢), there- 
fore by Lemma 2.3.3 A®) < 0, ---,0,f,0,--- > = <0,---,0,Af,0,--- >. 
Thus A‘? = Oif stand = A ifs = t, in other words A,,, = 6;,,A. 

Lemma 2.4.5. If S isa set C Bs, then the set S® of all A®, A® €S, consists 
of all AS ~ < 61,5A >t,0-1,2,-.., A €S (every A € S generates an A°!); and 
the set S®” consists of all A9° ~ < At,s > t,0=1,2,---) Ats € S’. 

Proof: The first statement follows immediately from Lemma 2.4.4. As to 
the second, observe that 


<b,24 >< Ate > = <AAts >3 < Ate > <5,.A > = <A, AD; 


thus < A;,, > commutes with A®) ~ <6,,A > if and only if every A:,, com- 
mutes with A. Furthermore A ®* = A*®) (by Lemma 2.3.4, < (6,,.A)* > = 
<6,:A4* >. These facts together establish the equivalence of < A:,,; > «S®” 
and of all A;,«€S’. 

Lemma 2.4.6. BS?) is the set of all Ao ~ < 614A >t,s01.2,--., A € Bo (every 
A ¢B: generates an A®!);B\" is the set of all Ao ~ < at,.1 > t,0=1,2,---- 

Proof: Follows from Lemma 2.4.5 by putting S = Bs, considering that 
Bi” = B\!) (by Lemma 2.3.5). 

In those applications in which the aspect of this § will be used, the important 
object will always be S2, while © will only play a réle in so far as its dimension 
may be prescribed. If dimension of $; is N = 1, 2,---, ©, and if we write 
% for S2, we will use the abbreviated notation N ® § for $1 @ He. 
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Chapter III: Factorisations of B 


3.1. We now formulate the two notions which play the central réle in all our 
discussions (chiefly the second one). We consider a space § and the ring B 
of everywhere defined, bounded, linear and closed operators in §. 

Definition 3.1.1. Asystem of n(= 1, 2, --- ) subrings My, --- , M, % (0) of 
B is called a factorisation, if 

(i) M; C Mi, that is every element of M; commutes with every element of 
M,, for 7 3s 4, 

(ii) R(M,, --- ,M,) = B. 

Definition 3.1.2. A subring M of B is called a factor, if 


M.M’ = (al), 


that is, if the center of M (the set of all those elements of M which commute 
with every element of M) consists of the numerical multiples of 1 alone. 
The connection between these two notions is given by the following Lemmas: 
Lemma 3.1.1. If Mi, --- ,M, is a factorisation, then every M; is a factor. 
Proof: We have 


M,-M; C (3a, x:Mj)-M; = []31M; = (My, --- ,M,)’ 
= (R(Mi, --- ,M,))’ = B’ = (@l). 


By (18), p. 393, M,-M;; contains a projection Ey; thus Ey = al, that is Ey) = 0or 
1. Ey = 0 would imply M; = (0) (cf. eod.: if A eM; then AE) = A), thus 
E, = 1. Therefore M,;-M; = (al). 

Lemma 3.1.2. M isa factor if and only if M, M’ is a factorisation. 

Proof: If M, M’ is a factorisation then M is a factor by Lemma 3.1.1. If 
conversely M is a factor, then 1 « M-M’, and so M, M’ * (0); further 1 «€M C 
R(M, M’), andsoM = M” and R(M, M’) = (R(M, M’))”. Now (R(M, M’))'= 
(M, M’)’ = M’.M” = M’.M = (al). R(M, M’) = (al)’ = B. Finally 
M and M’ commute. Thus M, M’ is a factorisation. 

These Lemmas prove that if M is a factor, then M’ is one too. If M, isa 
factor then it is a ring and 1 e« M,; thus M,; = M‘; therefore M; = Mz implies 
M; = M,. Therefore we can define: 

Definition 3.1.3. If M,, Mz is a factorisation, then M; and M; are called 
coupled factors if M; = M, or (which is equivalent to it) M3; = M;. The follow- 
ing problem arises immediately: 

Problem 1. Is every factorisation M,, Mz made up of coupled factors? 

We will see that the answer is affirmative in a certain special case (cf. Lemma 
3.2.4) but negative in general (cf. §13.4). This problem is of some interest in 
the case n > 2 too, because if My, --- ,M, is a factorisation, then R(M,, - -- , Mi), 
R(Mi.4:, --- ,M,) where 1 < k S n — 1, is one too. 

3.2. A simple example of a factorisation is this one: If § = ie ® Hi = 
©, ® --- ®@ Gna, then B’, ... , B%” form a factorisation by Theorem II. 
Thus every B‘' is a factor. This suggests the following definitions: 
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Definition 3.2.1. A factorisation M,, --- ,M,, is a direct factorisation, if 


is isomorphic to a direct product $1 ® --- ® §,, so that Mj, --- , M, becomes 
1)... , Bi resp. 
Definition 3.2.2. A factor M is a direct factor, if is isomorphic to a direct 
product S: ® --- ® Gn, so that M becomes a BS’, i = 1, --- , n. 


The following remarks lie near: 

Lemma 3.2.1. We can restrict ourselves in Definition 3.2.1 to the case where 
n = 2,1 = 1 (or just as well i = 2). 

Proof: Lemmas 2.2.2 and 2.2.3 show, that [[%_, ® ©; is isomorphic to 
Hi ® (TT 5.1 Gai @ §,) and to (Tj argxo @ §,) ®@ §;. 

Lemma 3.2.2. If Mi, ---,M, is a direct factorisation, then every M; is a 
direct factor. 

Proof: Obvious. 

Lemma 3.2.3. M is a direct factor if and only if M, M’ is a direct factorisation. 

Proof: If M, M’ is a direct factorisation, then M is a direct factor by Lemma 
3.2.2. If conversely M is a direct factor, then we may assume by Lemma 3.2.1 
that © = 9: ®@ GS, M = BS’. Then by Lemma 2.3.5 M’ = B\'” = BY’, 
proving the statement. 

Lemmas 3.2.2 and 3.2.3 are perfect analogs of Lemmas 3.1.1 and 3.1.2. We 
now solve Problem 1 for direct factors. 

Lemma 3.2.4. If Mi, Mz ts a factorisation, and either M,; or Mz is a direct 
factor, then both are it, they are coupled, and M,, M2 is a direct factorisation. 

Proof: Owing to the symmetry we may assume that M, is a direct factor, 
and thus that © = ©; @ S2, Mi = B{’. Now M. C M; = BY” = B®”. 
Besides M; -BY?) = M,-M; = (M,, M;)’ = (R(M,, M.))’ = B @’ = (al). 

Now consider the mapping A?) <> Az of BS’? on Be (belonging to 2). It 
carries the ring M, C BY? into a ring N C B, by Lemma 2.3.4 and the ring 
M; -BS”? into N’ by Lemma 2.3.7. So N’ = (al), and therefore N = (a1)’ = Bn, 
M. = BY’. Thus Mz = Mj, M; = B\!’, M2 = BY’, proving all statements. 

We have thus a general picture of the formal properties of factorisations and 
factors, general, direct, and coupled. A further point which is of interest in this 
connection will be elucidated by Lemma 5.4.1. 

The decisive question is now this: 

Problem 2. Is every factorisation direct? Is every factor direct? 

We will see in §8.4 and §13.2, that the answer to the second and therefore 
(by Lemma 3.2.2) to both questions is no. We will therefore have to investigate 
and characterise the non-direct factors. 


Chapter IV: Auzxiliary Theorems 


4.1. The theorem which follows has some interest of its own. We therefore 


prove it in its general form, although we will mostly need its extremely special 
Corollary only. 
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Theorem III. Let M be a factor and let operators A, --- ,Ane™M, Aj,... 
A! eM’ begiven. We have 


} A.A; = 0, 
if and only if a matrix (ai,;)i,;-1,... ,n exists, such that 
> ae a; A; => 0 b a; A; = A; ° 


Proof: The condition is obviously sufficient: If it is valid, 507, ,_, a; ,A;A, 
gives, when first summed over 7, 0; and when first summed over j, }07_, 4; 4). 
In order to prove its necessity, assume >>7_, A,A; = 0. 

Form the space n @ § of all systems fi, --- , fn in S, with the inner product 


(< fi, widen Jn >, SJ °° 19n>) aa Deiat (fis 94) 


(Cf. §2.4). Let M be the set of all those < fi, ---, fn >, for which 
A; Xf; = 0 for every XeM. Mis obviously linear and closed. Let E be the 
projection of It. # can be written as an operator matrix < E,,;>,,.21,....y- 

Assume now < fi,---,fn> € Mt. If Xo ¢ M, then for every X «eM 

n_,_ A:X Xof; = 0, thus < Xofi,---, Xofn > eM. If Xo € M’, then for 
every XeM, >5"_, A,X Xof; = Xo DIA; XS, =0 thus < Xofi, ---, Xof> eM. 
Thus ® « Jt and Xy)¢M or M’ imply for X‘?? = < 6,,,X0 >+,s01,---.2; 
Xo eM. As every Eb e M, we have X\?’ L&e M, EX?’ LS = X° He that 
is EXE = X9B. Replacing Xo by Xo, and thus X%?’ by X3®° = X?*, 
and applying * gives EX'S?) E = EX. Thus X\?’E = EX‘, or in other 
words XoH,,, = E,,,; Xo. Thus E,,, commutes with every Xo « M or M’, 
E,,, «€M’-M” = M’.M = (al), that is Z,,, = a,,,1. 

Consider < A; f, ---, A, f > for an arbitrary fe. If X «M, then 
rn. AXA:S = DAA, Xf = 0. Thus < Aif,---,4,f > 
E<Aj,---, Af >= <Aif,---, Af >. Thatis: Aif = Dj-1 BiAif= 
Dui a; AG, A; = Dijana; Aj. 

Consider next < Ajf,---,A*f > for an arbitrary fe. Further choose 
an < fi, --+,fn > €M. Then 


(< Aif, is , Arf >; < fi, ae In >) — pe (AZ, fi) = pa (f, Aifi) 
= (f, 3-1 Aifi) = 0. 
Thus < Ajj, --- , A*f > is orthogonal to IM, and therefore 
B<Atyj,---, 49> = ®. 
That is: 0 = Doja1 Ei,; Af = Doj-14:,; A7f, Do3-1.4;,;A; = 0. Applying * 
gives be a;,;A; = 0. E is Hermitian, this implies obviously E*.. = E,,, 
G;,. = Qs,r. Thus the last equation becomes }>"21 a;,; A; = 0. 


So the proof is completed. 
Corollary: For A ¢M, A’ eM’ we have AA’ = 0 if and only if A =0 or A' = 0. 
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Proof: Put n = 1, a;,1; = a: AA’ =Omeansa A = 0, (1 —a)A’=0. This 
means fora = 0,a = la 0,1, that A’ = Oresp. A = 0 resp. both. 

4.2. We define 

Definition 4.2.1. Let M be a ring which contains 1. A subset S of or an 
arbitrary operator Z in $ (not necessarily ¢B!) are said to belong to the ring M 
in symbols 7 M resp. Z 1M (we use the 7 in order to distinguish this from 
the element-relation ¢), if they are invariant under every unitary U «M’: 
that is, US = Gresp. UZU- = Z for all U eM’. 

The relationship between 7 and e is easily established. 

Lemma 4.2.1. If Dts a linear closed set, then Mn M is equivalent to Py, «eM 
(cf. (16), p. 74). If Z €B, then Z n M is equivalent to Z « M. 

Proof: Dt nM means UPmU™ = Pug = Py, UPm = Py if U is unitary 
and eM’, thus Py 1M. Thus it suffices to prove the second statement. 

If Z eBthen Z » M means UZ = ZU for all unitary U e M’ that is for U « M’”’ 
(cf. (18), p. 392). That is: Z « (M”’)’ = (R(M”))’ = M” = M. 

Lemma 4.2.2. The conditions of Definition 4.2.1 can be replaced by US C S 
and UZ © ZU. The latter means that Z commutes with U in the sense of (18), 
p. 404. 

Proof: Replacing U by U- (which is unitary and eM’ too, U-! = U*) and 
multiplying left resp. on both sides with U gives 6 C US and ZU C UZ. 
Thus US = G and UZU" = Z, UZ = ZU. 

4.3. We will now define a class of operators which is a generalisation of the 
unitary ones, 

Definition 4.3.1. An operator U ¢€B is partially isometric if it maps a linear 
closed set € isometrically on another linear closed set §; while it maps H — € 
on0. That is: f e €implies Uf ¢§ and || Uf || = || f ||, the range of U is all §, 
fe — €implies Uf = 0. CEand § are the initial resp. final sets of U. 

A unitary operator U is obviously such a partially isometric one, with as 
initial and final set. 

Lemma 4.3.1. Pg = U*U, Pg = UU*, U* is partially isometric too, with 
interchanged initial and final sets: §, €; as a mapping of § on &, U* is the inverse 
of the mapping of E on §, U. 

Proof: If f, g*e €, then substitution of h = f > g f = 4 into || Uh ||? = 
| h | gives (Uf, Ug) = (f,g), that is (Uf, Ug) = (Pef, Peg) (cf. (16), p.71). If 
forg « — G, the latter equation remains valid, as both sides vanish. Owing 
to the linearity, it holds therefore for all f, g. We can write it as (U*Uf, g) = 
(Pef, 9). SoU*U = Pg. If the character of U* were already established, sub- 
stitution of U* would give UU* = P;. So we need only to discuss U*. 

For f e€, U*Uf = Pef = f, so U* maps § to € inversely to U. Thus this 
mapping is isometric in §. Assume nowf eS — §. Then (f, Ug) = 0 whenever 
Ug ¢§, but this is the case for g « € and for g eS — € (then Ug = 0), thus for 
allg. So (U*f,g) = (f, Ug) = 0, U*f = 0. This completes the proof of U*’s 












142 F. J. MURRAY AND J. V. NEUMANN 


being partially isometric with the initial and final sets §, € resp., and its being 
inverse to U there. 

Lemma 4.3.2. Any of the four following conditions is characteristic for partially 
isometric operators. UU*U = U, U*UU* = U*, U*U is a projection, UU* is 
a projection. : 

Proof: Owing to the symmetry between U and U* it suffices to consider the 
| H first and the third conditions. If VUU*U = Uthen U*UU*U = U*U, (U*U)? = 
U*U, thus U*U is a projection; so we need only to prove that the first condition 
is necessary, and that the third one is sufficient. 

If U is partially isometric, we have always Uf «§,so PsUf = Uf, PxU = U; 
but UU* = Ps,so UU*U = U. 

If U*U is a projection, put U*U = Pg. Thus forf « &, || Uf ||? = (U*Uf,f) = 
(Pef,f) = ||f ||?, Ufis isometric in €. The image § of € is therefore isomorphic 
to &, thus a linear closed set (that is: a linear and topologically complete space) 
too. Forfie S — &, || Uf ||? = (U*Uf,f) = (Pef, f) = 0. Thus U is partially 














isometric. 
Lemma 4.3.3. Let U,, Us, --- be a (finite or infinite) sequence of partially 
isometric operators, with the resp. initial sets ©, G, --- and the resp. final sets 





M1, 02, °°: ; let the &; be mutually orthogonal and let the §; be mutually orthogonal. 

Then the sum >>; U; is strongly convergent (if infinite at all), it is partially iso- 

metric, and its initial and final sets are [€;;7 = 1, 2, --- ] and [§i;7 = 1, 2, ---]. 

| Proof: The strong convergence of >_>; U; means the same thing as that of each 

| >: Uf. As Uif; €%:, the addends are mutually orthogonal, thus the above con- 

| vergence is equivalent to the finiteness of )>; || U;f ||? (ef. (16), p. 67). Now 

| Di || Us |? = Di (UU, A) = Ds (Ped f) = (Presiar2,.--1 f, f), and thus 
finite. Replacing U; by U}, we see that >>; Uj is strongly convergent too. 

So (do: U;)* (>; U;) = > Ui pF U; = er Us U;. If i & d; then 

U;f ¢«%, CS — §, U; U;f = 0, U; U; = 0. So our above expression is 





























equal to 0; U} Ui = Do: Pe, = Prie,:imt,2,-..1. Thus >>; U; is a partially : 
isometric operator by Lemma 4.3.2 and its initial set is [€;; 7 = 1, 2, --- ], by 
Lemma 4.3.1. Replacing U; by U*, we see that the final set is 
[Bs 2 = 1, 2, oe 
4.4. A construction which is described in (21), p. 307, Theorem 7, will be of t! 
importance in all our discussions. This Theorem applies to all linear, closed f 
operators A with an everywhere dense domain, and leads to some operators of 1 
which we will consider Band W. Bis self adjoint, and definite, and W is obvi- CC 
ously partially isometric, its initial and final sets being R 
[Range B] = $ — (f; Bf = 0) = § — (f, Af = 0) = [Range A*] 
and 
N 





§ — (f, A*f = 0) = [Range A] 
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resp. We have 
A = WB, A* = BW*, B? = A*A 


Cf. loc. cit. (21). 

We define: 

Definition 4.4.1. If A is linear, closed, and has an everywhere dense domain, 
then the above described W, B are its canonical decomposition. 

We are interested in the relation between rings and the canonical decom- 
position. 

Lemma 4.4.1. If M is a ring containing 1, A 1M, and W, B the canonical 
decomposition of A, then W eM, BnM. 

Proof: W, B are uniquely determined by their properties which follow: 

B is self adjoint and definite; B? = A*A. 

A = WB; Bf = Oimplies Wf = 0. 
In fact: The two first properties determine B (cf. (21), p. 303); and the two last 
ones determine W on Range B and on (f, Bf = 0), therefore on 


[[Range Bj, (f; Bf - 0)] - [S — (f, Af ” 0), (f, Af = 0)] = 9, 


that is they determine W completely. 

Now if U is unitary and W, B is the canonical decomposition of A, then 
UWU—, UBU~ is the one of UAU-. Thus UAU-! = A implies UWU— = 
W, UBU* = B. If AM then let U run over all M’, this gives W, Bn M. 
As W ¢€B, we even have W eM. 


Chapter V: Direct Factors. Ring Isomorphisms 


5.1. We define 

Definition 5.1.1. If M is a ring containing 1, denote |Af; A « M’] by oe. 
Write EF for Pgp ¥. 

Lemma 5.1.1. f me n M; whenever f ¢€ It» M then me Cc M. 

Proof: A = 1 gives f eM. If U eM’, then 


U(Af; A «M’) = (UAf; A eM’) C (Bf; B eM’) ; 


that is UM C my. Thus De » M (by Lemma 4.2.2). Conversely: Assume 
f Mn ™M, and consider those A for which Af and A*f both eM for all f « M. 
They clearly form a ring (use the strong topology; for instance by (22), §3), and 
contain all unitary U ¢« M’, that is all M’”. Thus they contain all 
R(M’’”) = M’ (cf. (18), p. 392), and so 


(Af; A eM’) CM, [Af; A eM] CM, MM" CM. 


Definition 5.1.2. Mt M is minimal (with respect to M), if Mx 0, and Ny M, 
NC M implies N = (0) or M. Replacing M, N by E = Pm, F = Py we can 
say (cf. Lemma 4.2.1 and (16), p. 76): projection E « M is minimal (with 
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respect to M), if EH ‘= 0, and if for every projection F eM, F < E implies F = 0 
or F = E. 
i Lemma 5.1.2. It M is minimal if and only if M = (0), and for every f «eM. 
f= 0, mM" = M. 
' Proof: Assume first that Dt» M is minimal. Then Mt & (0). If feM, 
f >< 0, then 2" 1M; as f eM, my <0 and as feM, MF CM. Thus 
ef = M by definition. 
Assume now conversely that our condition is fulfilled. If 2% C M, NM, 
. then either % = (0), or anf eM, f * 0 exists. Then my C NR; but as f « M, 
| f<0, MF =MssoM CR CM, R = Mz 
| — 5.1.3. If M is a factor, then '* is minimal if and only tf f 0 and 
my = (af). 
ak eee first that f < 0 and M* . M ¥= (af). Assume that me is 
not minimal. As f %& 0, Ms (0), ion must exist an Jt 7 M with N C MF, 
Ns 0, MM. Put P= amit — %; then N, PB are orthogonal, both C mf 
both > 0. 
Thus for F = Py, G = Py, we have: F,G@eM, FG = 0,F,G 0. As 
| EY = Poy™ eM’ and *& 0 too, the Corollary to Theorem III gives Py. ml = 


B.PyM % 0, Py.mM@ = F-PyM & 0. So N-M* and B-M™ are both * (0). 


But ae are C mm’. my = (af), so they are both = (ef). Thus f « N.M 
and $- my and a fortiori feNand fF. As MX, G are orthogonal, this would 
imply f = 0, contradicting our original assumption. 

Assume now conversely that 20} is minimal. As I 
rate f & 0. 

Put L = Py», rif Py™ = HE’. As EeM, E’ eM’, therefore EZ, EH’ commute; 
therefore the E-image of M7 is My’ -M¥. Thus (remember Ef = f)) 
my’. = [EAf, A eM] = [EAEf, A eM] = [Bf, B « M], where M is the set 
of all Be M with EB = BE = B (M is obviously a ring, thus M = R(M’) 
(cf. (18), p. 392). M 

















(0), we have at any 










F’ « M? means: F’ is a projection, and e M, and so 
EF’ = F’E = F’, F’ eM. So F’ eM, F’ S E, andas E is minimal, F’ = 0 or 
E. SoM = R(0, E) = (aE). Therefore mee. ge = [Bf, B ¢€(aE)] = [aE] = 
[af] = (of). 

Lemma 5.1.4. If M is a factor, then IF 
only if Dt; is minimal (with respect to M’). 
| Proof: The criterium of Lemma 5.1.3 is obviously symmetric in M and M’, 
| as M = M”. 

Definition 5.1.3. An f * 0 is minimal (with respect to M, M’) if its mM, or, 
which is equivalent, its my is minimal. 

Lemma 5.1.5. If M is a factor, and if f is minimal, then every g *® 9, 
g «MY or my is minimal. 

Proof: M, ™’ is minimal, and since g x 0, g « my implies by Lemma 5.1.2, 
mM — mM gis too. g<0,ge mm is taken care of by symmetry. 








‘is minimal (with respect to M) if and 
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5.2. Various sorts of ring isomorphisms are possible. They are defined as 
follows: 

Definition 5.2.1. Let S; and Hy be two spaces, B; and By their operator 
rings, My C B; and My C By rings in $; resp. Hy which contain 1. If V is 
any set of operations and properties defined in both B; and By, then My and 
M,; are called V-ring-isomorphic, if a one-to-one mapping of M; on My, exists 
which leaves the operations and properties of V invariant. 

If V = (aA, A*, A + B, AB, strongest closure), we speak of full ring- 
isomorphism; if V = (aA, A*, A + B, AB), of algebraic ring-isomorphism. 

It is clear that every isomorphism of the spaces $;, 6; generates full ring 
isomorphisms (in particular one between B; and By). But the really interesting 
cases are such ring isomorphisms between an My, and an My, which do not origi- 
nate from spatial isomorphisms. 

As our methods are invariant with respect to the spaces , all notions we 
considered are invariant under spatial isomorphisms. But it is not so with ring 
isomorphisms. For instance the operation M’ is not invariant even under full 
ring isomorphisms. (Let 6;, Sy be two finite dimensional Euclidean spaces of 
different dimensions. Put My = My = (al), then M; = B;, My = By; thus 
M,, My, are fully ring isomorphic, while M;, Myrare not.) It is therefore of im- 
portance to show that some fundamental notions are invariant under certain 
types of ring isomorphism. 

Lemma 5.2.1. Every (A*, AB)-ring-isomorphism leaves the following notions 
invariant: To be 0; to be 1; to be a projection; to be partially isometric; for two 
operators: to commute; for two projections E, F: F = E; for a projection: to be 
minimal. 

Proof: A = 0 means AX = A for all X e M;; A = 1 means AX = X for all 
X ¢ M;; A is a projection if A* = A, AA = A; A is partially isometric if 
AA*A = A; commutativity means AB = BA; F S E means EF = F; mini- 
mality can be expressed as a combination of the foregoing statements. 

Lemma 5.2.2. Every (aA, A*, AB)-ring-isomorphism leaves the notion of a 
factor (as applied to the rings My, My themselves) invariant. 

Proof: As the rings M under consideration contain 1, being a factor means 
M-M’ = (al), that is: If A eM is such that for every B eM, AB = BA, then 
A =al. The first half is invariant under (A*, AB)-ring-isomorphisms, and 
so is the 1 (cf. Lemma 5.2.1), while the equation A = al is then invariant under 
(aA )-ring-isomorphisms. 

5.3. We are now able to give a simple criterium for direct factors. 

Lemma 5.3.1. The three following conditions are equivalent for a factor M: 

(i) M contains a minimal projection E (with respect to M). 

(ii) M’ contains a minimal projection E' (with respect to M’). 

(iii) There exists a minimal f « S (with respect to M, M’). 

Proof: (iii) implies (i). (i) implies (iii) by Lemma 5.1.2. Similarly (ii) and 
(iii) are equivalent. 














er 
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Lemma 5.3.2. The conditions of Lemma 5.3.1. are fulfilled for every direct 
factor M. 

Proof: If M is a direct factor in the B of $ then § is isomorphic to $; ® §,, 
so that M becomes B‘!)-B‘’? is algebraically (even fully) ring-isomorphic to B, of 
§, by Lemma 2.3.4 (resp. (22), §4); and the condition of Lemma 5.3.1, in its 
form (i), invariant under algebraic ring-isomorphisms by Lemma 5.2.1. Thus 
we need only to consider B; in §;. Now if ¢ is any element * 0 of §,, then 
P (,)} €B, and obviously minimal. 

We begin now to discuss the sufficiency of these conditions. 

Lemma 5.3.3. If a factor M fulfills the conditions of Lemma 5.3.1, then every 
M nM, M x 0, contains a minimal f with || f || = 1. 

Proof: A minimal f° exists, of course f° = 0. Thus E™ * 0; besides EY eM’. 
Now Py, 3s 0, Ps, ¢ M, so by the Corollary of Theorem III. 


PyM 9 = Pyy- Ei, = 0, My,-M rs (0). 

j 0 

Thus anfe MF -M with f * 0 exists, multiplying it with 1/|| f || makes || f || = 1. 
As fe my, f >< 0 this f is minimal by Lemma 5.1.5; and besides f ¢ M. 


Lemma 5.3.4. If a factor M fulfills the conditions of Lemma 5.3.1, then a finite 
or infinite normalised orthogonal system ¢1, g2 --- exists, such that 

(i) every gn is minimal; 

(ii) the MP, MF, .-- are mutually orthogonal; 

(iii) (Me, Me, ---] = H. 

Proof: Let & be the first uncountable Cantor ordinal number. Define for all 
a < Q,a¢.as follows: If a < Q, and all gs, 8 < a are already defined then form 
S — [MFs; 8B <a]. As this is obviously 7 M, it will contain a minimal f with 
| f || =1if itis % (0). Let then yg. be some such f; otherwise let ¢. (and 
all gy, y = a) be undefined. 

Let the first a for which ¢. is undefined, be& < 2. If a < 2, we must have 
S — [M%s; B < a] = 0, [M%s; B < a] = H. Consider now all ga, a < @ 
Always || ga || = 1. If a, 8 < & assume a > B. Then A’, B’ « M’ imply 
A'*B’ ¢ M’, A’*B’gg ¢ MY; orthogonal to y., thus B’ys orthogonal to A’¢. 
(because (A’*B’ys, ga) = (B’ee, A’va)). So (A’ga; A’ € M’) is orthogonal to 
(B’gs, B’ « M’), [A’ga; A’ € M’] to [B’g3; B’ e M’] and so MM, to M%s. This 
is symmetric in a, 8 so it holds for a < B too, that is whenever a * B. 

Thus ¢., ¢ are orthogonal if a * 8, that is the ga, a < &, form a normalised 
orthogonal set. It must therefore be finite or countably infinite (ef. (16), p. 66), 
thus excluding& = 9. Thus& < Q, and so [M¥,;a <a] = §. 

If & is finite, 6 *< (0) excludes& = 1hsoa&=n+1,n = 1,2, --- , andaruns 
overl,---,n. Ifd@isinfinite thena < &has the same aleph asa < w, and may 
therefore (by a re-indexing of the ¢.) be replaced by it; so we may assume that 
a runs over 1, 2,---. 
This completes the proof. 
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Lemma 5.3.5. If a factor M fulfills the conditions of Lemma 5.3.1 then a 
complete normalised orthogonal set fmny m = 1, 2,---;n = 1, 2, --- exists 
(both ranges for m and for n may be finite or infinite), such that: 

(i) every fm,n 08 minimal, 

(ii) my = [fu.ts Sm,2 ies 1, my = [fins Son; eee ]. 

Proof: If we replace M by M’, condition (i) of Lemma 5.3.1 becomes (ii), 
so M’ fulfills it too. Apply therefore Lemma 5.3.4 to M and to M’, obtaining 


the two normalised orthogonal systems ¢1, ¢2, --- and ¥1, ¥2,---. AsE¥. eM 
and = 0, EY « M’ and *& 0, we have by the Corollary to Theorem III 
Poy. gM = EF . EY t 0, my et ae (0). 


Choose an 7 e Me mi , Which is *s 0 multiplying it with 1/|| fx, || makes 
| fin || = 1. 

If m 3s 09 n€ me, Sa a & Me. if n _ q; Ion, n€ my, | > € my, both imply 
(i. ny fp. 2) = 0. Thus the f,,,, form a normalised orthogonal system. 

my is minimal and fm. belongs to it and is * 0, therefore Lemma 5.1.5 
applies: m,n is minimal too, and MF = mr . Similarly my = Me . As 


fn.n is minimal, Lemma 5.1.3 gives My . ma = (a fn,n), that is 
me ° me = (a ha.) . 
Thus 


Den Py 1 = Lima Ee, Ey, = Dim Een: Ln Hy, = 1-1 = 1; 


that is: the normalised orthogonal system of all fn,» is complete. 

Inn € ny = mM , and if p % m, then fyne Mme is orthogonal to M¥.. 
This proves TM. = [fm.1y fm2, +++]. Similarly MY, = [fin, fon....]. 

Thus all parts of our Lemma are proved. 

Lemma 5.3.6. If a factor M fulfills the conditions of Lemma 5.3.1 we can choose 
the fm,» of Lemma 5.3.5 so that we have: 

There is a unique partially isometric operator U ¢ M which has the initial and 
final sets [fm.1,fm.2) +++] resp. [f p.1,f 9.2, ---]and for which Ufm.n = fp.) Ufr.n = 9, 
ifr =m. Denote it by Un,» 


If an AeM has the properties | de A= AP is, Sng?) = A then 
A=a Pens 
Proof: Assume first A ¢ M and Pisa Sparel A= ke ee j= A and 
the same for B. Then applying a * gives: 
5 ee Bt = BP iy Soar ttl = B* 
and so Pm Igy) BYA = BtAPy, ,7,,..) = B*A. Now B*A ce M and 
P Vina? Lmygr 0°" = Ey is minimal with respect to M, so the argument made 


at the end . the proof of Lemma 5.1.3 applies B*A = 6Piy, ,s,,,.---1- 
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\ Put first A = B, then B*B = 6: Py, s,,,.--1- AS the left side is Hermitian 
and definite, 8; > 0. If B * 0, then even B; *< 0 and we have 


((B:)-3B)*- (B1)#B) = Puy... fy.ge-- 


Thus (6;)~*B is a partially isometric operator with the initial set [fn1, fn2, ---] 
(cf. Lemmas 4.3.1 and 4.3.2). Replacing B by B* we interchange m and p, so 
(82)—*?.B* is partially isometric with the initial set [fp1, fp, ---] and (82)-!B 
with the final set [f,1, f.2, ---]. As (6:)~?B, (62)—?B are both partially iso- 
metric, we have | (6:)~? | = | (62)~?|, that is 8:1 = Be. So (B:)-* B has the 
initial and final sets [fim,1, fm.2, ---] resp. [Jn.1,f 7.2) °° +]: 

Return now to the pair A, B. If B * 0, then we have 


A=Py sy VA = (1/B1) BBtA = (8/B) BP is, ty ge) = (B/Bi)B. 


So we see: either B = O0or A =a B. 
Consider now fn,nandf,,. As My = [fisn) fon) -- +] we have fp,n € Ny. 
So an A eM with || fp,.n — Afmn || < 1 exists. A fortiori 


| Pu AS pn — Pin tog tASmn || <1 








































Py’ Spa? 











Pry 





Pi Sparc ddan =Son; —) oe 7 


we have || fon — Aofmn || < 1, where Ao = a, of APY fa 004 
By what we prove above Ao = 0 or Ao = BoU, where Bo >< 0 and U is partially 
isometric with the initial resp. final set [fmi1, fm, ---] resp. [fn.1, fn2, -*°]: 
Now || fy,» || = 1 implies Aofm,n *= 0 and so the latter alternative holds. 

As Ao € M, Aofn,n € Min n = My,» as Ay = Popo Spar) Ao therefore 
Aofm.n €[fo.1s fom +++] = DY. Thus Aofmn eM, My, , = (fpr), 
Aofm,n = oof p, ny Ufim, n = (ao/Bo)fo, n- As | Im,n | = | So.n | = 1 and fn,n is 
in the initial set of U, we have | ao/Bo | = 1. Replacing U by (8o/ao)U does 
not affect its other properties, but makes Ufn,» = f,n. So we have: 


Puy pO UPis,,, j= U, Ufa.e = Ie.a. 


As U depends on m, n, p write U = aly The first equations determine it 
uniquely up to a constant factor, the last one makes this factor equal to 1. 
Comparing a . U (a , we see that the first equations still make them agree up 
to a constant factor: 


Sona? 



















p,. Spa" 






y(n ny 
Fag A = + _ et i. 
and : ”) is obviously of absolute value 1. On the other hand the uniqueness 
grapetty gives US), . U™)) = UM. 
Replace every fy, q, p <1, by 0{'’,” fv,q. This makes every 6;''7? = 1. Now 
obviously 691',"? . 0%"? = o'2’, hnbas o"'?? = 1. Furthermore it is easy 
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to see, that 6{";,2? - 0%,” = 6": therefore 6°", = 1. Thus U\), does not 
(n 
depend on n, Us, = Ua,» 
Um, p is partially isometric, its initial and final sets are [fn,1, fm.2, «++ ] resp. 


[foudy.2 c+], and Um,pfmn = fo, Ifr & m, then f,,, is orthogonal to 
[fm.1) fm, 2) °** |, and sO Um,» fr,n = 0. Um,» is uniquely determined by these 
properties, because already the U{;"?,, were. 

Thus we have proved the first statement of our Lemma. The second results 
by replacing in our result on A, B at the beginning of this proof A, B by A, Un, ». 

Lemma 5.3.7. If a factor M fulfills the conditions of Lemma 5.3.1, then we have 
with the Um, p of Lemma 5.3.6 M = R(Um, »;m, p = 1, 2, --- ). 

Proof: As all Um, p ¢ M, we have R(Um,»;m, p = 1,2, --- ) C M. Assume 
now conversely A eM. Put Amp = Pry is 1 APtiy . fm.z,-1) Then 


m,1, ~ m, 2, 


er: Se ee Aap = Aas ee = Am,» so by Lemma 


Pl” p, 2 


5.3.6 Am, p = Qm,pUm,p. Thus Amp €R(Um:,p:; m’, p’ = 1,2,---). But 
Limp Ama = Lime Pus, ty 1 AP ig, Sm, 0] 
= (Doe Pir, fo) ACLem Pate, Sane) 
=1-A-l1=A. 


If these sums are infinite at all, they are strongly convergent, cf. (16), pp. 77-78), 
soA €R(Um, 3 m’, p’ = 1,2,---. This holds for any A e M, so 


M CR(Um, »3 M, P, - 1, 2, ae ). 
So we have proved 
M = R(Um, p, M, Pp = 1,2,--- ). 


Lemma 5.3.8. If a factor M fulfills the conditions of Lemma 5.3.1, then it is a 
direct factor. 

Proof: Consider the fn,n and the Um, » of Lemma 5.3.7; m, p have the same 
finite or infinite range, n has another finite of infinite range. Take two spaces 
§; and 2 with the same dimensions as there are elements in the resp. ranges of 
mand n; and let 9°, m = 1,2, --- ,andy°,n = 1, 2, --- , be complete, normal- 
ised orthogonal sets in H,resp. Hz. Theng? @y?,m=1,2,---,n=1,2,---, 
is one in §; ® Ge. If we let correspond ¢? ® Y! to fn, n, we obtain an iso- 
morphism of §; ® $2 and §. 

Define in $; operators Vn, » by 


Vin, p Ym = Pp» Vn, p¢. = 0 if rm. 
Then (cf. Lemma 2.3.3) 
Vin On BP =H OG, 
Vi gf @e =0 if rem. 


Thus the above spatial isomorphism, of $: ® $2 and § transforms Vi), into 
Un, », and thus R(V$?),, m,p = 1,2, --- )intoR(U,,,,;m, p = 1,2,--- ) = M. 
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Now consider any A; ¢€ B;. Then Pe 0) AP, 0) = (Aign, 3) Vn, > = 
Pp m 
Am, Pp Vu Pp So Pe 7 AP, 0 ER(V mn’, Pp’) m’, p’ — 1, 2, ee ). But 
p m 


Dim. » Pr, oy Arr, 0) = (Qin Pr, 09) Ar Qin Pr, 0) = LAr = Ai, 


(if the sums are infinite at all, they are strongly convergent), so 
Ai ER(Vn, »} m, Pp, = 1, 2, es iP 


Thus R(Vn,p; m, p = 1, 2,--- ) = Bi. Now Lemmas 2.3.6 and 2.3.7 give 
R(V‘)); m, p = 1, 2,--- ) = BY. Thus our special isomorphism transforms 
B‘’? into M, proving that M is a direct factor. 

The results of Lemmas 5.3.1, 5.3.2 and 5.3.8 give together: 

Theorem IV. A factor M is direct if and only if it fulfills the (equivalent) 
conditions of Lemma 5.3.1. 

The condition (i) in Lemma 5.3.1 gives, together with Lemmas 5.2.1 and 
5.2.2, the 

Theorem V. Every algebraic ring-isomorphism leaves invariant the notions of 
a factor and of a direct factor (as applied to the rings My, My themselves). 

5.4. Theorem V makes it possible to prove the following Lemma, which 
belongs naturally to §3.2. 

Lemma 5.4.1. If My, --- ,M, isa factorisation, and at least n — 1 of its factors 
M; are direct, then the factorisation is a direct one too. 

Proof: For n = 1, R(M,) = B means M, = B,, thus M,, is a direct factor: 
Put §; a one dimensional space, 5: = §; then the results of §2.4 show that 
9, ® S = S = , BY? = B, = B= Mj). So the case n = 1 is settled, and 
we must only prove the Lemma for n = 2, 3, --- , if it is already established 
forn — 1. 

There is an 7 such that all M;, 7 5 7, are direct. As a permutation of all M;’s 
does not matter, we may assume that this 7 is = 1, that is, that M1; is direct. 

Then © is ismorphic to $; ® $2, so that M, becomes B‘!”. Let Mz, --- , M, 
become No, ---,N,. Ifj ‘1, then M; C M; soN; C (BY)’ = BY’. The 
correspondence A® —> A maps therefore the N,’s on rings N} C Bz (cf. Lemma 
2.3.7). The N,’s are algebraically (even fully) ring-isomorphic to the resp. 
N° (cf. Lemma 2.3.4, resp. (22), §4). Now all Me, --- , Mz are factors, and 
at least n — 2 of them direct, so the same holds for Ne, --- , N,» and, by Theo- 
rem V, for N2, --- , N°. 

As the N;, N; commute, the N3, --- , N° do too; as R(N», --- , Nn) = BY’, 
R(N}, --- ,N?) = B. by Lemma 2.3.7. Thus No, --- , Nz is a factorisation in 
Bz of He. 

So our Lemma for n — 1 applies: Ns, --- ,N, is a direct factorisation in 
Bz of 2. So G2 is isomorphic to 6; ® --- ® H*, and No, --- , N, become 
B;”, --- , Bz™ resp. 
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Now it is obvious, that is isomorphic to $; ® $; @ --- @ &* and that 
M,, Mz, --- ,M, become B{’’, B}®, ..- , Bi; (the n — 1 last ones have to 
be taken now in the product $: ® $2 @ --- H*!) resp. Thus Mi, --- ,M, 
is a direct factorisation. 

Note that now Lemma 3.2.2 shows, that all M,’s are direct. Note further- 
more, that our Lemma would even then not have been obvious, if all n factors 
M; had been known to be direct. » — 1 can not be replaced in our Lemma by 
n — 2: Because this would give for every factor M, that the factorisation M, M’ 
(n = 2) is direct, and thus M is direct; and then by our Lemma every factorisa- 
tion Mi, --- , M, would be direct. Thus the answer to both parts of Problem 2 
at the end of §3.2 would be affirmative, which is not the case (cf. there and 
§8.4 and §13.2). 


Part II: The General Problem 
Chapter VI: Relative Dimensionality 


6.1. In what follows M will always denote a factor in B of the space . Thus 
M’ is a factor too. 

Definition 6.1.1. We write Dt? ~ N(--- M), and for H = Py, F = Py, 
E~F(.--M), if a partially isometric U eM exists, the initial and final sets 
of which are 9 resp. Mt. (If no misunderstanding is possible we will omit the 
(--- M).) We say that St, NM have the same relative dimension (with respect 
to M). 

In discussing this notion ~, we have always the choice to speak about the 
linear closed sets Mt, or their projections EH = Py. We will mostly use the first 
mentioned terminology, remembering however the equivalence of the two. 

Lemma 6.1.1. M ~ MN implies M, NnM. If M, N, Bn M then we have: 


M~ M 
M ~ MN implies N ~ M; 
M~ MN, MN ~ PBimply M ~ FS. 


Proof: If U is the partially isometric operator in question, we have Py, = 
U*U eM, Py = UU* €M, and so M, NM. 

NM ~ M results by putting U = Pm; M ~ N gives N ~ M by replacing U by 
U*;MN~N with U and N ~ F with V gives M ~ ¥ by considering VU. 

Thus ~ is naturally applied to linear closed sets tM, and has there the 
properties of an equivalence. We may say: Two linear, closed sets I, It which 
are invariant under all unitary elements of M’, are of the same dimension in the 
usual sense of the word, if an isometric mapping U of I on M exists, that is a 
partially isometric operator U with the initial and final sets M resp. N. But 
they have the same relative dimension, if even the mapping U can be chosen 
so as to be invariant under all unitary elements of M’. (Cf. Definition 4.2.1 
and Lemma 4.2.1). 
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We now prove two Lemmas, the first of which expresses an additivity property 
of our ~, while the second one is the analogon of the Cantor-Bernstein “equiva. 
lence theorem” of general set-theory. (In fact, it is a special case of the Kura- 
towski-Tarski generalisation of that theorem.) 

Lemma 6.1.2. Let Yti, Me, --- and Ni, Ne, --- be two (finite or infinite) se. 
quences of the same length; let the M; be mutually orthogonal and let the N; be mutu- 
ally orthogonal. If we have M;: ~ Ni for all z, then [Wei, Me, «++ ] ~ [MNa, Ne, «++ | 

Proof: Let U; «M be the partially isometric mapping of MN; on N;, then 
U = >>; U; does the desired thing for [1, Dte, -- - ] and [9t1, Ne, --- ] by Lemma 
4.3.3. 

Lemma 6.1.3. IfM~N CR andN ~ M’ CM, then M ~ NR. 

Proof: Our relations imply Mt, Mt, M’, N’» M. Now let U eM be the par- 
tially isomorphic mapping of Jt on Mt’; it maps Mt’ C Mt on some Mv” C Hy’ 
Then consideration of UPy, proves that Jt’ ~ M’’, and so M ~ M2”. 

Let V eM be the partially isomorphic mapping of Yt on Yt’. Form for every 
n = 0,1, 2, --- the V"-images of It and of MN’, and call them Mt?” resp. Mer 
(M, Me’, M’”’ coincide with M™, M®, M@ resp.). We have MM DM d 
M®, thus (apply V™!) Me” D Met) D Men), therefore M DM" D 
ons .... 

V" is partially isometric with the initial and final sets I resp. M®, 
V"P yw similarly with MN and Me". Thus all M™ » M,n = 0,1, 2,---, 
and M6 ~ Me, MO ~ Men), that is: M?? ~ Mt or M’ if p is even 
resp. odd. 

V maps M™ on MW, Met on Mts, therefore Mt? — Mt) on 
MP) — M+, Using V(Pyw — Pmew) shows therefore, that MM” - 
MPH) VY MO) — M+), Now apply Lemma 6.1.2 to the sequences 


2 
MRC). PEG). MY 6 Piste ; M6 ot MO, MO _ Me, ac act Ms, 


MC — MH, ..., 
and 


MO. MV. MVE ... Me — MBH MO — MO, mH — Me, 


MCB) — MYC, ..-, 


It gives NM ~ M®, that is Mt ~ M’, and thus Mt ~ Ne. 

6.2. The following Lemma is an important means of establishing equality of 
relative dimension. 

Lemma 6.2.1. If X isa linear, closed operator with an everywhere dense domain, 
and X nM, then 


[Range X] ~ [Range X*]. 


Proof: Form the canonical decomposition of X in the sense of Definition 4.4.1. 
X 1M implies by Lemma 4.4.1 WeM. W is partially isometric its initial 
and final sets being [Range X*] resp. [Range X]. So 


[Range X*] ~ [Range X], [Range X] ~ [Range X*]. 








t< 


nN 
1a 


of 


mn, 
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We now prove in two steps the analogue of the “comparability theorem” 
of general set-theory. 

Lemma 6.2.2. If M, nM and *& 0, then two ¥, O&0,BCM, ACN 
with B~ Q exist. 

Proof: Choose an f «eM, f * 0. Then E™ «M’ and & 0, Py « Mand & 0, 
so by the Corollary to Theorem III. PyM. = Py- EY & 0, M™-N & (0). 
Choose g « N™-N, g % 0, multiplying with 1/|| g || makes |g) =1. AsgeM"™, 
therefore an A e M with || g — Af || < 1 exists. So || Ppyg — Py Af}! < 1. 
Now Pyg = 9, Pmf = f have the effect that ||g — P,APmf || <1. As ||g|! =1 
this implies Py, APpf * 0, PprAP ys 0. 

Now apply Lemma 6.2.1: [Range Py APy,] ~ [Range (Py APy)*]. As 
Py AP» 0 and so (Px AP»)* x 0, both above sets are * (0). Furthermore 


[Range P; APs] C [Range Py] = N. 
[Range (Py; APm)*] = [Range Pm A*Py] C [Range Py] = M. 


So $ = [Range (Py APm)*], Q = [Range Py APy,] meet our requirements. 
Lemma 6.2.3. If M, Nn M, then either M~ N’ CT Ror NR ~ M’ TM. 
Proof: Let 2 be the first uncountable Cantor ordinal number. Define for all 

a <Qapair Ma, We as follows: All Mt., Jt. will be linear, closed sets, 7 M, *x (0), 

and Ma CM, Ne CM, Ma ~Na Ifa < Qand all Ms, Ns, B < @ are al- 

ready defined, then form I — [Ms, B < a] and NM — [Ns, B <a]. As M, N, 

Ms, Ne all » M, these two sets are » M too. If both are * 0, then there exist 

two B, QO & (0) with B CM — [My, B <a], Q CMR — [Ns, B< al Pw A. 

Let them be M. = YB, te = OQ for some such pair $, OQ. As we see Pia, Ma = (0), 

Ma CM, Na KCM, Ma ~ MN. are maintained. If the above condition is not 

fulfilled, let Ma, Ma (and all M,, Mt,, y = a) be undefined. 

Let the first a for which IN., Nt. are undefined, bea < 2. If & < Q, we must 
have M — [Masa < &] = (0) or N — [Maza < a] = (0). Consider now all 
Ma, Naa <a& Always Mo (0). If a, B < & assume a > B. Then 
Ma CM — [Ms, B’ < a], so Ma is orthogonal to Mz. This is symmetric in 
a, 8, so it holds for a < B too, that is whenevera*< 8. Thus all Mt., a < &, are 
* (0) and mutually orthogonal. The same is of course true for the Ita, a < &. 

Choose an fa € Ma, fa >= 0, multiplying with 1/|| f2|| makes || f. || = 1. 
So the f., a < & form a normalised orthogonal set. It must therefore be finite 
or countably infinite (cf. (16), p. 66), thus excluding & = ©. 

If dis finite, we have& = n + 1,n = 0,1, 2, --- , andaruns over 1, --- , 7. 
If &is infinite, then a < & has the same aleph as a < w and may therefore (by 
rae of the It.) be replaced by it; so we may assume that a runs over 

Writing 7 for a, we see that we have a finite or infinite sequence of pairs 
Mi, Ni, i = 1, 2, --- ; where the Mt; are mutually orthogonal, the Jt; are mutu- 
ally orthogonal ; M: Cc M, N; Cc MN; M; ~ MN; and either [M, 4=1,2,.--- ] = 
or[%i,7=1,2,-..]=9. Now Lemma 6.1.2 applies: [M:; ¢= 1,2, ---]~ 





154 F. J. MURRAY AND J. Vv. NEUMANN 


(Ni;7 = 1, 2,---]. Thus if we define N’ = [Ni, 7 = 1, 2, --- ] resp. M’ = 
[M:,7 = 1,2,---] we will have M~MN’ CMNresp. NR ~ M’ CM. So the 
proof is completed. 

6.3. Now we are in the position to define: 

Definition 6.3.1. We write M@ < NorN > M,ifM~N’ CM. We write 
M< Nor RNR > M, if M <X N but not M ~ MN. (As to replacing M, MN by 
E = Py, F = Py, and the explanatory symbol ( --- M), cf. Definition 6.1.1), 

And we can prove: 

Lemma 6.3.1. If M, N, B, Q 1M, then the following statements hold: 

(i) M < NM means M < Nor M ~ Ne. 

(ii) If M~ BP, R ~ DQ, then M < MN zs equivalent to P < Q. 

(iii) One and only one of the three relations M q N holds. 

(iv) M< N, NR < PB imply M < F. 

Proof: We prove the statements in a somewhat changed order. 

Ad (i): Obvious. 

Ad (iv): M<NR,RK< FP imply M~ NR CRNR*~ YP CF. If VeM 
is the isometric mapping of Jt on PB’, and $” the U-image of J’, then we have 
M~NR' ~ BP" CHP’ CH, so M K< F. 

Now if we had It ~ $, then we could write $ ~ Mt C M, that is B < M;to- 
gether with 2 < MN this gives B< MN. NX Pand FP < MN gives by Lemma 
6.1.3. MN ~ $Y, contradicting RN < YF. Thus we must have I < F. 

Ad (ii): Assume It < 0. As Mt ~ Y, MR < OQ, we can write FP < N, M < VN, 
N < Q, implying B < Q (cf. the beginning of the proof of (iv)). Br 
would imply M2 ~ $, B~ 2,XO~NRsoM ~ NR, contradicting M < N. Thus 
we must have J < ©. Inthe same way $ < QO implies M@ < J. 

Ad (iii): By Lemma 6.2.3 we have Mt < Nor NR < Mt, by (i) this means 


mM q MN. ~ and > at once imply Mt < Mi by (ii); < and ~ and similarly; < 


and > imply again It < Mt by (iv). Now M < Mt is impossible as Mt ~ M. 
So precisely one of the three relations holds. 

Summing up Lemmas 6.1.1 and 6.3.1 we have: 

Theorem VI. The notions M~ Nand M < N (that is N > M) for M, NoM 
(cf. Definition 6.1.1 and 6.3.1) have the properties of an equivalence and of a com- 
plete ordering. 

Further essential properties are given in Lemmas 6.1.2 and 6.3.1. 

Some immediate consequences: 

Lemma 6.3.2. Assume MN, IM. Then we have: 

(i) M CMR implies M < N. 

(ii) Always (0) < M X< H. 

(iii) M@ ~ (0) implies M@ = (0). 

Proof: Ad (i): Write M ~~ M CNR. 

Ad (ii): By (0) C M C H and (i). 

Ad (iii): Dt is the image of (0) by some linear U so I = (0). 
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Chapter VII: Finite and Infinite Sets 


7.1. We continue along the lines which are familiar from set-theory: 

Definition 7.1.1. An MM is finite if M~ NC M implies N = M; it is 
infinite, if this is not the case. (As to replacing I by E = Py, and the explan- 
atory symbol ( --- M), cf. Definition 6.1.1). 

Some immediate consequences: 

Lemma 7.1.1. Assume NM, ¥tnM. Then we have: 

(i) If M < Nand M ts infinite, then N is too; if N is finite, M is too. 

(ii) (0) zs finite. 

(iii) If infinite M’s exist at all, then H is infinite. 

Proof: Ad (i): The second statement follows from the first one, so we con- 
sider the first one only. As Mis infinite, a B with M ~ FG = M exists. Then 


mM, N— M] ~ (B, NR — M] SIM, N—- Mj, N~ (BRN MSR so 
is infinite too. 

Ad (ii): 9t C (0) alone implies Jt = (0). 

Ad (iii): If M is infinite, Mt < H implies by (i), that H is infinite too. 

We now begin the preparations for a quantitative comparison of sets 
M, MyM. 

Lemma 7.1.2. Assume M, NM, M s (0). Then there exists a finite or in- 
finite sequence Bi, Bo, --- (ats length can be 0 too) and a Q, such that we have: 

$1, Be, --- , Q are mutually orthogonal linear, closed sets, all n M, 


[Bi B,---, QL=— RM~B~kwR~---,Q<M 


and if the sequence ts infinite, we may even assume Q = (0). 
Proof: Let 2 be the first uncountable Cantor ordinal number. Define for all 
a <Qa $.as follows: All $ will be linear, closed sets, 


BanrM, $2.CR;, M~ Pa. 


Ifa <Q and all Bs, 8 < ware already defined, then form MN — [Bs;8 <a]. As 
N, Bs all » M, this set is» Mtoo. Ifitis > Mt, then there exists a { » M with 
$CR — (Bs; B < al, M ~ PY. Let then G. be some such ¥. If the above 
condition is not fulfilled, let B. (and all 2,, y = a) be undefined. 

Let the first a for which %, is undefined, be& < 2. Ifa < Q, we must have 
N- [Paya <a] < M. 

We see in the same way as in the proof of Lemma 6.2.3, that the Ba, a < @, 
are mutually orthogonal; and as Ba ~ Mt (0), therefore BP. *x (0). This im- 
plies, as above, that their set is finite or countably infinite, thus excluding 
& = Q. 

If @is finite, we havea = n + 1,n = 0,1,2,---,andaruns over 1, --- ,n. 
If dis infinite, then a < & has the same aleph as a < w, and may therefore (by 
: re-indexing of the $.) be replaced by it; so we may assume that a runs over 

Xe 


Writing 7 for a we have a finite or infinite sequence ¥;, 7 = 1, 2, --- ; where 
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the $; are mutually orthogonal; Jt ~ $, ~ PY. ~---; and Q 
NM — [Bi, Bo, ---] < M. Thus Pi, Po, --- , OQ are mutually orthogonal and 
N = [Bi, Pe, Paps ah 

So the case of a finite sequence is completely settled. In the case of an in- 
finite sequence we must still get rid of QQ. Assume therefore that the $1, B,, ... 
form an infinite sequence. 

We have 2 < M~ $i,soQ ~ DQ’ CH. Apply Lemma 6.1.2 to the two 
sequences Q, $1, Po, --- and QD’, Po, Bs, ---. It gives 


NM = [O, Bi, Po, --- | ~ [Q’, $2, Bs, ---] C[Pi, Po, ++: 
C[Q, Bi, Po, --- J] = NR. 


So RN < [Pi, Po, ---] X MN, (Pi, Po, ---] ~ MR. Let U eM be an isometric 
mapping of [B1, Bz, ---] on N, B; the U-image of B;. Then the ! are 
mutually orthogonal and [$;, Bz, ---] = 9%. Using UPg, shows B; ~ 8’ so 
M~ Bi ~ Pz ~,---. Thus we can replace 


Pi, Be, --- , OQ by Bi, Po, ---, (0). 


This completes the proof. 
Lemma 7.1.3. Assume MM, IM, Mt s (0), MN finite. Then the sequence 
$1, Be, --- from Lemma 7.1.2 must be finite, and its length is uniquely determined 


by M,N. Call this number | = 0,1,2 --.. 


Proof: If the sequence $1, $2, --- was infinite, we could apply Lemma 6.1.2 


to $1, Pe, --+ and $2, Ps, ee giving It = [B,, Pe, 5 ] sia [Pe, $s, 9% 
[Bi, Bo, --- J = NR (S because $, s (0), as $1 ~ Mt & (0)), thus M infinite, 
contradicting the assumption. 

Assume now we had two representations 


N = [Bi --+ , Bu, QJ = [Bi,--- »B,, 2) 


in the sense of Lemma 7.1.2, with m * n. Owing to the symmetry we may 
assume m <n ,m+1 Sn. 

Now 2 <M~ Biii,800~ O* CP’, ., and O* & Bi,,. So by Lemma 
6.1.2, N = [P,, ie. Bn, Q] ia (Bi, cathe B,., O*] Ss [Bi, a B., Brvsl - 
[Bi,---, Bi, Qo] = N and again N would be infinite, contradicting the 
assumption. 

7.2. We are now in the position to determine the chief characteristics of in- 
finity. 

Lemma 7.2.1. Assume I, NM, N infinite. Then M < MN. 

Proof: We have N ~ N’ s MN. Let U eM be the partially isometric map- 
ping of ton 9’. Form for every n = 0, 1, 2, --- the U*-image of MN, and call 
them N(R, MN’ coincide with N, NR” resp.). We have N® D RN, thus 
(apply U"!) N~ DMN); therefore NY DRY DM@ D.... U* is par 
tially isometric with the final set 2” therefore NR » M. U maps St” on 








nce 
ed 


| (b) holds. 


| If conversely is infinite, Lemma 7.2.1 gives if applied to S, M (for M, N) 
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Kee), Not) on M+, therefore M™ — Re on M+) — Niwt_ Using 


U(Pxn) — Pyin+1)) shows therefore, that NR — RetY VS Yrty _ Qyirt2, 
Put B* = N” — N+ then we see: The Pj, Be, --+ form an infinite sequence, 
are mutually orthogonal, all CN = Nand PT ~ Btw so, 


Lt = MO — Nw = NM — MN’ & (0) 


all By 3 0. 

Apply now the construction of Lemma 7.1.2 to Bi, N (for M, N) and choose 
%. fora = 1, 2, --- equal to Bi, Be, - - resp. Then an infinite & will result, 
which will wy replaced, as described in the proof of Lemma 7.1.2, by & = w 
And then the Q will be eliminated. So 3 = [P1, Po, --- ], where the sequence 
is infinite, and Bi ~ Pi~ P2o~---. 

Apply next the result of Lemma 7.1.2 to $7, M (for M, MN), then M = 
(Bi, Bs, --- Q’], where the sequence is finite or infinite, and 


Bi~ Bi ~B.~---, OQ’ < Pr. 
If it is infinite, we may put OQ’ = (0), and so, using Lemma 6.1.2, 
= [Bi, Ba, ---] ~ [Bi By, ---] = 2 
If it is finite, we have 
M = [Bi,---, B,, Q’]and OQ’ < BI ~ Pays, Q’ ~ QO” C Bays. 
Thus Lemma 6.1.2 gives 
M = (Bi, ---, Br, Q’) ~ [Py --- , Bay Q"] C (By, «++, Bay Bast] 


C [Pi, Po, --- J = 9 


So we have M < MN in any event. 
Lemma 7.2.2. There are two possibilities: 
(a) AnM » Mis infinite if and only if M ~ H and finite if and only if M < H. 
(b) All Mn M are finite. In this case M ~ H implies M = H. 
ad a If Gis finite, every Mis so, by Lemma 7.1.1, (iii). If M * H, then 
mS §, and § ~ M would imply that § is infinite. Thus if © is finite, case 


If $ is infinite, then M ~ implies that M too is infinite by Lemma 7.1.1, (i). 





$< M. By Lemma 6.3.2, (i), M < G,soM~ H. And as we have always 
M < G (ef. as above), Ghestbene M < GH is characteristic for finite Pt’s. Thus 
case e (a) holds. 

A convenient characterisation of infinity is this: 

Lemma 7.2.3. An MM is infinite if and only if M = (0) and an N CM 


| With M~ N~ M — NR exists. 
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Proof: The condition is sufficient: If Jt is such, then 
M —M~ Me (0), M — MX (0), Rs M, 


so MN ~ MN = M. 

It is necessary: If Jt is infinite, then the proof of Lemma 7.2.1 shows that an 
infinite sequence $1, Po, --- exists such that all $; are mutually orthogonal, 
& (0), mM = [B, Bo, eee L $B, ~ Bo ~ $3 ~.-.-. Now Lemma 6.1.2 gives 
[Bi, Be, -++] ~[Pi, Bs, ++] ~[Pz, $,, --+] so for Jt = (Bi, Ps, “++ |, RCM, 
M~R~ M — MN. As Bi & (0), necessarily Mt (0). 

7.3. Continuing our discussion along the lines which are customary in general 
set-theory, it is natural to establish the additivity of the notion of finiteness, 
We will prove it in five successive steps, the first Lemma having a certain in- 
terest of its own. 

Lemma 7.3.1. Assume M, NR, By M; Me, Mt orthogonal; BP CK [M, MN]. Then 
¥ can be represented in the following form (all sets which follow being linear and 
closed): 

There exist two orthogonal sets I’, M’’ n M and C M; two orthogonal sets XN, 
MN” nM and C MN; and a linear, closed operator A nM, with the following proper- 
ties; Domain A is part of and dense in IN"; Range A is part of and dense in St"; 
Af = Oimpliesf = 0. The set B* of all f + Af (f ¢ Domain A) is linear, closed, 
and »n M. 


p* dias M’’ ~w Ne’ 


M’, RN’, B* are mutually orthogonal and 


$ _ [M’, N’, $*). 

Proof: Put M’ = M-P, N’ = N- PB, then Mi’, N’ n M, M’ CT M, RN’ CM, 
thus Mt’, MN’ are orthogonal; and M’, N’ C Y. Thus we can form $* = 
LB — [M’, N’], then P* y M; B* is orthogonal to both M’, N’ and PB = [M’, N’; 
¥*]. Thus we must only give now the characterisation of $* given in our 
Lemma in terms of Jt’, It’, and A. 

Anf « $*isf ¢[M, N], thusf = g+h,g eM, h € N (cf. (16), p. 76), g, A being 
clearly uniquely determined. If in such a decomposition g = 0, then f = h el, 
feP* CPsofeN-P = MN’ CP — P*. Asf € ¥* this implies f = 0,h =0. 
Similarly h = 0 implies g = 0. Owing to the linearity this means, that g deter- 
mines h uniquely and conversely (as far as they belong to any f $* at all). 
Thus we can define a one-valued operator A with a one-valued inverse A™ by 
Ag = h, whenever g, h belong to an f « $* in the above way. Thus $* is the 
set of allf+ Af. Asit is 7 M, linear, and closed, the same is true for A. 

Put now I” = [Domain A], N’” = [Range A]. All we must prove is, that 
M” is C M and orthogonal to M’; that N” C NR and orthogonal to MN’; and 
that B¥ ~ N” ~ Me”. 

If g « Domain A, thenf=g +h, f eB*,geMheN. SogeM. fis orthog- 
onal to M’, and h e N is orthogonal to Mt, so to Mt’ too. Thus g = f — hi 
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orthogonal to Mt’, g «Mt — M’. Thus Domain A C M — M’, M’”” = [Domain 
AJ CM — M’. Similarly N” CR — N’. 

Consider now the operator A; = (1 + A)Py., (the linear operator, which 
agrees with 1 + A in Mt” and with 0 in § — M”). Az is clearly  M, linear, and 
closed, and its domain is everywhere dense. Now [Range A,] = [Range 
(1 + A)] = 8*, [Range A,] = $*. On the other hand [Range At] = § — 
if, Af = 0) = G—-(, (1+ A) Bm-f = 0) = 9-(U, Bef = 0). S—(G— 
m”) = M”. Now Lemma 6.2.1 gives, applied to A,, B* ~ M’’. Similarly 
Be~ nN”. 

Thus all parts of our Lemma are proved. 

Lemma 7.3.2. Assume M,N, BoM; M, N orthogonal; BP CT [M, N]. Then 
either B <, M, or [(M, N] — BX VR. 

Proof: Apply Lemma 7.3.1 to M, N, ¥ obtaining the sets M’, Mt’, N’, N”’, PB* 
and the operator A; and to M, N, [Mt, N] — PB obtaining the sets M’, M”, N’, 
NX”, B* and the operator B. As F, [M, MN] — YP are orthogonal, M’ = M-B, 
MN’ = M-([M, N] — PB) are too; similarly N’, N’. Form M°* = M — [M’, M’], 
N= MN — [N’, RN’). 

If f e Domain A then f + Af e $* C ¥ is orthogonal to M’ C [M, N] — F. 
Af eis orthogonal too to M’ C M. Thus f is orthogonal to WM’. Thus all 
m” = [Domain A] is orthogonal to IM’. Besides we know that it is orthogonal 
to M’, and CM; so M” CM — [M’, M’] = M* Similarly M” CK M°. 
Similarly N”, N” CT N°. 

Now consider 9’, NM’. We have MN’ z M’ (by Theorem VI), that is either 
N <M, W ~ M* CMY or N > M’, M’ ~ N* CM’. In the first case (by 
Lemma 6.1.2) % = [M’, N’, B*] ~ [M’, M*, M’”] C [M’, Me’, M] = M; in the 


second case (as above) 
[M’, N] — PB = [M’, R’, BP] ~ [N*, R’, NK [N’, RN’, NY] = MN. 
Thus $ < M resp. [M, N] — B< MN 


Lemma 7.3.3. Assume M, Nn M; M, N orthogonal. If M, N are finite, then 
[M, I] zs finite too. 

Proof: Assume that [IN, MN] is infinite. Then there exists by Lemma 7.2.3 a 
$C [M, N] such that [M, N] ~ B ~ [M, N] — PB. By Lemma 7.3.2 we have 
B< M or [M, N}] — BP < MN, so Mor NR >& [M, RN]. By Lemma 7.1.1, (i), 
then 2% or % must be infinite, contradicting our assumption. 

Lemma 7.3.4. If M, NM, then [M, N] — N < M. 

Proof: [M, N] — N is obviously the set of all Pg_yf where f runs over 
[M,N]. So it is equal to [Ps_nJ; fe {M, N}] = [Ps-xn@ +A), 9M, he N] = 
Pong} ge M, he NR] = [Ps_ng;g ¢ Ml = [Ps-xPmg’, g’ € S|] = [Range 
Ps_y-Py]. At the same time [Range (P5-xPm)*] = [Range Pm Ps-x] © 
[Range Pp] = M. Now applying Lemma 6.2.1 to P5_» Pm» gives: 


[M, N] — NM = [Range Ps_y-Py] ~ [Range (Ps-n-Pm)*] C M 
and therefore [M, N] — R < M. 


~w 
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Lemma 7.3.5. If M1, --- , Mtn M, and all M; are finite, then [Mh, --. M,] 
is finite too. 

Proof: The statement is obvious for n = 1. Consider now n = 2, By 
Lemma 7.3.4 and Lemma 7.1.1, (i), [Dt:, Dte] -- Me is finite. As [Mti, Ne] — MN, 
and MM. are orthogonal, Lemma 7.3.3 applies: [[Mti, M2] — Mee, Mee], that js 
[Mti, Me], is finite. Thus the statement holds for n = 2, too. 

Assume now n = 3, 4, --- , and that the statement is already established for 
n—1. Then [Mt, --- , Mn] is finite, and as our statement holds for n = 2, 
[[Mt1, --- , Mn], Mn], that is [M1, --- , M,] is finite too. This completes the 
proof. 


Chapter VIII: Numerical Dimensionality 


8.1. We will use the information obtained in the foregoing about the relative 
dimensionality to define a quantitative measurement for it. We will do this 


M 
therefore only approximate measure of the ratio of the sets. 

Our task is identical with that one which has to be met if one desires to pass 
from the purely geometrical calculus with intervals to the analytical one with 
numerical lengths: the problem which was solved by Euclid’s famous algorithm. 
Our Lemma 7.1.3 is indeed the first step in this algorithm. 

It is, however, technically preferable to use a somewhat different procedure. 
We will have to distinguish for a short time between the two possibilities that 
there is or is not a minimal )t7M. The first case is not really interesting, 
because if a minimal t 7 M exists, we possess already the complete characteriza- 
tion of M (as a direct factor) by Theorem IV. But as it makes no difference 
for the possibility of a quantitative measurement of the relative dimensionality, 
we will preserve the completeness of our discussion by including this case. 

Definition 8.1.1. Assume IN, It » M, finite, and (0). If we have 


N= [, -o2 Ba, OQ), 


where n = 0, 1, 2, --- (finite!); B,, ---,B,, QQ are mutually orthogonal; 
L$; ~ M; then we use the abbreviated notation N=~nOM* Q. If X= (0), 
we omit it. 

Lemma 8.1.1. If IM, finite, (0), and not minimal, then an NM, 


finite, *=(0), with B > 2 exists. 
Proof: As M is not minimal, an NM, NRC M, MR & (0), M¢ exists. So 
N,M—N(0). We have NFM — M, that is NX M — Nor R< M-~w 


-by refining the number B in Lemma 7.1.3, which gave an integral and 


In the second case replace Nt by M — I, so we have at any rate MN < M—- 2 

XN C M implies the finiteness of N. As NR ~ N’ CM — MN, and M, N' are 
orthogonal and C QM, we have with Bi = N, Po = N’, Q = M — (RM) 
obviously M = 2 © NM #* Q. Apply now Lemma 7.1.3 to MN, &: 
QNK=poOnt # O',p =0,1,2,---,Q’ < NR. Then 
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M= (2+ p)NON KLD',D' KM 


and so H =2+p 22. 

Lemma 8.1.2. Every minimal IN n M is finite and * (0). 

Proof: N= (0) is part of the definition. MN infinite would imply M ~ N E M, 
so NM, and as Mis minimal, % = (0). Then M ~ (0), M = (0) which is 
contradictory. _ 

Definition 8.1.2. Certain (finite or infinite) sequences S = (M1, Me, --- ) of 
elements which are 7M, finite, * (0), will be called fundamental sequences. 
They are these: 

(e) Any minimal ti 7 M is a fundamental sequence by itself (length one!). 

(8) Any infinite sequence Iti, Me, --- of n M, finite, (0) elements is a funda- 


2 2fort = 1,2, ---. 





mental sequence if | 


Miss 

Lemma 8.1.3. If sets Mt» M which are finite and *<(0) do exist at all, then there 
exists at least one fundamental sequence. 

Proof: If a minimal It n M exists, put MM; = M. By Lemma 8.1.2 this meets 
the requirements of case (a). If no minimal 2%» M exists, choose a finite 
Mn M, M x (0), and put Mi = M; and obtain M;.1 from M; by means of 
Lemma 8.1.1. This meets the requirements of case (8). 

We now prove two important evaluations. 

Lemma 8.1.4. Assume M, N, B nM finite, and * (0). Then 


x} L} = Lan] < (Lan) +») (La) +) 


and, if N, B are orthogonal, 


s]+(3]« (81 <(2]- [8 
mel + [5] = [Se <tm]+ La}? 

Proof: First put B =m N=mOM KM’, M’ < M and H = 
P=nON K NR’, N’ < RN. This clearly implies BP =~ mn OM *K M", 
from which |r| = mn follows as at the end of the proof of Lemma 8.1.1. 


If we had however lan | = (m + 1) (n + 1) that would mean $ = 


x 
Flom x M’” = (m+ 1) (n+ 1) O M # MY where 


mv ~ {3 —(m+1) (n+ 1) OMx#x Mm”. 


Or (n + 1) 0 R° = $° C $ where y°e = (m + 1) © Me. Now clearly 
N=moM KM < N°, 
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DUE ee > 


so we may as well write (n + 1) O N = P°° C P° CF, that is 
BP=rm+H)onr KN’. 





This gives, as above, H >n-+ 1, contradicting | =n. So we must 
have mn S 3 | < (m + 1) (n + 1) which is the first set of inequalities. 


Next assume that ¥t, $B are orthogonal, and put 


[ae | = mt = m om # MWY Bw” < mR 


and 


|| =m B= PO mam, mY <a. 
mM 
M 


[N, B] 
If we had, however, mM =m-+ p-+ 2, that would mean 


Then [N, B] = (m + p) OM ¥* [M’, M*] and so, as above, 4 =>m+p. 





a = [Eo a KM = (m+ p+2/0M # Mm" 
where | 
mm = (EA —(m+p+ 2) Om « m!. 
Thus (9, B] = [M, B, M""] where RN, PB, M”* are mutually orthogonal, and | 


N= (m+ NOM P= (Mn+ HNO MR. This implies R ~ RC ¥, 


BYP? FF, and so [M, B] ~ MR’, B] S [, B1 CM, B, MVM] = [M, Bl com 
tradicting the finiteness of [9t, 8], which follows from the finiteness of Jt and of 


%$ (by Lemma 7.3.3 or 7.3.5). So Ey <m + p + 2 and therefore 


b) 
m+ps EJ < m+ p+ 1, which is the second set of inequalities. 


These evaluations put us in position to establish the quantitative ratios ol 
relative dimensionalities as follows. 

Lemma 8.1.5. If S = (Mi, Ms, ---) is a fundamental sequence, and M, Vt, 
n M are finite and * (0), then 
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ind 
N, 
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exists. (In case (I) we mean by lim the value at i = 1, in case (II) we mean by 
it lim;«-) It is a finite and positive real number. 
g ) 
Proof: In case (I) we must only prove that |=} |= | are both * 0. 
Mr Mr 
| = 0 would imply N = Q < MisoN~ MN” CM, excluding W = M,. 
a/b} 


As It’ 7M and M; minimal, this necessitates N’ = (0), NR ~ N’ = (0), N = (0) 
y 
thus contradicting Jt = (0). Therefore =| * 0, similarly =| ~ 0. 


1 1 
Consider now case (II). We have by Lemma 8.1.4 E; | > =| Xx 


= Migs 
| >2 le} so either always | 2 = 0, or lim,._... le | =o. The 
Mis Me: LD Me; 


former would mean Jt < Wt; for alli = 1, 2, ---. Now Lemma 8.1.4 gives 


| > E i ee] > 9i 
Ti 1-H} LT, | = 


and so in particular ki 

















‘ > 2’! (write 1,7 — 1 for7, 7). SoM, = 2M; *« Mi, 
and a fortiori M, = 29 © NK Mi. This would imply, as we frequently con- 


cluded in the proofs of Lemmas 8.1.1 and 8.1.4, ee | 2 2*" for all 1 = 1,2,..., 
which is impossible. So we have proved limi. AH = © similarly 


ine |] 
IM j-400 = = © 
Mei 


Another application of Lemma 8.1.4 gives 


[m.] = (a) +*\(..) +) 
Land ® Lixl La) 








V 





so 



































lm) Lm] im] le] * 
Mis; M; Mis; M; 
Now j—> gives 
MN MN 
= —|+1 
lim sup cal < Lm 
Ta) tad 
Mi4.; M: 





EES ow Thee 


rec ree. 
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[am] — Lan 
— —ji+1l1 
lim sup Ms < Des 


~ [a] [a 
M: M, 


For a sufficiently large 7 HB *; 0, so the expression on the right side is finite, 


that is 














t 


and thus the lim sup;..« on the left side is finite too. Now 7i— gives, consid- 


ering lim j. i. = 0, 





lim sup 


+ 
[a] [ml La 
M: M; Mi 
Lm 
M: 


Thus lim,;.. E—= exists and is finite. It is non negative by its nature, and 


ba 


interchanging IN, It proves that it cannot be 0. 
This completes the proof. 
Lemma 8.1.6. If S = (Mi, Me, ---) is a fundamental sequence, and M, Vt, f ) 
$ nM are finite and * (0), then the following statements hold: 4 











I 
(i) If N ~P, then (5), = (§).. : 
(ii) If M~ N, then (F). 4 (®).. & 
.» (M\ _,.(M\) _ 1. .(/B\ _ (2) (B 4 
til) (Fi). sine (i). (5: F (5). , (a). (2), : 
Mm): 


(iv) If N, B are orthogonal, then p cl 


| pr 


("ir ). ~ Ga). + Ges ‘ 


Proof: We prove these statements in a somewhat changed order: 
Ad (iii): Obvious from the definition. 





re} 


i Nn] [Rx ae ef - 
Ad (i): Clearly l= | = =| this implies (), = (+). fu 


Ad (ii): Follows from (i), (iii). qu 








nd 


N, 
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Ad (iv): Consider first case (a). Then 2 = le | OM, * M’, Mm’ < TM. 
1 


SoM’ ~ M” C Mi, excluding M’”” = Ms. As M’”’ nM and M;,, minimal, this 


necessitates IM” = (0), M’ ~ M’” = (0), M’ = (0). SoN = | = | OM, 


1 


B ~— 
similarly $ = = | © M,, and therefore [M, B] = (| | + E -) © Wei. 
1 


M Ms 
J 


si-lalel 
_ E Th ma] 7 

| au 

Ms 

Mm 

7 | 


a] (a, 
IT 


mn] | 
i, 
("i ), (Fi ot \m/e 
Consider next case (8). Then Lemma 8.1.4 gives 
R au [m, B] uy 8 
[m)* lm] Um) l)* [a] 
) [ml o[al 
Im] Law 


Now if 7— « this becomes, considering lim;.. le | = o (ef. the proof of 


Lemma 8.1.5), 


@.+ Be CW.= @.+@). 
(9) 5 () n (5) | 
M Je \M/se  \Me 


8.2. We introduce the numerical relative dimensions by an implicit definition. 

Definition 8.2.1. A real-valued function D(M), which is defined for all linear, 
closed sets MM, is a relative dimension function, if it has the following 
properties: 

(i) D(M) is 0 if M = (0); it is finite and positive if M is finite and % (0); it 


|| +2 


and under the conditions of case (a), 





This means 


Cece 


@ 








that is 


is © if M is infinite. 


(ii) If M ~ N, then DIM) = DMN). 

(iii) If M, N are orthogonal, then D({M, N]) = DIM) + DM). (As to 
replacing M@ by E = Py, and the use of the explanatory symbol (--- M), ef. 
Definition 6.1.1. If we want to make the relationship between M and the 
function D(M) explicit, we will write Dy(M).) 

The results of §8.1 make it possible to deal exhaustively with the existence 


S question. 
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Lemma 8.2.1. There always exists at least one relative dimension function D(Q). 


Proof: If no finite Pt nM, M x (0), exists, put D(M) { = 0 for M = (0) 


= © otherwise ‘ 
This meets all requirements. If finite Dt» M, *< (0) do exist, choose one, say. 
Furthermore choose a fundamental sequence © by Lemma 8.1.3. Now define 
(= 0 for M = (0), 


(Fe) for M finite and * (0), 
Mo S 


= o for Mt infinite. 





EAE «PTR my! 






D(M) » 











Remember that [M, It] is infinite if and only if M or M is infinite, by Lemmas 
7.1.1 (i), and 7.3.3 or 7.3.5. Now (i) is obviously fulfilled, and (ii), (iii) follow 
from Lemma 8.1.6, (i), (iv), resp. 

Lemma 8.2.2. If D(M) is a relative dimension function and S a fundamental 
sequence, then we have, whenever IN, NM, finite and *x (0) the relation 


DM) _ ) 
DM) ~~ \WM/s 
Proof: Distinguish the two cases (@) and (8) of Definition 8.1.2. 


In the case (a) we have (ef. the proof of Lemma 8.1.6, (iv), 


_[2low _[2] og 
n=|#]om, n=|Flom, 



































- N - m = 
therefore by Definition 8.2.1 D(N) = ii, D(M:), DIM) = ii, D(M) and 
1 1 
D(M:) finite and positive, so 
a, 
DM) _ LM _ ( 5) 
DIM) FM] \Me 
mM, tl 
In the case (8) we have ‘ 
a=|2loM+m,mi <M; m= | 2] o MR. + mis, wy < B. pi 
Mer ’ MM; h 
So Mm; ~ MY’ C M:,, implying (using Definition 8.2.1 here and below as we did 
above) , 
DM.) = DM) + DM: — My’) = DEM’) = DM'). ( 
Therefore ne 
Dm) = |= | na) + vo’) s (| 2} 41). paw 
oe ae ae tic 
D(M) = =| D(M:) + DM) = = | - DM) , i m 


t 








as 
)W 


tal 
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and so . 
b) 
— 1 
D(M) — a i 
DM) ~ E | 
M: 


eee MN 
Now i © gives, remembering lim ;_,. BE = © from the proof of Lemma 
t 


8.1.5, 





DM) — 
D(M) ~ 


Ea 
lim Mi = (5) : 
$—s00 |= | Mc 
Mi 


Interchanging MM, It gives, considering Lemma 8.1.6, (iii), that = holds too; 
so we have equality again. 

Lemma 8.2.3. All »lative dimension functions D(IN) are obtained by taking 
one of them, say Do(M), and forming all aD (M), for all finite and positive 
constants a. 

Proof: It is clear, that every aD (QM) is a relative dimension function, along 
with Do(M). 

Consider now two relative dimension functions Do(Mt) and D(M). If no 
finite IN» M, Ms (0) exist, we have Do(M) = D(M) = Oresp. © for Mt = (0) 
resp. > (0), so we have D(M) = aD (M) witha = 1. Let us therefore assume, 
that finite MM» M, Mt % (0) do exist, and choose a fundamental sequence © by 
Lemma 8.1.3. Then Lemma 8.2.2 gives for IM, It M, finite and * 0, 


ae. See (2) 
DM) ~~ DAM) \Me’ 


DM) _ DMN) DM) 
DM) ~ Docgeey 1S D,an) 
therefore it is a finite, positive constant a. So we have D(M) = a Do(M) for 
every It» M which is finite and % (0). But this holds too, if Mis = (0) or 
infinite, as then both sides become = 0 resp. = ©. So the desired relation 
holds without exceptions. 

This completes the proof. 

We may remark, on the other hand, that Lemma 8.2.2 shows too, that 








that is is, for these I, independent of M; 





M\ .., - 
(7), is independent of the choice of the fundamental sequence ©. It is 


nevertheless dependent on its existence, whereas D(Q) is not. 
8.3. The connection between the ordering y and the relative dimension func- 


tions is given by this Lemma. 
Lemma 8.3.1. If D(M) is a relative dimension function and IM, Nn M, then 


> 
M Y Rare equivalent to D(M) = D(N) resp. 
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Proof: NM ~ N implies DM) = D(N) by Definition 8.2.1, (ii). Consider 
now J’ < Y. Then M is finite, because Mt infinite would imply Mm > Nsso 
D(M) is finite too. Now M ~ N’ C MN, and N’ = M is excluded. 
N — MN’ & (0), D(M — N’) > 0. (Use both times Definition 8.2.1, (i).) Now 
Definition 8.2.1, (ii) and (iii) give D(M) = D(N’) + D(M — N) > DM) = 
DM, DIM < DM). 

Interchanging 2, Jt shows that Mt > N implies DIM) > D(N). SoM & x 
imply D(M) = D(X) resp. As we have complete disjunctions on both sides, 
the converse is true too. 

Summing up Lemmas 8.2.1, 8.2.3, and 8.3.1, we have: 

Theorem VII. A relative dimension function D(M) as characterized by Defini- 
tion 8.2.1, does always exist, and it is unique, except for an arbitrary constant 
(real, finite, and positive) factor a. A particular choice of D(M) that is of a, isa 
normalization of the relative dimension. 


If M, Nn M then M q N is equivalent to D(M) 2 D(MN) resp. 

We will use D(M) to obtain a detailed characterization of M itself. But 
first we establish some continuity properties of D(M). 

Lemma 8.3.2. Let M1, Me, --- be a (finite or infinite) sequence, all M; 4M 
and mutually orthogonal. Then 


D((Ma, Me, --- I) = Ds DM). 


Proof: Those It; which are = (0) have no effect on either side of this equa- 
tion, and we can omit them. So we may assume that all I; * (0), D(M,) > 0. 

Assume first that the sequence is finite, say t1, --- , Mn. For n = 0, 1 the 
statement is obvious, for n = 2 it coincides with Definition 8.2.1, (iii). So we 
need only to consider n = 3, 4, --- , assuming that the statement is already 
proved forn — 1. Now as [Mt, ---, Mt,] = [[Mu, --- , Mts], Mt,] and as the 
statement holds for n — 1 and for two addends, it holds for n too. 
Assume next that the sequence is infinite. Then we have 


[M,, Me, _oe ] = [M, gr Mn, [Mn+1, Mr+2, ae 





]] 








D((M1, Ms, +--+ ]) = > DM) + D(Mnsr, Mee, --- J) 2 eS D(M:) . 


Thus >>%-, D(M,) < DMs, Me, --- | for every n = 1, 2, ---, and there- 
fore » ie D(M:) Ss D((Ma, Me, ia. }). 

Assume now, that < does hold. Then }°%_, D(M,) is finite. Therefore 
lim ;. D(M:) = 0. So there exists for every « > 0 a finite Jt 1 M (in fact an 
M:) with 0 < D(N) < «. Choose such an MN for 


e = D([Mi, Ms, --- ]) — > DM) > 0. 
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we 
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Consider the expression D([Mi, Me, --- }) — DoF, DM). It is equal 
to (D(M:) + DMs, Ms, ---)) — DP DM) = DM, Ms, ---]) — 
ha D(M:). Thus it is unchanged if we replace M1, Me, --- by Me, Ms, --- . 
Applying this % times, we see, that it is unchanged even if we pass to 
Misr, Mage «+: - Now Dia1 DMi+) = tot1 D(M:) is arbitrarily 
small if 7) is sufficiently great. So we can make it < D(2N). Now write again 
Ms, Mo, --- for Mis+1, Mire, ---. Then we see: pe D(M:) = D(M) and 
still D(M) < D((Ms, Me, ---] — Lii=1 DM.) and a fortiori DIM) < 
D([Mi, Me, --+ ]). 

We will now construct a sequence ti, Ite, --- of mutually orthogonal sets 
Nn M, Ni C NR with M; ~ MN;. We proceed by induction. Assume that for 
ani = 1, 2, --- all Nh, --- , Mi: have already been constructed fulfilling these 
conditions, then we construct Jt;as follows. D(M,;) = D(M,;),7 = 1, ---,7 — 1, 
is finite, so D(M — [M, ---, Nal) = DM — Hiri DM) = 
Li DM) — Liz DM) = LF-; DM) = DM), Mi < N — 
(Ni, --+, Mea], and thus M; ~ Ni C M — [Mh, ---, Miu]. This definition 
of Jt; meets all requirements. 

Now M; ~ MN, all M@,; are mutually orthogonal, and all MN; are too, so Lemma 
6.1.2 applies: [Mti1, Mt, ---] ~ [Mh, Mey ---] C MN, (Mi, Me, ---] XK NR, 
D((Mi, Me, --- ]) S DM. But on the other hand we had D(N) < 
D ((Mu, Me, --- ]) which is a contradiction. So our original assumption con- 
cerning the < must have been wrong, and there must be for the original sequence 


ie) 


Dd; DM.) = DMs, Me, --+)). 


1 


This completes the proof. 
Lemma 8.3.3. Let Mi, Me, --- be an infinite sequence, all Min M and 
M,C Me C---. Then 


lim ; 2 D(M:) = D({[Ms, Ms, --- ]) . 


Proof: Put 9% = Mi, Ni = Mi — Mis fori = 2,3,---. Thenall Nin M 
and they are mutually orthogonal. So Lemma 8.3.2 applies to them and gives 


ys D(N:i) a D(N, Ne, ia )) : 


Now [3h, ---, Ri] = M; and so [Ni, Me, --- ] = (Mi, Me, ---] and further- 


more 


di D(N;) = lim 5; D(M,) = lim D(N, ---, Nal) = lim D(M,). 
no 1 no no 
Therefore we have lim; D(M,:) = D({M1, Ms, «++ ]). 
Lemma 8.3.4. Let Dts, Me, --- be an infinite sequence, all IM; » M and 
MDM D.-.., If not all M; are infinite, then 


lim D(M:) = DM -Me- Ms ---). 


io 
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Proof: Assume that M;, is finite. Put M; = Mi, — Masi Then all 
Ms 1M and M; CM; C --- so Lemma 8.3.3 applies to them and gives lim,_, 
DM) = DMs, Ms, ---]). But DM ;) = DM, — Miri) = DM) ~ 
j D(M:,+1) and [Mei, Mo, ---] = (Mi — Mayr, Mi, — Mize, ---] = Mi, - 
(Miri Mire ---) = Mi, — (Mi -Me +--+). Therefore we have 





ee 











































| DM) — lim DMs) = DM) — DMr- Ms «++ ), so that 
{ 100 
lim D(Mi+s) = DM -Me---), F 
10 x 
or, which is the same thing lim,;.. D(M,) = D(M-Ms --- ). : 
The following criterion is occasionally useful, because it contains a sufficient § 
condition for relative dimension functions which makes no explicit use of the I 
notions of finiteness and infiniteness for sets Dt n M. 
Lemma 8.3.5. If a real-valued function D'(M) which is defined for all linear, 8 
closed sets M » M assumes only values = 0, S ~ and if some of its values are 
actually *= 0, © then the conditions (ii), (iii) in Definition 8.2.1 are sufficient in 
order that D'(M) be a relative dimension function. 
Proof: We must derive (i) in Definition 8.2.1 from these conditions. Choose 
an I 1M with D’(M) > 0, < oO, 
As (0) is orthogonal to M and [M, (0)] = Me; (iii) gives D’(M) + D’(0) = 
D’(MN), as D’'(M) is finite, this means D’(0) = 0. 
If any M is infinite, then is it, too, and Nt ~ H. Then by (ii) we must 
only prove D'($) = ©. By Lemma 7.2.3 applied to § we have 2D'($) = 
D'(), D(H) = 0 or ©. But D(H) = D'(M) + D(H — M) 2 DM) > 0 mC 
so D’($) = «. This disposes of all infinite Ns. ” 
If M is finite and % (0) then apply Lemma 7.1.3 to M, M and to M, M (for 
its M, MN). Then (ii), (iii) give D(M) (2 | + 1) D'(M). Thus 
ii 
D'(M) < © necessitates D'(M) < ©. Next D’(M) <([F| + 1) D'®. * 
Thus D’(M) > 0 necessitates D'(M) > 0. So 0 < D’(M) < ~, completing a 
the proof. 
8.4. We now undertake to find invariant characteristics of M in terms of i: 
its relative dimension functions D(M). an 
Lemma 8.4.1. The range A of D(M) (that is the set of all values of a given A 
D(M) for all MM) has these properties: cas 
(i) The elements of A are real numbers, => 0, S ~. a. 
(ii) 0 € A, A contains a greatest element & > 0. oe 
(iii) a, Be Aanda > Bimplya — BeA. < 
Qa - 
(iv) a1, a2, --- eA and ) > ae a; S a imply p Bey a, eA. > 











Proof: Ad (i): Obvious. 





HI 


it soi ag 
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Ad (ii): D((0)) = 0; D(D) = &, as S *& (0) therefore D(S) > 0. 

Ad (iii): 8 must be finite. Choose 22, 2M with DM) = a, D(N) = 
Then N < M, R~ MN’ C M, DM’) = DM) = B finite and so DIM — N’) 
DM) — D(N) =a — B. 

Ad (iv): If any a; = © then b ae a;j= © so } a; =a;e4 so we may 
assume that all a; are finite. Define a sequence Yt, te, --- of mutually 
orthogonal sets Mi » M, D(M:) = a: by induction. Assume that for an 
i= 1,2,--- Ma, ---, Mia have already been constructed fulfilling these con- 
ditions, then construct Yt; as follows. D(S — [Mh, --- Mal) = D(H) — 

‘1 DIM) =a— Dijrie; 2 Via; — Liiva; = Ya; =a;. Choose 
an NM, 1M with DM;) = a; then M; < H — [Mh, --- Meal, ME ~ M,C 
§ — (Mi, ---, Mia]. This definition of Mt; meets all requirements. Now by 
Lemma 8.3.2 D([Mi, Me, --- ]) = DF-1 DIM) = t Qi. 

Lemma 8.4.2. The only sets A which fulfill the requirements (i)—(iv) of Lemma 
8.4.1 are the following ones: (é, & are finite). 


B. 


(1,) €> 0, = 1, 2, ---, A consists of alli é,i1 = 0,1, ---,n. 
(I) €> 0, A consists of all iz, i 
(II,) & > 0, A consists of all a, 0 
(II,,) , A consists of all a, 0 
(III,,) , A consists of 0, ~. 


0,1, ---,@. 


a. 


lA 
lA 


a 


IIA 
lA 


a wo, 


Proof: A contains 0 by (ii) and some element >0 by (i), (ii). If it contains 
no element >0, < then it consists of 0, «© which is precisely case (III,). 

Assume now that it does contain elements >0, < «. 

Assume first, that this set contains a smallest element é. If a ¢ A and finite, 
then there exists an? = 0, 1,2, --- withié Sa < (i+ 1)é. If t % a then by 
(ili) alla, a — @,---,a@ — ié belong to A. But 0 < a — # < ~, which is 


impossible. Soa = 7. In particular a = né, n = 0, 1, 2, --- if it is finite, 
andas@ > 0,n 0. If & is infinite we may write, @ = ~é so at any rate 
Fa=nn=1,2,--- , 


For all other a e A, a < & so a finite, a = ie and asa < G@ i < n, 
i= 0,1,2,---,n—1. Conversely, if i = 0,1, ---, — 1, then i < né,a@ 
and (iv) with a =—Srr [$- az,= é, Qin1 = An~=|--- = 0 gives 7¢¢€A. Thus 
4 consists of all 7,7 = 0, 1, --- m which is case (I,) if n = 1, 2,---, and 
case (I,.) ifn = o, 

Assume next that there is no smallest element >0, <« in A. Let ¢’ be 
the gr.l.b. of the elements « = 0; if we had e’ > 0 then there would exist an 
a¢A,a > 0 with a < 2c’ and as a = ¢’ would imply that @ is the smallest 
element >0, < in A, thereforea > ¢«’. Now there exists a 8 «A, 8 > Owith# 
<aand B>e’. Soa, BeA,a > BP and by (iii) a — Be A, but a — B > 0, 
a — 68 < 2e’ — @ = e’ which is impossible. Thus e’ = 0 and so for every 
€>O0anaeA,0 <a < ewithO <a < ¢€ exists. 
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Now assume 0 S 6; < 62 S & Choose an aeA with 0 < a < B, _ g 
Then ani = 0,1, 2, --- withia S Bi < (@ 4+ I)a exists, so (i + I)q = 
ja +a < Bi + Bo — Bi = Bo As (¢ + l)a < &@, therefore (iv) with 
Ay HS? = An = A, Aine = Ais SK eee ES 0 gives (i + l)hae A. So We see: 
There exists a Be A with B; < B < Bo. 

Now consider any a with 0 < a < & and form a sequence fj, Bs, --- with 
0 < Bi < Be < --- <a; lim;.. Bi = a. For each 7 choose a 8; € A with 
Bi < B; < Bi. SoB; > Bi-1,B; — Bi-1€A,¢ = 2, 3,---. Put m= 6, 
a; = B, — B;-; fori = 2, 3, ---, and apply (iv): OT a: = lim; 8; =a <a 
and soae A. 

Thus A consists of all a with 0 S a S & which is case (II)) if & is finite, and 
ease (II,) ifa = o. 

These considerations exhaust all possibilities. 

We now apply Lemmas 8.4.1 and 8.4.2 simultaneously, remembering that we 
can normalise D(Mt) so as to make é€ = 1 (cases (I,) and (I,)) resp. & = | 
(case (II,)). Then we have: 

Theorem VIII. The range of D(M) (that is the set of all values of a given 
D(M) for all M@ » M) zs one of the following sets: 


(I,) n= 1,2,--- The set 0,1, ---,n. 

(I,,) The set 0,1, --- 2%. 

(II,) The set of alla,O SaZ1 
(II) The set of alla,OSaZ@ 
(III,,) The set 0, ~. 


In the cases (I,), (1,,), (I]:) we have included a normalisation of D(), the 
standard normalisation. Case (II,,) is not normalised; in case (III,,) no nor 
malisation is needed, because 0, © are unaltered by multiplication with a finite 
positive number. 

We call the cases (I,), (II) the finite cases, the cases I, II,,, III,,, the infinite 
cases. On the other hand we call the cases (I) (that is (I,), (I,,)) the discrete 
cases, the cases (II), (that is (II,), (II,,)) the continuous cases, and the case 
(III), (that is (III,,)) the purely infinite case. 

The following problems arise immediately: 

Problem 3. Which ones of the classes (I,)—(III,,) do really exist? 

Problem 4. Which combinations of these classes do occur for coupled factors 
M, M’? For general factorisations My, --- ,M,? 

Problem 5. To which classes do the direct factors M belong? 

Problem 6. Are all factors M belonging to the same class ring-isomorphic, 0 
do there exist further invariant characteristics? 

Problem 7. Are all factorisations My, --- , M;, in which each M; belongs to 4 
given class ring-isomorphic or even spatially isomorphic, or do there exist further 
envartant characteristics? 
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We will be able to contribute considerable material to clarify these questions, 
but the only one to which we can give a complete answer is Problem 5. 

8.5. We establish the invariance of the subjects of the last §§ under ring- 
isomorphisms. 

Lemma 8.5.1. Replace the M, N nM by their E = By», F = By which are eM 
(Cf. Definitions 6.1.1, 7.1.1, and 8.2.1). The notions E ~ F( ---™M), finiteness 
and infiniteness of an E with respect to M, Dy(E) (apart from its normalisation) 
are invariant under algebraic ring-tsomorphisms. 

Proof: E ~ F means that a Ue M with UU*U = U, U*U = E, UU* = F 
exists. is infinite, if an F eM with F? = F* = F, EF = F,F& E,F~E 
exists. D(£) is characterised in Definition 8.2.1 by the sole use of the notions 0, 
finiteness, infiniteness, H ~ F and EF + F with EF = 0. Thus all these con- 
structions are invariant under algebraic ring-isomorphisms. 

Now we can state, combining Lemma 8.5.1 and Theorem VIII: 

Theorem IX. The cases (I,)—(III,,) of Theorem VIII are invariant under 
algebraic ring-isomorphisms. So is Dy(E) (we write E = Pye M for MM), 
apart from its normalisation, and even the standard normalisation (in the cases 
(I,,)-(Ii)). 

8.6. We now locate the direct factors in this classification. 

Lemma 8.6.1. I is a direct factor if and only if it belongs to the discrete cases: 
(I,,) or (I). If we then use the spatial isomorphism of $ with ; ® --- ®@ On 
where M becomes B‘;"? then the corresponding ©; will be an n-dimensional Euclidean 
space resp. a Hilbert space. If E; = Py, is a projection in 9; then Dy(E‘;'”) is, 
in the standard normalisation, simply the common notion of dimension of MN. 

Proof: In the cases (I) an Nt» M with D(M) = lexists. If %»M, RC M 
then D(MN) SF DIM), DIM = 0, 1. The former implies 2 = (0), the latter 
N~M and as M is finite, it excludes N = M, so it implies 2 = M. Ob- 
viously It > (0). Thus M is minimal, and therefore M is a direct factor (ef. 
Theorem IV). So our condition is sufficient. 

All other statements assume that M is a direct factor, and thus algebraically 
(even fully) ring-isomorphic to B;. Then we may replace (by Theorem IX) 
, M, by ;, B; that is, we may assume M = B. 

Every one-dimensional It = [¢], ¢ >< 0 (now all Mt 7M) is = (0) and finite 
(N : WM implies J = (0) excluding MN ~ Mt) so Dg([y]) > 0, <*. Besides 
le] ~ [¥] so Dg([v]) = Dg([¥]), Dp([¢]) isa constant. Normalise Dg() so as to 
have Dg({¢]) = 1. Then Lemma 8.3.2 gives Dg(Mt) = common notion of 
dimension of MN. 

Thus if § is an n-dimensional Euclidean space, this Dg(Mt) has the range 
0,1,---,n;and if it is a Hilbert space, it has the range 0,1,---, ©. This 
proves that M is in the cases (I,) resp. (I,,), and that this normalisation of 
Dg(M) is the standard one. 

This completes the proof. 

Lemma 8.6.1 makes it possible to solve Problems 3-7 in the discrete cases 
(that is for direct factors). The details are these: 
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The discrete cases (I,), for every n = 1, 2, --- and (I,,) do occur; and for 
factorisations My, --- , Mm we can prescribe any combination of the discrete 
cases (I,) and (I,,) for the M,’s. We need only form § = $1 ® --- ® §, 
where the §; are the corresponding n-dimensional Euclidean or Hilbert spaces, 
and put M; = B‘'). Furthermore if m — 1 of the factors M; are in discrete 
cases, then all are (Lemma 5.4.1); and so in particular two factors M,, M, 
(and a fortiori two coupled factors) are either both in discrete cases, or none 
of them is. The direct factors are identical with those in discrete cases. If 
in a factorisation My, --- , M, all M; are in discrete cases, then they are all 
direct factors, so My, --- ,M,, is a direct factorisation (Lemma 5.4.1). Thus 
a spatial isomorphism carries § into $1 ® --- ® Hn and each M,;; into B' 
therefore 5; is determined by the class of M;-(cf. above). Thus if two factors 
M, N have the same discrete class, they are fully ring isomorphic (Lemma 2.3.4 
and (22) §4, compare the factorisations M, M’ and N, N’); and if in two 
factorisations My, --- ,M,, and Ni, --- , N,, the corresponding M;, N; have the 
same discrete classes for i = 1, --- , m, then we have even spatial isomorphism. 









Part III: Pairs of factors 
Chapter IX: Qualitative Comparison of M¥ and M's 


9.1. We need first a discussion of infinite sums of definite operators. The 
considerations which follow are based on a construction of K. Friedrichs, (7), 
pp. 472, 476. The situation which we will investigate is described as follows: 

Definition 9.1.1. Let Ai, As, --- be a sequence of everywhere defined, 
bounded, Hermitian, (semi-)definite operators. In other words; For each 
i = 1, 2,--- ana; exists, so that we have identically 0 < (Aif,f) S a: || f |? 
for all f eH (Cf. (16) pp. 73-74). 

Put Ap = 1. Define & as the set of f « S for which }>?_, (A,f, f) is finite. For 
any two f, g € S for which >>*_,(A,f, g) is absolutely convergent, call this Q(/, 9). 

Lemma 9.1.1. % is a linear set. If f, g eA then Q(f, g) is defined. With 
af, f + g as linear operations and Q(f, g) as inner product X fulfills the conditions 
A, B, E of (16) pp. 64-66. (We may however have AX = (0).) 

Proof: As (Aiaf, af) = |a|?(A;f, f) therefore f eM implies af «%. As 


(A(f+9)f+9) S$ (Adf+9),f+9)+ AU -9,f-9 
= 2(Aif, f) + 2(Asg, 9) 


therefore f, ge % imply f + ge A. Thus A is a linear set. We have 
| (Aif,g) | S (As, f) + (Ag, g), (this is proved literally as Schwarz’s in- 
equality cf. (16), p. 64), thus if f, g « % then >>%_, (A;f, g) is absolutely con- 
vergent, and so Q(f, g) is defined. 

We now verify A, B, E, loc. cit. All parts of A, B are obvious, except B, 4. 
This holds, as f * 0 implies Q(f, f) = Duvuo (Aid, f) = (Aol, f) = || f |? > o 
Consider now E. We must prove: If fi, fo, --- € & and limm, nso Q(fm — fm 
fm — fn) = 0 then there exists an f ¢ Y% with lim,.. Q(fn — f, fn —f) = 9. 
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As Q((fm — In)» (fm — fn)) 2 || fm — fn ||? we have limm, n+ || fm — fn || = 0. 
So an f © with limy+» || fn — f || = 0 exists. As 
lim Q(fm — fay Sm — fn) = 0 


m,n—>o 


there exists for every « > 0 an mo = no(e) so that m, n = mo imply 


Q(fm ar Sny Sm — fr) Se 


and a fortiort 2s (A (fm — fn), fm —Jn) S €. Let now n— = asall A; are 
continuous, this gives p (Ai (fm — f), fm — f) S «. This holds for every 
j=0,1,2,---, therefore D'> (Ai(fm — f), (fm — f)) S €. This proves 
fn — feUS = fm — (fm — f) €A, and then Q(fn — f, fm —f) S « So we 
have f eM and limmo Q(fm — f, fm — f) = 0. This completes the proof. 

Lemma 9.1.2. For every f ¢« there exists one and only one f* eX so that 
(f,0) = QU, 9) for every g el. We have || f* || < |. 

Proof: Consider L(g) = (f, g) for g «% as a functional in %. We have ob- 
viously 1) L(ag) = G@L(g), 2) L(g: + ge) = L(gi) + L(g2). Furthermore we 
have |LQg)| = | (f, 9) | S$ IF ll-llg ll S$ IF |] VQG,Q), that is 3) | L(g) | s 
ay V.Q(g, g), Where ao = || f ||. Under these conditions the existence of an f* ¢ 
is certain, for which L(g) = Q(f*, g) for all g « U and this f* is unique. (Cf. 
(11), p. 11, and (13a), p. 34.) In other words: (f, g) = Q(f*, g), g = f* gives 
in particular: Q(f*, f*) = (f, f*) S || f||-|| #* ||; but as Q(f*, f*) = || f* ||? this 
implies || f* || < || f |]. 

Definition 9.1.2. Define an operator B by Bf = f*, in the sense of Lemma 
9.1.2. 

Lemma 9.1.3. B is everywhere defined, bounded, Hermitian, (semi-) definite 
(in ); and Range B C A. 

Proof: B is obviously everywhere defined. (Bf, f) = (f*,f) = Q(f*, f*) and 
< || f*\|-\|f || Ss || f||2, thus B is bounded, Hermitian, and (semi-) definite. 
As Bf = f* e& we have Range B C Y. 

Lemma 9.1.4. Form B+ in the sense of F. Riesz (cf. in the proof). B' is every- 
where defined, bounded, Hermitean, (semi-) definite. Range B! = %. For 
feS — [2], BY = 0, while for f, g € [2], (f, 9) = Q(BY, BY). 

Proof: As to the definition and character of B} ef. for instance (16), p. 113. 

Bf = 0 implies Bf = BBY) = 0; BS = 0 implies || Bf ||? = (BY, BY) = 
(Bf, f) = 0, BYf = 0; Bf = 0 means that the f* of Lemma 9.1.2 is 0, that is: 
(f,9) = Ofor g e%. This means f eS — [%M]. So we have: 


(f; BY = 0) = (f; Bf = 0) = S — [U. 
[Range B!] = [Range B] = [1]. 


Consider an f ¢ [9]. Then f is a condensation point of Range B! so a sequence 
fi, fo, ++» with lim. || BY, — f || = 0 exists. Now all Bf, ¢% and 


Q(Bin — Bin, Bln — Bn) = ( iis fe Mt, ~ Bf) 
= (BYn — BYn, BYm — BYfn) = || BYm — BYn \l*, 
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80 limm,n+0 Q(Bfm — Bin, Bfm — Bfn) = 9. But % fulfills the completeness 
postulate E (for Q(---, ---) ef. Lemma 9.1.1), so an f° € %& with 
lim Q(Bfn — f°, Bfn — f°) = 0 
exists. Now Q(g, g) = || g ||? so limnse || Bfn — f° || = 0. On the other hand 
the continuity of B* implies lim... || Bf, — Bf || = limn.. || B*(BY, — f) || = 0. 
So f° = B}f, proving Bf «A. Besides we found 
lim Q(Bf, — BY, Bf, — B*f) = 0. 

Consider two f, g € [2]. Then B*f, B¥g «YM and forming the above sequence 
fi, fo, --- for f and its analogue gi, gz, --- for g, the continuity of the inner 
product of 2 in the metric of 2 (all Q(.-- , ---) ef: (16), p. 65) necessitates 

Q(B} yf, Bq) = lim Q(Bf, Bgn) = lim (fn, Bgn) 


no no 


= lim (B'f,, B'gn) = (f, 9). 


neo 


Thus B? maps [%] on some subset 2%’ of 2{ and this mapping is isomorphic, if 
we use the inner product (f, g) in [2] but Q(f, g) in W’. 

Therefore it is one-to-one. Now [%{] is a closed subset in the topologically 
complete set § (topology of the metric || f — g || = (f — g, f — g)}, therefore 
Y’ is complete too, and so it must be a closed subset of 2 (topology of the metric 
[(Q(Uf — 9,f — g)}'). In this sense Y’ is a closed linear set in%{. Consider there- 


fore & — YL’ (for the inner product Q(f,g)). f «WU — WA’ means f e% and Q(f,g) =0 
for every g €%’ that is Q(f, Big’) = 0 for every g’ €[%M]. For every g",9' = 
Big” € [2] so we have a fortiori Q(f, Bg”) = 0, (f, g”) = 0 for every g”, and 
sof = 0. This proves YX — Y%’ = (0). Now every f ¢% is the sum of an ele- 
ment of 2’ and one of & — A’ (this is the fundamental theorem on projections, 
which applies to spaces which fulfill, like %, only A., B., E., by (11), p. 14, 
or (13a), p. 34); as & — Y’ = (0) this means fe Y’. Thus we have proved ’ = 2. 
We see that B} maps [2%] on A. In § — [2] (we use again the inner product 
(f, g) of S) however it is = 0. Therefore Range Bt = A. 

Thus we have proved all statements of our Lemma. 

Another essential property of B} is this: 

Lemma 9.1.5. Let M be a ring which contains 1. If the above Ai, Az, °*' 
are elements of M then B* «M. 

Proof: An¢M, AnnM so A, is invariant under every unitary U’ « M’. 
Therefore & and Q(f, g) are invariant under these and with them B, which was 
uniquely characterised with their help. So BM and by Lemma 4.2.1 B eM. 
This implies B} e M for instance by (19), p. 213. 

9.2. Consider now the sets N¥ of Definition 5.1.1. 

Lemma 9.2.1. Let M be a ring which contains 1. If go € ta then two linear, 
closed operators X’, Y’ nM’ with everywhere dense domains can be found such that 
go = X'Y’fo. (Of course fo « Domain Y’, Y'foe Domain X’. X°’ is even bounded.) 
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Proof: go is a condensation point of the set of all A’fy, A’ eM. So we can 
find for every n = 1, 2, --- an A, eM’ with || A, fy — gy || S 1/2". 
Thus || Ajifo — Anfo || S (1/2"*) + (1/2*) = 3/24, and so 


(2"(Ana — A})*(Ana: — An)fo, fo) = 2°((An4, — Ax)fo, (Any, — ALdfo) 
= 2" || (Ani, — As)fo ||? < 2°(3/2"+)? = 9/242, 


, 


We now perform the construction of Definition 9.1.1 with 2(Ai,, — Aj/)* 
(Ans1 — A.) in place of A,, n = 1,2, ---. We thus obtain & and Q(f, g), 
and the B, B* of Definition 9.1.2 and Lemma 9.1.4, which we will denote by 
B’,B". Lemma 9.1.5 gives B’?«M’. Note that our above evaluation secures 
fo YI. 

B’! is a one-to-one mapping of [2] on 2 (even isomorphic!, cf. Lemma 9.1.4). 
Denote its inverse (in & only!) by Yj. As B’! « M’ we have % = Range B’+ 1M 
and so Y(, 7 M; by its very nature Y; is linear and closed. But Domain Y;, = % 
is only dense in. If we put Y’ = YoPin then Y’ is clearly » M, linear, closed, 
and has an everywhere dense domain. 

Consider anfe. Then B?f = BoP af «A and Q(B, BY) = || Pag f ||? S 
lf | But 


Q(BYy, BY) = (BY, BY) + a (2(Ang: — An)*(Angi — An)B’Y, BY) 


= || BY ||? + don 2" | (Ang. — An)BY ||? 
> 2" (Any. — An) BY ||? 
for every n = 1, 2, --- ; so 


Il (Arn, —AL) Bf || < — IS 


TT 
| 


1 1 I | 
Fat yet type) 
1 1 _2+v2 
< a pers SIs, 





| (Ate» — AL) BYY|| ( 








Vay, 1 2" 
v2 





or, which is the same thing: 


| (A, — At) BUS || S (2 + -V2)/V/2uinm™ | fl]. 


Thus lim, n+ «|| (A, — AZ) Bf || = 0 and therefore a unique f* with 
lim... || A,B? f — f* || = 0 exists. We define an operator X’ by X’f = f*; 
then X’ is clearly the uniform limit of the sequence A{B’!, AsB’}, --- (ef. (18), 
p. 384), thus bounded and « M’ too. 

Now fo €%, therefore Y’fo = Yifo € [MJ and B!Y"fo = BY (fo = fo, go is the 





Te ENE EE INERT IGT TT Ay aI 





178 F. J. MURRAY AND J. v. NEUMANN 


n — © limit of the sequence A/fy = (A; B})Y’fo, so go = X’Y'fo. This com- 
pletes the proof. 

Note that we cannot make much use of the operator-product X’Y’ itself, 
It is not closed in general, and it is uncertain whether it possesses a single 
valued closure (cf. (21), p. 300). We will see in §16.3-16.4 how the notion of 
finiteness helps to bridge this gap; for the moment this is unimportant, because 
we are able to deal with the X’, Y’ separately. 

9.3. We will compare the me and the mee From now on we assume that 


M is a factor. 
Lemma 9.3.1. If go = X' fo where X’ nM’ is a linear, closed operator with an 
everywhere dense domain, then 


mm < me (---M’). 


Proof: X' 4M’ means that X’ commutes with all unitary U eM” = M that 
is with all elements of M? (ef. (18), p. 392), as it is linear and closed how- 
ever, it will even commute with those of R(M’) = M (ef. (18), p. 392 and 
405). So we have 


mM = [Ago, A ¢M] = [AX'fo; A eM] 
= [X’Afo; A « M] = [X’f, f « (Afo, A «M)] 
Cc [X’f, f e Domain X’. my] ; 


Put [Domain X’ . my] = N’; clearly N’ C my and X’»M’, my, nM’ imply 
N’ nM’. It is clear that X’- Py, is a linear, closed operator with an everywhere 
dense domain, and 7M. Our above relation proves me C [Range (X’-P»)]. 
On the other hand 


[Range (X’Py)*] = 5 — (f; X'’Pyf = 0) CH — (f; Pxf = 0) 
=§-(©-N)=N CMY. 
Using Lemma 6.2.1 we obtain: 
me Cc [Range (X’Py)] ~ [Range (X’P)*] C me (the ~ is ( --- M’), and 
so mM < my (.--,M. 


Jo ~w 
Lemma 9.3.2. MY, < MY, (--- M) implies M™ < M'* (M’). 
Proof: My, < M¥ (---M) means MM ~ MR, (---M), RCMH. Soa 
partially isometric U «eM maps mm, on Jt while U* maps Yt on mm 
Now Ugo e SC me so by Lemma 9.2.1 Ugo = X’Y"fo, X’, Y’ linear, closed, 
and with everywhere dense domains. By Lemma 9.3.1 my > mys, z 


My y's, = MY, all > (--- M’). But U*Ugo = go and so 
My, = [Ago; A eM] = [AU*Ugo; A eM] 
C [BUgo, B eM] = Me. 
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So mM CME, XS My 5 M’), MM < mM (...M’). 

Lemma 9.3.3. me Zs & amet -++» M) is ional to my zy me (... M’) 
resp. - 

Proof: My. >= g’( ... M) implies M*, > MM by Lemma 9.3.2. The con- 
verse follows by replacing M by M’ (and so M’ by M” = M); thus 
get > me. M) and My, X Miy,(--- M’) are equivalent. The same fol- 
lows for < by interchanging fo and go. 

The same follows for ~ because it means that < and > both hold; it follows 


for < because this means that < holds, but ~ not; finally it follows for > by 
interchanging again fo and go. Thus all statements of our Lemma are proved. 


Chapter X: Ratio of Dy(M’) and Dy.(M™) 


10.1. The last §§ give the basis for a quantitative comparison of Dy (Me ) with 
Dy(Q*). M, M’ will again be factors; Dy(M), Dy(M’) arbitrarily normalised 
relative dimension functions of M, M’ resp.; A, A’ their resp. ranges. We define: 

Definition 10.1.1. Denote the range of Dy(M'?’) (for all f € S) by Ao and the 
range of Dy.(IN™) (for all f « H) by Ay. 

Lemma 10.1.1. If we let correspond Dy(IM*’) to Dy, (MN) a one-to-one mapping 
of Ay on Ay results. Describe this mapping by a’ = (a), a €Ao, a’ € Ay. (a) is 
a monotone increasing function of a. 

Proof: Lemma 9.3.3 can be formulated like this: Dy(I™’) = Dy(M™’) is 
equivalent to Dy.(D) 2 Dy.(M™) resp. This implies all parts of our Lemma. 

We will now determine Ao, Aj, ¢(a) and the set of all pairs me, my. 

Lemma 10.1.2. If A eM, then [Ag; g « M™’] = M™, 

Proof: We have 
[Ag; 9 eM] = [Ag; g € [B’f, B’ «M’]] = [Ag;g « (Bf; B’ «M’)] 
= [AB’f; B’ «M’] = [B’Af; B’ eM’] = m™, 

Lemma 10.1.3. The necessary and sufficient conditions for the existence of 
anfe S with MY’ = M, ME = MN are these: Mn M, Nn M’, Dy (M) € Ao, 
Dy(N) = o(Dy(M)). 

Proof: The necessity being obvious, let us consider the sufficiency. Our 
assumptions imply the existence of a g with Dye(De") = Dy(M), Du (MF) = 
Dy(X). So MM’ ~ MC... M), MM ~ NC... M’). Let U eM be partially 
=o" with the initial - final sets me MM and U’ e€ M’ similarly with 

oo 

Consider now NM). It is equal to [A’U’g; A’ « M’], thus certainly a subset 
of [B’g, B’ eM’) = me’, But on the other hand for every B’ « M’ we have for 
A’ = B'U'* eM’, A’ U'g = BU'*U'g = B'Pymg = B’g. So our set is equal to 
my’. Now Lemma 10.1.2 gives: M,, = [Uh, h e MM] = (Uh; h e MM] = 
[Mm } = 2. Similarly M¥,,, = N. Thus f = UU'g = U ‘Ug meets all our re- 
quirements. 

Lemma 10.1.4. 1,02, «+» €Ao, >.?_, a; €A, >, ?_1 6(ai) € A’ imply D7 7_; a; € Ao, 
Ti 6@) = (Ta). 
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Proof: We wish to construct a sequence of mutually orthogonal 
Mai, Me, --- 7M 

so that Dy(M;:) = a; We proceed by induction. Assume that 

Ma, Me, ---, M1 


have already been constructed, fulfilling these requirements as well as 
Dy(® — (Ma, --- , Mi-r]) = DOF aj, where 7 = 1, 2,---. (For 7 = 1, thisisthe 
case, as Dy(S) = >°°_, a; because }>%_,a;¢A.) We thenconstruct Mas follows: 
If a, = ~ then >>% a, = © and § — (Mu, --- , Mia] is infinite. Apply Lemma 
7.2.3 to it, and put Mt; = MN for the resulting J which obviously meets all 
requirements. If a; is finite, choose an Mm. « M with D(M;) = a;. Then 
Mi < H— (My, ---, Mal, M; ~ M: CH — [Ma, --- , Mia] and use this M;. 
Then Dy(M:) = a, Du(S — (Mh, ---, Mi) = Dy(S — (Mu, ---, M+s]) - 
Dy (Mi) = >o7_,; — @; = >0%_:4, a; and again all conditions are fulfilled. 
Choose similarly a sequence Jti, Ite, --- ¢€ M’so that Dy (Ni) = d(a:). (Now 
pam o(a;) € A’ must be used.) By Lemma 10.1.3 an f; eS with M¥’ = M, 


my. = N; exists. As we can — fi by any a:f; we may assume || fil S$ 1/i. 
a we see, the 9r™’ yiy ? = 1, 2,--- are mutually orthogonal and so are the 
MY, i = 1, 2, . So the f; are mutually orthogonal, and as >>*_, || f; |? s 


7, 1/2 is finite, we can form f = >> *_, f; (ef. (16), p. 67). 

As fi « M™ therefore Hi e [MM fo t= m 2, ---] and considering the mutual 
orthogonality of the 9™ rit = 1, 2, --- we have f; = EY’ f. Similarly f « 
[wey , i = 1,2, --- Jandf; = EM y. 

Now 


mm’ = [A’f; A’ «M’] = | Ss A'fe A’ cM’ | C[[A;, A’ eM]; 7 = 1,2,---] 
| = (my,,¢ = 1,2,---] 
and 
my’ = [A’f, A’ eM’] > [B’E™ f. B’ «M’] = [Bf;, B’ «M’] = MY 
me D> (Me, i = 1,2, --- J. 
Thus My’ = [My;, 1 = 1, 2,--- . similarly I = [Mey i= 1, 2,---]. So 


we have Dy(M™’) = }°*_, "Daa(™ ') = Sta, Du (MN) = YP, Dut (ant) = 
>°7_, ¢(a:). Therefore >°7 a; € Ao, >-%_, o(ai) = $(>_7_, a). 

Lemma 10.1.5. 0 € Ao; an a € Ao with a > 0 exists; if ae A, a S B €Ao then 
a € Apo. 

Proof: For f = 0, Dy(M’) = Dy((0)) = 0, for f <0, MM’ & (0), DM" ) > 0. 
aS B € Ao, ae A implies that an Pi with Dy (0) = = B and an N77 M with 
Dy(%) = a exist. So RN < My’, N~ N’ Cc M™ and by Lemma 10.12, 
Mey s = (Px 9,9 ME] = N ~  R so Du (MP, as = Dy(N) = a. 

10.2. With the help of Lemmas 10.1.4, 10.1.5 the discussion of Ag, A, and 
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¢(a) can now be completed. We will use Theorem VIII, and discuss the three 
eases (1), (II), (III) for M separately. 

Assume first case (I) for M. Then we have case (I) for M’ too, by Lemmas 
3.2.3, 3.2.4, and 8.6.1. Use Dy(M), Du. (M) in their standard normalisations. 
By Lemma 10.1.5 0 € Ao; and an @ € Ay with a > 0,80 a 2 1 exists, which im- 
plies, as 1 eA that 1 ¢ Ao. Similarly 0, 1 ¢ A;. As $(a) is monotone increas- 
ing (by Lemma 10.1.1) and as 0 is the smallest element of both A, and Aj so 
¢(0) = 0, and as 1 is the smallest element * 0 of both Ao and Aj, so ¢(1) = 1. 


Denote the case of M more precisely by I[,,, where m’ = 1, 2, --- or «; 
similarly M’s by I,, where n’ = 1, 2,--- oro. If p= 0, 1, 2,---, Min 
(m', n’), then apply Lemma 10.1.4 with a; = --- = a, = 1, apy1 = apie = 
... = Oif p is finite, and a; = a, = --- = 1 if p is infinite. Then p e« Ao, 


¢(p) = p obtains. 
If Ao had further elements, we would have: 


q € Ao, g * 0, 1, 2, --- , Min (m’, n’). 
But g «A, q = 0, 1, 2, --- , m’, therefore Min (m’, n’) <q m’. Thus 
$(Min (m’, n’)) < $(q) 


(by Lemma 10.1.1), but @(Min (m’, n’)) = Min (m’, n’) and ¢(q) «A, C A’, so 
Min (m’, n’) < $(q) Sn’. So Min (m’, n’) < m’ and < n’ which is impossible. 
Thus Ap is precisely the set 0, 1, 2, --- , Min (m’, n’) and in it ¢(@) = a; there- 
fore Aj is the same set. We see that we have either Ay = A, or A, = A’. 

Assume next case (III) for M. A has precisely two elements: 0, ~, so that 
Ay = A by Lemma 10.1.5. So Ao = (0, ©), Ag = (6(0), o(@)) = (0, o(~)). 
Lemma 10.1.5 applied to M’ excludes the existence of an a’ € A’ with 0 < a’ < 
¢(*). This excludes case (II) for M’. Case (I) for M’ is ruled out as above 
(interchange M, M’), so we have case (III) for M’ too. Now we have for the 
same reasons as in M, A, = A’ = (0, ~), ¢(~) = ». So we have again 
¢(a) = a, but now Ap = A and Ay = A’. 

Assume finally case (II) for M. The above arguments exclude cases (I) and 
(III) for M’ (interchange M, M’,!), so we have case (II) for M’ too. We have 
four possibilities: M in a case (II,’) and M’ in a case (II,”) with m’, n’, = 1, ». 

Consider a pair a € Ao, a’ € Ay with a’ = ¢(a) and a p = 1, 2,---. Then 
(a/p) € Ao, (a’/p) € Ay. Assume (a’/p) > o(a/p). Obviously p-(a/p) = a € Ao. | 
Further po(a/p) < a’ «A, C A’ as we have case (II) for M, this implies 
po(a/p) € A’. Thus Lemma 10.1.4 applies for a1 = --- = ap = (a/p), apy1 = 
Am2 = ++. = 0, giving ph(a/p) = (a) = a’, (a’/p) = ¢(a/p). This contra- 
dicts our assumption (a’/p) > ¢(a/p). Interchanging of M, M’ excludes 
(a'/p) < $(e/p) too. So we have proved a’/p = ¢(a/p). In other words: 


¢(a/p) = (1/p)o(@). 


Take now aq = 0,1,---,p. We have (q/p)a < a€Ao C A, so (owing to 
case (II) for M and for M’) (q/p)a € A, qb(a/p) € A’. Therefore Lemma 10.1.4 
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applies for a; = --- = a, = a/P, 41 = O42 = --- O, giving (q/p)a € Ay and 
$((q/p)a) = ¢¢(a/p) = (q/p)o(a). In other words: If 0 S 6 S atheng¢(g) = 
(8/a)p(a) if (8/a) is rational. 

By Lemma 10.1.5 0 < 6 S aimplies B € Ap so $(8) is defined in all this inter- 
val. As it is monotone increasing (Lemma 10.1.1), we have $(8) = (8/a)¢(a) 
for all these 6 that is ¢(a)/a = $(8)/B8 (assuming a, B * 0). 

Assume a, 8 eAyo and *& 0. If a 2 BthenO0 S B S a and we know that 
o(a)/a = $¢(8)/8. By symmetry this equation holds for a = £:too, that is, it 
holds always. So ¢(a)/a is constant, say C. C is finite and positive by its 
nature. We have ¢(a) = Ca if a € Ao, a * 0 and of course for a = 0 too. 

Let the l.u.b. of Ap be m”, and that of Aj, n”. We have 0 < m” < m’, 
0 <n” <n’, and of course n” = Cm”. m" belongs to Ap: Choose ay, az, - 
with a; = 0, Sia; < m", >-7 a; = m” (for instance a; = m"/2' if m” is finite, 
and a; = 1 if m” is infinite), and apply Lemma 10.1.4. Similarly n” belongs 
to Aj. 

Assume now m” < m’,n” <n’. Then m”, n” are both finite, and a # > 1, 
< 2 with dm” < m’, dn” < n’ exists. Then (8/2)m” < m’ and so «€ Ay while 
2-(3/2)m” = dm" S m’ is €A, 26((8/2)m") = 2-C(8/2)m” = dn” S n' is 
€A’. So Lemma 10.1.4 applies for ay = az = (0/2)m", a3 = a = --- = 0 
giving 3m” € Ao. This is impossible, as 8m” > m”. 

So we have m” = m’ and n” S n’ or m” S m’ and n” = n’ and besides 
n” =Cm". Let us now consider the four possible combinations of m’, n’ = 1, ~. 
If m’ = n’ = 1 then C 2 1 necessitates n” = n’ = 1, m’ = (1/C)n’ = 
(1/C) < 1so Ay = A’, while C S 1 implies m” = m’ = 1,n” = Cm" =C <1 
so Ay) = A. As both A, A’ (that is Dy(M), Dy-(M)) are normalised, C has an in- 
variant meaning. If m’ = 1, n’ = o then A’ is not normalised. So we can 
make C = 1. Now obviously m” = m’=1,n" =m" =1<«. SoA, =A. 
If m’ = «, n’ = 1 then A is not normalised. So we can make C = 1 again. 
Now obviously n” = n’ = 1,m" = n'’ = 1< . SoA, =A. If finally 
m’ = n’ = » then both A and A’ are not normalised. So we can make C = 1 
again, and then m” = n” = o and thus Ap = A, Ay = A’. 

All these results together with those of Lemmas 10.1.1 and 10.1.3 give the 

Theorem X. In a factorisation M, M’ the factors M, M’ must both belong to 
class (1), or both to class (II), or both to class (III). 

The function $(a) defined in Lemma 10.1.1 always has the form ¢(a) = Ca 
where C is a finite, positive constant. In case (I), using the standard normalisa- 
tions of A, A’ necessarily C = 1; in case (II), if both M, M’ are in case (II) and 
using the standard normalisations of A, A’ the value of C is uniquely defined; in 
case (II), af at least one of M, M’ is in case (II,,) and if we normalise the corre- 
sponding A or A’ suitably, then we can make C = 1; in case (III) the value of C 
is arbitrary (asa = 0, ~) so we can take C = 1. 

Always either Ay = A or Ao = A’; details are given in the discussion above. 

An f with Mm’ = M, MY = N exists if and only if Mn M, NM’ and if 
Dy(M) € Ao, Du (N) € As, Du (NM) = CDy(M). (Owing to the last condition each 
one of the two preceding conditions implies the other). 
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This Theorem brings us nearer to the answers of Problems 4 and 7: It ex- 
cludes certain combinations of cases for M, M’ and it shows that M, M’ pos- 
sesses a further invariant, if M, M’ are both of class (II;), the number C. This 
latter statement is of course only then of value, if such M, M’ both of class (II), 
and with various values of C, do really exist. We will see that this is the case, 
and besides get further information on all these points in §§13.2 and 13.3. 


Chapter XI: Composition and decomposition of factors 


11.1. A natural question to ask is this: 

Problem 8. Under what conditions can two given M, N belong both to one 
factorisation My, --- , M,,? 

The following Lemma gives a necessary and sufficient condition but thereby 
raises a new problem. 

Lemma 11.1.1. M, N belong both to one (suitably chosen) factorisation if and 
only if (i) M, N are factors, (ii) M, N commute (that is: M CN’), (iii) R(M, N) ts a 
factor. 

Proof: If M, N belong to a factorisation M,,---, M, then M = Mi, 
N = M;,i%j. Thus (i) is fulfilled by Lemma 3.1.1; (ii) by definition; and 
(iii) by Lemma 3.1.1 again, as we may make 7 = 1,7 = 2 by a permutation of 
M,,---,M, and then remember (cf. the remark at the end of §3.1) that 
R(M,, Mz), R(Ms, --- , M,.) too is a factorisation if n > 3 (for n = 2,R(M,, M2) 
= Bis trivially a factor). Thus our condition is necessary. 

Assume now that (i)—(iii) are fulfilled. (R(M,N))’ = M’ N’ commutes with 
M and N; M, N commute with each other; and 


R(M, N, (R(M, N))’) _ RR(M, N), (R(M, N))’) =B 


as R(M, N) is a factor. So M,N, (R(M, N))’ is a factorisation and it contains 
M,N. Thus our condition is sufficient. 

The new problem therefore is: 

Problem9. If M,N are two factors which commute, under what conditions will 
thenR(M,N) bea factor? How does the class of R(M, N) (in the sense of Theorem 
VIII) connect with the classes of M and N? 

We will only succeed in giving a partial answer. This answer could be 
obtained by using somewhat less formal machinery then we are going to use. 
But it seems reasonable to make use of it, because it makes the algebraic side of 
these questions clearer. 

We define: 

Definition 11.1.1. Let M, P be rings which contain 1. If M C P we 
define Mp = P.M’ (Mp too isa ring which contains 1 and CP). 

This notion shares many formal properties with M’ with which it coincides for 
P= B. As the decisive property of M’ is M” = M (ef. (18), p. 397), it is 
reasonable to define: 

Definition 11.1.2. Pis normal, if M C Pimplies Mpp = M. 

Lemma 11.1.2. If P is normal, then it is a factor; and every factorisation 
Q, P’ is a coupled one. 








184 F. J. MURRAY AND J. V. NEUMANN 


Proof: Put M = (al). Then M C P so Mpp = M;; now (al)p = P(al)’ 
=PB = P, Pp = P-P’. So we have P-P’ = (al). SoP is a factor. That 
Q, P’ is a factorisation, means Q C P” = P and R(Q, P’) = B, thatis 
(R(Q, P’))’ = B’, Qp = QP = (R(Q,P’))’ = B’ = (al). 

So Q = Qpp = (al)p =P. 

Our notion of normalcy could easily be expressed in terms of the conditions 
which characterise the ‘“‘B-lattices” of G. Birkhoff (ef. (1), p. 445) but we will 
not enter on this aspect of the subject at present. 

The connection with Problem 9 is established by the following Lemma: 

Lemma 11.1.3. The factors M, N are commutative and R(M, N) is a factor too 
(that is: the conditions of Lemma 11.1.1 are fulfilled), ifa PP with M CP,NCPp’ 
exists, so that P, P’ are both normal. 

This is in particular the case, if M, N commute, and besides M, M’ or N,N’ 
are both normal. 

Proof: M C P CN’ shows that M, N commute. We have 


(R(M, Mp))p = P-(R(M, Mp))’ = PM’(Mp)’ = M’Mpp 
and as M C P,P normal, this is M’M = (al). Therefore, considering 


” 


R(M, Mp) C P, P normal, we have R(M, Mp) = (R(M, Mp)pp = (al)p =P. 
Similarly R(N, Np’) = P’. Therefore 


R(R(M, N), R(Mp, Np-)) = R(M, N, Mp, Np-) = R(R(M, Mp), R(N, Np-)) 
= R(P,P’) =B. (Pisa factor!). 


Now M commutes with Mp because Mp C M’, and with Np. because 
M CP, Np C P’. So M commutes with R(Mp, Np’). Similarly N con- 
mutes with R(Mp, Np-). Therefore R(Mp, Np) commutes with R(M, N). 
Thus R(M, N), R(Mp, Np’) is a factorisation, and so (by Lemma 3.1.1) 
R(M, N) is a factor. 

The second half of our Lemma obtains by putting P = M resp. P = N’. 

11.2. We derive some properties of normalcy. 

Lemma 11.2.1. The operation Mp (for M C P) and the normalcy of P are in- 
variants under (A*, AB)-ring-isomorphisms of P. 

Proof: The first statement is obvious, the second follows immediately from 
the first one. 

Lemma 11.2.2. If Pisa factor of class (1), then P, P’ are both normal. 

Proof: As P’ is of class (I) too (by Lemmas 3.2.4 and 8.6.1, or by Theorem X), 
it suffices to consider P alone. Now Lemma 8.6.1 and Theorem II imply that 
P is algebraically (even fully) ring-isomorphic to the B of some space . There- 
fore Lemma 11.2.1 permits us to assume P = B. 

But then Mp becomes Mg = M’ and as M” = M (ef. (18), p. 397) therefore 
P = Bis normal. 

Note that Lemmas 11.1.2 and 11.2.2 give together the statement of Lemma 
3.2.4 again: Every direct factorisation M, N is coupled (let M, N correspond to 
Q, P’ resp.). 
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As we will find non-coupled factorisations of class (II) (Cf. 13.4), Lemma 
11.1.2 implies that non-normal factors of class (II) do exist. We did not succeed 
however in showing that no factor of class (II) is normal. Nevertheless the 
only non-normal P’s we know are of class (II). 

Thus the following question is only partially answered: 

Problem 10. Which factors are normal? 

The second half of Problem 9 remains to be discussed: Determining the class 
of R(M, N) in terms of the classes of M and N._ If M or N belongs to case (I) 
(by symmetry we may assume that N does), then the results of the next two §§ 
permit us to solve this problem. In all other cases our information is in- 
complete. 

11.3. We will now consider an operation which is in a certain sense inverse to 
the “composition” R(M,N). It is based on the following Lemma: 

Lemma 11.3.1. Let M be a ring which contains 1, E a projection e M. If 
A' «M’ then form EA’ = A'E = Ay. Then these A, are identical with those 
(bounded) operators A for which EA = AE = A and which commute with all 
EBE, BeM. 

Proof: The necessity is clear: If A’ «M’ then A’ commutes with E «M so 
we can define 


EA' = A'E = A,; EA, = EEA’ = EA’ = Ay, A,E = A'EE = A'E =A, 
and if B e M then 
EBEA, = EBA, = EBEA’ = A'EBE = A,BE = A,EBE. 


Let us now consider the sufficiency. Assume therefore EA = AE = A and 
that A commutes with all EBE, B eM. 

As A is bounded, there exists an a > 0 so that a?-1 — A*A is (semi-) definite, 
and then there exists a unique (semi-) definite C with C? = a?-1 — A*A. (That 
is: C = (@?.1 — A*A)}, ef. (21), p. 303.) The EBE, B «eM commute with A, 
therefore with A*, A*A and C too. In particular E = EEE does so. 

Assume now Bi, --- , B; eM, fi, --- , f; arbitrary. We then form: 


2 


” (>, B,CEf;, ¥. B.CEf.) + (>, B;AEf;, >, BAEfs) 

















' + [> > B;AEf; 


-(> x (ECB,.B,CE + EA*B,B;AE}f,, fs) 
A x {(CEB*B,EC + A*EB*B,EA} f,, fs) 


Doi. {EB,B E(C? + A+A) ifs 52) 
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- (Si. {EBB E(o*1)} fi, fs) =a (>, BEf;, > Bibifx) 


Ht . « lo 
= a | Dui Bik; , 


and therefore || }>'-, B;AEf; || < « || oi B,Ef; |). 


Thus >>; B;Ef; = 0 implies })}-, B;AEf; = 0 and so, owing to the linearity, 
A (ui B,Ef) = Doi-, B;AEfi = 0, 1, 2, ;B; «M, f; arbitrary for 
j = 1,---,7%) defines a one-valued linear ‘iieeeutien = We can now write 
|| Af ls <a ' f || so that A is continuous. Therefore we ean form the closure 


of A, a This will be one-valued, again fulfilling || fi f\| Ss a\|/f\| and 


Domain a ’ = [Domain A]. (All this results by direct application of the cri- 
terium of (21), p. 300). 

If B eM then A(B(Doi-: BiEf) = A(Oi BB.Ef) = Di (BB,)ARy, = 
BOQ i=: B,AEf;) = B(A(i-1 BiEfi) so An M (cf. Lemma 4.2.2). There- 


fore q aN M and i> = Domain q nM’. Thus Fy = Py, € M’. Note that 
Domain a > Domain A D M, iE = Py (put 7 = 1, Bi = 1), so Fy 2 £. 
Our definition of Fo shows, that 7 Po i is everywhere defined. It is bounded 


too, and as | n M’, Fy eM’, therefore q Fon M’. These facts imply together 
AF, eM’. Put A’ = AFP». 


Now AEf = AEf (put i = 1; 5 Bs = 1] in the definition), and so GE = 


AE = A. Therefore A’E = 7 F,-E = ij E = A. In other words: 
EA’ = A'E = A, = A, completing the proof. 

We can now carry out the constructions which are necessary for our “de- 
composition.” 

Definition 11.3.1. Let M be a ring which contains 1 and Yt a closed linear set 
*; (0). Consider those operators A ¢ M which are reduced by 9 and form their 
parts in Yt, Aygn) (ef. (16), p. 78). These are bounded operators in J. Denote 
the set of all these Ayn) (A ¢M and reduced by MM) by Mig. 

Lemma 11.3.2. Let M be a ring which contains 1 and M a closed linear set 
= (0), MyM, E = Py. Then (Mi) = Min. (These are rings of operators 
in the space Nz.) 

Proof: An operator Ao in I is at the same time an operator in © but its 
domain is C MM. If Ao is bounded, then AoE is everywhere defined in and 
so (being bounded) ¢ B. As its range is C IM, E(AoH) = AoH. Obviously 
(AopH)E = AcE so AoE commutes with E = Py, and is reduced by 2. Its 
parts in M, H — Mare Ao, 0 resp. 


Thus Ao, Bo (in Mt) commute if and only if AoE, BoE (in H) commute. 
Ao € (Mi)’ means therefore, that AoE commutes with every BoE, By «Ma- 
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The statement on By means Bo = Bigy, B eM but then 
EBE = EB = BE = BE. 


(Note, that Bok differs in general from EBy = Bo, their domains being 
resp. MN). So Ao# must commute with every EBE where B ¢« M, B commutes 
with E. Replacing B by EBE (which commutes with EF and leaves EBE 
unaltered) shows that any B eM will do. Now Lemma 11.3.1 applies to AoE: 

A,E = EA' = A’E for some A’ eM’. This means, Ao = (AcE) = Am, 
Ay «Map. 

Conversely: If Ao eM (gy, Bo eM then Ap = Aim; By = Bom) where 
A’ eM’, BeM so A’, B commute, and Ao, By too. So Ao ¢M(gy implies 
Ay €(Miy)’. So we have completely proved (Miy)’ = Mig. 

Lemma 11.3.3. Let M, M, E be as above. Consider the correspondence 
X2Xwqm. This ts a one-to-one mapping and even algebraic ring-isomorphism of 
the following rings on each other: 

(i) Atany rate of the ring of allA eM with EA = AE = A onall Mw. 

(ii) If M is a factor, of all M’ on all M/gy. 

Proof: The invariance of a A, A*, A + B, AB is obvious, only the one to one 
character must therefore be proved. 

a (i): If Ao € My, form the AoH from the proof of Lemma 11.3.2. If 

= Aw, A eM, then as we saw, ApH = EAE, so AoE eM too; and besides 
: = (AcE) @m, E(AoE) = (AoE)E = AoE. Furthermore Ao = (AoE) ny 
and Ao determine each other uniquely. This completes the proof. 

Ad (ii): Every A’ e M’ commutes with E = Pg, eM so it is reduced by M 
and A, can be formed. Ag) = By means that A’f = B’f for all f eM, 
that is for all f = Eg so A’E = B’E. By the corollary to Theorem III this 
implies A’ = B’as E 0. This completes the proof. 

Lemma 11.3.4. Let M,M, E be as above. If M isa factor then Migy is one too. 

Proof: Apply Lemma 11.3.2: 

My -(Mq)’ = May-Migyn = (M-M’) ay = (@ Im = @ lo) 
and 1, is the unity operator in M. 

Lemma 11.3.5. Let M bea factor, M, E as above. Then we have: 

(i) If F runs over all projections F eM, F S E (cf. (16), p. 76) then Fig runs 
over all projections eM. Fig ~ Gin (. o Mm), (F, Ge M, < E), 1s 
equivalent to F ~ G(..- M). 

(ii) If F’ runs over all projections F’ €M’ then Fig runs over all projections 
Mia). Fin) ~ Gian («++ Migy), (F’, G’ € M’), is equivalent to F’ ~ G’ (--- M’). 

Proof: Ad (i): The first part is a restatement of Lemma 11.3.3, (i) as EF = 
FE = FmeansF < E (ef. (16), p. 76). As to the second part, note that 
F ~G(..- M) means F = U*U, G = UU* for some U eM (cf. Lemma 4.3.1 
and Definition 6.1.1) and F@) ~ Gay (--- Mp) means similarly 


Fon, = (Ug)* Uap, Gan = Um (Ucan)* 
(cf. as above) for some U e M, EU = UE = U (ef. Lemma 11.3.3, (i)). The 
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latter equation means again F = U*U, G = UU* (by Lemma 11.3.3, (i), owing 
to the algebraic ring-isomorphism), so that all we need to prove is that the U 
of the first case fulfill automatically HU = UE = U. As the initial and fing] 
sets of that U have the projections F, G < E they are both C MM and this im- 
plies HU = UE = U. 

Ad (ii): This follows immediately from Lemma 8.5.1 as M’ and M/s) are 
algebraically ring-isomorphic. 

Lemma 11.3.6. Let M be a factor, M¢, E as above. Let Dy(F), Dy, (F’) 
(F eM resp. F’ «M’) be relative dimension functions in M resp. M’. Then 
DY? (Fan) = Dy(F) and DY? (Fig) = Dy (F’) are relative dimension functions 
in Mi resp. M(q). 

Proof: Owing to Definition 9.1.1 this follows immediately from Lemma 11.3.5. 

Lemma 11.3.7. Let M be a factor, M, Eas above. Let 


Du(F), Dw (F’), Dit? (F), Div? (F’) 


be the relative dimension functions of Lemma 11.3.6 and A, A’, Ag, Asm) their 
resp. ranges. Then Ay is the set of alla € A, a S Dy(E) while Aj = A’. 

Proof: Aw is by Lemma 11.3.5, (i) and Lemma 11.3.6, the set of all Dy(F), 
F < E, that is the set of all Dy(I), R C Mt. Replacing these Yt by all 
N~ N’ CM, that is by all NR < Mt, obviously does not affect the set of their 
Dy(N). In other words: we have all Dy(I) with Dy(N) S Dy(M) that is all 
a eAwitha S Dy(M) = Dy(£). 

A(sx) = Acgy follows immediately from Lemma 11.3.5 (ii), and Lemma 11.3.6. 

11.4. The treatment of § 11.3 was asymmetric, insofar as the Nt occurring 
in it was assumed to be 7 M. We will now obtain symmetric results by con- 
sidering simultaneously an Jt 7 M and an Nt’ » M’ and applying the preceding 
Lemmas twice. 

Lemma 11.4.1. Let M be a factor; IN, M’ closed linear sets both *< (0); Mtn M, 
MY’ » M’, FE = Py, E’ = Py. Perform the operations of Definition 11.3.1 for the 
closed linear set MN-M’. The correspondence X = Xqy.q) ts then a one-to-one 
mapping and even an algebraic ring-isomorphism of the following rings on each 
other : 

(i) Of the ring of all A eM with EA = AE = A onall Mwy»). 

(ii) Of the ring of all A’ «eM! with E’A'’ = A’E’ = A’ on all Mig»). 

Besides we have 

(iii) (Ma.m)’ = Mima), Mom.m being a factor. 

(These are rings of operators in the space NM-M’ >= (0).) 

Proof: As E «M, E’ «M’ therefore E, E’ commute, and so EE’ = Py.w- 
The Corollary to Theorem III gives, owing to E, E’ * 0 that EE’ *® 9, 
Mt-M’ (0). As EH’ eM’ therefore E/gy) ¢ M(qy but Ej = EE’ = Py. 9 
M-M’ n Mig. 

Now (i) results by applying first Lemma 11.3.3 (i) to M, M’, It and then 
Lemma 11.3.3 (ii) to Migy, May, M-M’. (ii) follows from (i) by inter- 
changing M, It with M’, M’. (iii) follows by applying Lemmas 11.3.2 and 
11.3.4 first to M, M’, M and then to Mig, Moy, M-M’. 
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Lemma 11.4.2. Let M, 2, M’, EH, E’ be as above. Then we have: 

(i) If F runs over all projections F eM, F S E then F y.s runs over all pro- 
‘ections € Mgy.m). If Dmu(F) is a relative dimension function in M._ then 
eal (Fin.m)) = Du(F) ts one in Moy.). Denote their ranges by A resp. 
Agn.m then Aqn.m ts the set of alla ¢A,a S Dy(E). 

(ii) If F’ runs over all projections F’ «M’, F’ < E’, then F(gy.y runs over all 
projections € Min. If Dw (F’) is a relative dimension function in M’, then 
De (Farm) = Dw (F’) is one in Migy-y. Denote their ranges by A’ resp. 
Aun mM) then Awn-m is the set of alla’ «€ 4’, a’ s Dy (E’). 

Proof: (i) results by applying Lemmas 11.3.5 ((i) resp. (ii)), 11.3.6 and 11.3.7 
first to M, M’, Mt and then to Mim), Mim 2-M’. (ii) follows from (i) by 
interchanging M, 9 with M’, NM’. 

We see that the coupled factorisation M, M’ in § generates a coupled factori- 
sation Mig. ); Min. in M-M’ = (0). Lemma 11.4.2 gives us the means to 
determine the classes of the latter factors in terms of those of the former ones. 

Lemma 11.4.3. Let M, M’, M,M’, E, E’ be as above. Then Mig sy, Mina) 
belong to the same ones of the classes (I), (II), (III), as M, M’ (cf. Theorem 
X). In particular: 

(i) If M, M’ are in class (1), andif Dy (F), Dy (F) are given in their standard 
normalisations, that the same is true for DQ™™ (Fag), DY ™ (Fen.m)). 
We have class (I,) or (1,,) for Mig.gyy (resp. M(x.) corresponding to whether 
M (resp. Mt’) is finite-n-dimensional or infinite-dimensional. 

(ii) If M, M’ are in class (II), then Migp.sp) (resp. Min.) are in class (11;) 
or (II,,) corresponding to whether IN (resp. M’) is finite or infinite. So if M, Me’ 
are both finite, the C of Theorem X (referred to the standard normalisations) has an 
invariant meaning. If we then vary M, Mt’ then C will be proportional to 
Dy (M)/Dyr (M). 

(iii) Jf M, M’ are in class (III), no further comment is necessary. 

Proof: Let first M, M’ be in class (I). Let Dy (F), Dy (F’) be in stand- 
ard normalisation. Put Dy (E) = m, Dy (E’) = n then m, n > 0, that is m, 
n,=1,2,---,0. So the ranges of DQ?™? (Fig) and Di”? (Figp-m) 
are 0,1,---,m resp. 0, 1,---,. Thus Mogp-g, Mian. a belong to class (I), 
and (i) is true. 

Let second, M, M’ be in class (II). Choose Dy(F) and then Dy (F’) in any 
normalisations. Put Dy (E) = oo, Dy (E’) = ay, then a, a, > 0 and the 
ranges of Di” (Fogp. spy) and DQ ™ (F (gp. spy) consist of alla with O S$ a < ap 
resp. of alle’ with 0 < a’ S ap’. Thus Mi.m , M(m-m belong to class (ID), 
and all parts of (ii), except those referring to C are proved. 

Concerning C (cf. Theorem X) observe this: M¥imm for fe M-M’ is 
[Ain f; A eM], that is [AEE’f, A «M, A commutes with E]. Then we may 
Write as well HAEE’f and replacing A by EAE (this is « M, commutes with 
E, and leaves EAEE’ unaltered), we can admit all A eM. Now EAEE'f = 
EAf as f ¢ M-M’ so we have [EAf; A eM] = [Eg, g « MM] = [EE™ h, h € H). 
But E « M, EM eM’ commute, so E-E¥ = P therefore MMM) = 


nM) 
M-M, 
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latter equation means again F = U*U, G = UU* (by Lemma 11.3.3, (i), owing 
to the algebraic ring-isomorphism), so that all we need to prove is that the U’ 
of the first case fulfill automatically HU = UE = U. As the initial and fina| 
sets of that U have the projections F, G < E they are both C PM and this im- 
plies HU = UE = U. 

Ad (ii): This follows immediately from Lemma 8.5.1 as M’ and M/y)) are 
algebraically ring-isomorphic. 

Lemma 11.3.6. Let M be a factor, M¢, E as above. Let Dy(F), Dy, (F’) 
(F «eM resp. F’ «M’) be relative dimension functions in M resp. M’. Then 
DQ (Fy) = Dy(F) and DY? (Fy) = Dy (F’) are relative dimension functions 
im Mim resp. M/m). 

Proof: Owing to Definition 9.1.1 this follows immediately from Lemma 11.3.5. 

Lemma 11.3.7. Let M be a factor, M, E as above. Let 


Dy(F), Du (F’), Dit” (F), Di? (F’) 


be the relative dimension functions of Lemma 11.3.6 and A, A’, Ag, Am their 
resp. ranges. Then Awgy is the set of alla ¢ A,a S Dy(E) while Aim) = A’, 

Proof: Avy is by Lemma 11.3.5, (i) and Lemma 11.3.6, the set of all Dy(F), 
F < E, that is the set of all Dy(I), NR C Mt. Replacing these NM by all 
N~ MN’ CM, that is by all R < Mt, obviously does not affect the set of their 
Dy(N). In other words: we have all Dy(It) with Dy (MN) S Dy(M2) that is all 
a eAwitha S Dy(M) = Dy(F). 

Aim) = Aim follows immediately from Lemma i1.3.5 (ii), and Lemma 11.3.6. 

11.4. The treatment of § 11.3 was asymmetric, insofar as the 2t occurring 
in it was assumed to be 7 M. We will now obtain symmetric results by con- 
sidering simultaneously an 9t 7 M and an SN’ 7 M’ and applying the preceding 
Lemmas twice. 

Lemma 11.4.1. Let M be a factor; IN, M’ closed linear sets both *< (0); Mt 4M, 
Me’ » M’, E = Py, E’ = Py. Perform the operations of Definition 11.3.1 for the 
closed linear set M-M’. The correspondence X — Xigq.q.) is then a one-to-one 
mapping and even an algebraic ring-isomorphism of the following rings on each 
other: 

(i) Of the ring of all A eM with EA = AE = A onall Mwy. m». 

(ii) Of the ring of all A’ ¢M’ with E'A’ = A'E’ = A’ on all Miy.m)- 

Besides we have 

(iii) (Mgy.m)’ = Mima), Mommy being a factor. 

(These are rings of operators in the space IN-M’ = (0).) 

Proof: As E «M, E’ «M’ therefore E, E’ commute, and so EE’ = Py»: 
The Corollary to Theorem III gives, owing to E, E’ 0 that EE’ *® 0, 
M-M’ (0). As H’ eM’ therefore Eq) € Mig) but Ey) = EE’ = Py 
M-M’ n Min. 

Now (i) results by applying first Lemma 11.3.3 (i) to M, M’, I and then 
Lemma 11.3.3 (ii) to Migy, Magy, M-M’. (ii) follows from (i) by inter- 
changing M, 2 with M’, M’. (iii) follows by applying Lemmas 11.3.2 and 
11.3.4 first to M, M’, M and then to M/gy, May, M-M’. 
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Lemma 11.4.2. Let M, 2, M’, E, E’ be as above. Then we have: 

(i) If F runs over all projections F «eM, F S E then Fgy.y runs over all pro- 
jections ¢« May.m- If Dy(F) is a relative dimension function in M_ then 
De” (Fan m) = Du(F) ts one in Moy.y. Denote their ranges by A resp. 
Ags) then An. ts the set of alla ¢A,a S Dy(F). 

(ii) If F’ runs over all projections F’ « M’, F’ < E’, then Figy gm’) Tuns over all 
projections € M(x.» If D w (F’) ts a relative dimension function in M’, then 
De® (FQ. gy) = Dw (F’) is one in Migp.sy. Denote their ranges by A’ resp. 
Acar: M) then Acn-9’) is the set of alla’ «€ 4’, a’ < Dy (E’). 

Proof: (i) results by applying Lemmas 11.3.5 ((i) resp. (ii)), 11.3.6 and 11.3.7 
first to M, M’, M and then to Mig, My) M-M'’. (ii) follows from (i) by 
interchanging M, 2% with M’, MN’. 

We see that the coupled factorisation M, M’ in generates a coupled factori- 
sation Miya’); M/s.) in Mt-M’ (0). Lemma 11.4.2 gives us the means to 
determine the classes of the latter factors in terms of those of the former ones. 

Lemma 11.4.3. Let M, M’, M,M’, E, EL’ be as above. Then Misys, Mim-a) 
belong to the same ones of the classes (I), (II), (III), as M, M’ (cf. Theorem 
X). In particular: 

(i) If M, M’ are in class (1), andif Dy (F), Dy (F) are given in their standard 
normalisations, that the same is true for DQ’™ (Fy.g), DY” (Fign.m’)- 
We have class (I,) or (1,,) for Mig.m) (resp. M(x. a) corresponding to whether 
M (resp. M’) is finite-n-dimensional or infinite-dimensional. 

(ii) If M, M’ are in class (II), then Misgp.gp (resp. M(gn-sy) are in class (11;) 
or (II,,) corresponding to whether IN (resp. Mt’) ts finite or infinite. So if M, Me’ 
are both finite, the C of Theorem X (referred to the standard normalisations) has an 
invariant meaning. If we then vary M, M’ then C will be proportional to 
Dy (M)/Dyy (M). 

(iii) If M, M’ are in class (III), no further comment is necessary. 

Proof: Let first M, M’ be in class (I). Let Dy (F), Dy (F’) be in stand- 
ard normalisation. Put Dy (EZ) = m, Dy (E’) = n then m, n > 0, that is m, 
n,=1,2,---,0. So the ranges of DQ?” (Fi. y) and Dit ™? (Fina) 
are 0,1,---,m resp. 0, 1,---,n. Thus Miy.m, Mian. 3x’) belong to class (I), 
and (i) is true. 

Let second, M, M’ be in class (II). Choose Dy(F) and then Dy: (F’) in any 
normalisations. Put Dy (EZ) = a, Dy (E’) = ay, then a, a > 0 and the 
ranges of Div (Fogp. gp) and DQ ™ (F (gp. sp) consist of alla withO S$ a < ap 
resp. of alla’ with 0 < a’ < ay’. Thus Mim. x; Min») belong to class (II), 
and all parts of (ii), except those referring to C are proved. 

Concerning C (ef. Theorem X) observe this: MF (M-M’) for feM-M’ is 
[Am f; A eM], that is [AEE’f, A eM, A commutes with E]. Then we may 
Write as well EAEE’f and replacing A by EAE (this is « M, commutes with 
E, and leaves EAEE’ unaltered), we can admit all Ae M. Now EAEE’f = 
EAf as f ¢ M-M’ so we have [EAf; A eM] = [Eg, g « MM] = [EE™ h, h € H]. 


But E ¢ M, E* «M’ commute, so E-E™ = Py gt therefore MMMM) = 
f 
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M- MM, AMM) = (EY) my. Besides f eM’ n MT implice my CM’, MMM 
M- mM’: enieen we may even write ly. y(VeM) = (E¥ \in-m). Similarly 


E¥ (m-m) = (E™ on-m . 


This proves that DY”? (Fim.m)), DY ™): (Fin) have the same ( as 
Dy(F), Dy (F). If M, M’ are finite, we must pass to the standard normalisa- 
tions, that is divide by i ila (1im-m’)) = pen (Emm) = Dy(E) = Dy (MN) 
resp. Di? ™? (leony) = Dy”? (Eon) = Dw (E’) = Dw (DM). This 
multiplies C by Dy(M)/Dy(M’), proving the rest of (ii). 

Let finally M, M’, be in class (III). Then Dy (F), Dy (F’) have both the 
range 0, ©. The ranges of pr (Fim), p™ (Fim-m) must therefore 
be Oalone or 0, ©. The former is impossible (because Jt. Mt’ * (0)), so we have 
0, © again, that is, Min.m, Min.) arein class (III). (iii) is void. 

Lemma 11.4.3 show that if case (II) occurs at all, then combinations M, M’ 
of two cases (II,) with an arbitrarily prescribed C (cf. Theorem X) exist. In 
fact: Choose M of class (II), then M’ is of class (II) too. Choose Dy(%), 
Dy (N) in such a normalisation that Dy() 21, Dy(H) = 1. Then MM, 
M’ » M’ can be chosen with arbitrarily prescribed Dy (M) = ao, Dy (M’) = a, 
if only 0 S$ ao,ay S 1. Thus ao/ay can be prescribed arbitrarily, and with it 
C. Thus the invariant C exists effectively, as discussed at the end of § 10.2, if 
case (II) exists at all. That this is the case will be seen in Chapter XIII. 

11.5. We now return to the question formulated at the end of §11.2. We will 
determine the class of R(M, N) if M, N are two factors which commute, N 
being of class (I). 

Lemma 11.5.1. Let M, N be two factors which commute, form the factor R(M,N). 
Let ¢ be minimal with respect to N (cf. Definition 5.1.3). Then mn nN and so 
n R(M, N) and X @ X (me") is an algebraic ring-isomorphism of M and 

e 


ROM, N)) (qty 


Proof: I’ 4 N is obvious; as N C R(M, N), N’ D (RCM, N))’ it implies 
my’ » RM, N ). So EN’ «Nand R(M, N); thus it commutes with every X «M. 
Xz 2X (a nN’) is an algebraic ring-isomorphism if it is a one to one mapping; 


besides it is a one to one mapping of all Y eR(M, N) with EN’ Y= YEN’ =/ 
on (R(M, N)) (8) (by Lemma 11.3.3 (i)). So we must only prove this: The 


correspondence X (w¥’) = Y (a¥’) generates a one to one mapping of all X eM 


on all Y eR(M, N) with EN’ Y = ‘YEN’ = Y. If X e Mis given, then Y = EP’ X 
has the above properties, and clearly y (a¥’) == X (a¥’): Besides if X is given, our 


oo determines Y uniquely, because each a Y is uniquely determined 
by its Y (a) just because the correspondence Y @ fe aN’)? Y «RUM, N), 


ES’Y = YEN — Y is one-to-one (by Lemma 11.3.3, (i)). So Xm’) = Mod 
is a one-to-one mapping of all X eM on a part of the Y eR(M, N), ENY 
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yE* ‘= y, All we must prove now is that all these Y correspond to some X, 
that is, that they all have the form Y = EN’ xX, X eM. 

We may as well prove: If Y eR(M, N) then E}’ YEN’ = E*’X for some 
X«M. Let P be the set of those Yo for which this holds for all Y = AYoB, 
A,BeN. Thatis: For which these ENA Y, BEN’ € M (qN’): ef. Lemma 113.3 (i). 

¢ 


(Observe EX’e NC M’.) Clearly P is weakly closed (along with M ( aN’) and 
¢ 
Y;, YeP imply a Y,, Yi, Yi + Yee P and Y,YoeP, the last one because 
°_, EW AY, U,,, EX . E™ U,,1 Y: BE™ 


p=1 ¢ 


= D%- EY AYU 1» Piste, ---) Ur. Ye BES 
= )p-1 EY BY Petes feiss +3 38 BEN = E™ AY.iY, BE™ . 


(Choose the Um, ») fm,» by Lemma 5.3.6 for N with fi: = ¢.) So Pisaring. 

If Yo = XZ, XeM, ZeNthenfor A, BeN EN’ AXZBEN’ = EN’ AZBEN’.X. 
As 5 is minimal with respect to N, the last part of the proof of Lemma 5.1.3 
applies: 

EN’ AZBEN' = a EX’ (replace there M, E = E¥’, B by N, E}’, EX’ AZBE’’). 
Thus the above expression is = a EN’ X ¢ M (gn): So Yo = XZeP. This 
+ 


implies P > M and N, andsoP DR (M,N). Application to Yoe R (M, N), 
A = B = 1 completes the proof. 

Lemma 11.5.2. Let M, N be two factors which commute, N being of class (1). 
Then R (M, N) belongs to the same class (I), (II), (III) as M. In particular: 

(i) Jf M is ina class (Im), m = 1, 2,---, ©, and N is in a class (I,), 
n=1,2,--., 0 then R(M, N) 7s in class (Im.-n). 

(ii) If M zs in class (Im), m = 1, © and N is in class (In), n = 1,2,+-+-, © 
then R (M, N) is in class (II,), where p = 1 if m, n are both finite, and p = « 
if m or n is infinite. 

(iii) [f M 2s in class (III), no further comment is necessary. 

Proof: As N is of class (I), minimal g’s (with respect to N) exist by Theorem 
IV. Choose one, and put IM = mn’ then M is algebraically ring-isomorphic 
to (R (M, N) q@) by Lemma 11.5.1. Thus it has the same class by Theorem IX. 
Now Lemma 11.4.3 shows (replacing there M, 2% by R (M, N), Mt), that M and 
R (M, N) belong to the same class (I), (II), (III). 

Let us now consider (i)—(iii). 

If 1 is infinite with respect to M then it is obviously so for R (M, N) too; the 
same being true for Nand R(M,N). This takes care of (i) and of (ii) ifm = % 
orn = 2, (iii) is void. So we need only to consider (i) and (ii) for m, n finite. 

Construct for N the normalised orthogonal system ¢i, ¢2, --- from Lemma 
5.3.4, where all g; are minimal, Mt’, MN’, --- are mutually orthogonal, and 
Me me, --+] =. We know by Lemmas 5.3.5-5.3.8 that as N is in the 
case (I,,), the number of these ¢,’s is n: 91, ++ , Gn (nis finite!). 

Lemma 11.5.1 applies to every ¢;. So (R (M, N))/ aX’) is in the same case 

%; 
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as M, (Im) resp. (II:) (for (i) resp. (ii)). By this, Me. has the (relative) dimep- 
sion m in the standard normalisation of R (M, N) (m’) resp. a finite relative 
P; 


dimension in any normalisation of R (M, N) (a): The same is true by 
e; 


Lemma 11.4.3, (i) resp. (ii) for MP and R (M,N). As the MY’ are mutually 
orthogonal and [me veey me] = §, the additivity of the relative dimension 
implies that it is mn (standard normalisation) resp. finite (any normalisation) 
for SinR(M,N). Thus we have case (Inn) resp. (I1:) for R (M,N). 

This completes the proof. 

Lemma 11.5.2 shows that if case (II) exists at all, then (II,) exists too, 
((II1) has been discussed in §11.4). It suffices to take an Mp of case (IT) in an §, 
any N, of case (I,,) in an 2 (for instance: $2 a Hilbert space, No = Be), and then 
form § = §, ® S,, M = M\)’, N = N{?’. ThenR (M, N) will certainly be of 
class (II,,). But all this will be settled exhaustively in Chapter XIII. 


Part IV: Examples of case (II) 
Chapter XII: Construction of M, M’ 


12.1. The considerations at the end of §8.6 have established the existence of all 
cases (I,), (I,,) and of all their combinations for factors M resp. coupled factori- 
sation M, M’. We are going to do now the same for the cases (II), (II,). 
We will thus answer a great part of the questions raised by Problems 3 and 4. 

Our first objective is to construct certain coupled factorisations M, M’ which 
belong to the classes (II,), (II1) (the C of Theorem X being = 1) or (II,), (II,). 
These factorisations will contain many arbitrary parameters, and therefore 
represent a rather wide variety of examples. In fact, further constructions 
based on them will answer Problem 1 in the negative. 

Definition 12.1.1. We will consider groups © of the following kind: 

(i) G is a group, that is a composition rule ab, an inverse a~ and a unity | 
defined in G, with the properties 


(ab)c = a(be), aa = ag = 1, 


(So ab is associative but not necessarily commutative). 

(ii) Gis finite or countably infinite. 

Definition 12.1.2. We will consider spaces S of the following kind: A Leb- 
esgue outer measure is defined in S, that is, for every subset T of S a real number 
u*(T) 2 0 S @ is given, with the following properties: 

(i) T: © T2 implies u*(T;) S u*(T2). 

(ii) For every (finite or infinite) sequence 7), To, ---. 


wi (Tr + T2 +--+) S wi(Ts) + u3(T2) +++. 


We now define measurability following Carathéordory (cf. (4), p. 246): 

(*) A subset T of S is measurable, if and only if, for every subset 7" of §, 
u*(T’) = w*(TT’) + u*(T’ — TT"). 

We then write »(7’) for u*(T) and call it the measure of T. 
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We now continue the enumeration of our postulates. 

iii) If u*(7) < a then a measurable T with T) > T, u( To) < a exists. 

(iv) A (finite or infinite) sequence T, T® ... of measurable sets with finite 
measure exists, with the following property: If z, y « S, and if x e T is equiva- 
lent to y e T (for alla = 1, 2,--- ), thenz = y. 

Observe the following consequences of Definition 12.1.2: u*(7) = 0, S « and 
conditions (i)—(ii) correspond to Carathéodory’s conditions (I)-(III), without 
(IV), (Cf. (4), pp. 238-239). This omission however is natural, because (IV) 
makes explicit use of the notion of distance, whereas we did not require that a 
distance (or any sort of a topology) be defined in S. (iii) is, (remembering (i)) 
equivalent to Carathéodory’s condition (V), (cf. (4), p. 258), therefore our 
outer measure is a regular measure function (ef. loc. cit.) if we disregard the 
topological condition (IV). Closer inspection of Carathéodory’s deductions 
shows that in consequence, all those results on outer measure, measurability, 
and measure loc. cit. remain true which are not explicitly topological in their 
statements. This applies to the considerations on pp. 246-250 loc. cit. (ef. the 
remark on p. 257 there). Thus 0 and S are measurable; if 7’, T’” are measurable, 
then T’ — T’T” is too; if T’, T’’, .-- are measurable, then 7’ + 7” + ..- and 
T’.T” ..- are too. Besides, the well known convergence theorems on measure 
are valid. 

As we see, the chief difference between the characteristics of the situation in S 
and those of the one which exists loc. cit., is this: The sets which are known 
to be measurable, and which serve as a basis for all constructions of measurable 
functions (cf. below Definition 12.1.3) are there the Borel-sets (a topological 
notion) while they are now the sets 7, T®, ... from (iv). 

In fact, this is essentially the meaning of (iv), which is the only one of our 
postulates without an analogue on Carathéodory’s list.: It serves to replace the 
(absent or ignored) topology in S, and in particular the “topological separabil- 
ity” of S. 

Let us mention the following obvious examples of spaces S: 

Example a). Let S be a (finite or infinite) sequence S = (x1, 22,--- ). Leta 
corresponding sequence of real numbers &, = 0, < ~ be given. Define 


u*(T) = >} On. 
Then (i), (ii) are obviously fulfilled; (iii) is fulfilled because all sets 7’ C S are 
measurable; (iv) is fulfilled, because we may choose for T“, T® ... the set 


of all one-element T C S. 

Example b). Let S be any measurable subset of a finite dimensional Euclidean 
space. Let yu*(T) be the common Lebesgue measure. Then (i)-(iii) are 
obviously fulfilled; (iv) is fulfilled because we may choose for T®, T®, --- the 
Sequence Ss, Sse, --- , where 81, 82, --- are all spheres with rational coordinates 
of the center and a rational radius. 

We now introduce Lebesgue integration in the customary way: 

Definition 12.1.3. A complex valued function f(x), defined for all z «S is 
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called measurable if the sets (x; R(f(z)) < a), (x; J (fw) < a) (R = real part, 
= imaginary part) are measurable for every real a. The notions of sum- 
mability and of the (Legesgue) integral fs f(x) dx of a measurable function f(z) 
are then defined in any of the several equivalent customary ways. (The 
procedure of Carathéodory, (4), pp. 418-427, which coincides with Lebesgue’s 
“geometrical” definition, (10), pp. 116-120, would necessitate introducing first 
the notion of outer measure in a product space. Lebesgue’s “analytical” 
definition, (10), pp. 112-116, however, is directly applicable; another very 
convenient definition is due to Bochner, (2), pp. 265-267). 

We now form three functional spaces: 

Definition 12.1.4. Let Sg be the set of all complex valued functions f(a), 
defined for all ae © with a finite }>,.6 | f(a) |? Define (f, 9)6 = a S(a)g(a). 

Let §, be the set of all complex valued functions f(x), defined for all z «§ 
which are measurable in x, and with a finite f, | f(x) |?dz. Consider f, g as 
identical if f(z) = g(x) except for an z-set of measure 0. Define (f, g), = 
Ss f(x)g(a) de. 

Let sq be the set of all complex valued functions F(x, a) defined for all 
x eS, a eG, which are measurable in x (for every fixed a e @) and with a finite 
>>.<6 Js | F(z, a) |? dx. Consider F, G as identical, if F(x, a) = G(a, a) except 
for an z-set of measure 0 (depending on a). Define 


(F, @)s6 = 2, (F(x, a) G(x, a) dz. 


a- and + are defined in the obvious way in all three spaces Hg, Gs, Ds0- 
By definition 12.1.2 (iv), no two points x *& y can have the property 


z2yeTO + 7% 4..., 


S — (T® + T® + ...) is measurable, and if its measure is finite, we can add 
it to the sequence 7, T®, ... thus forcing T® + T® 4... = S. So the 
only case where this is not possible is when S — (7 + T® +...) = (a), 
u((xo)) = «©. Then we must have f(x) = 0 and F(z, a) = 0 for all f € 9; 
resp. F ¢ Say so we may omit 2 from S. (If x ¢ S, x 2 then x eT for 
some i = 1,2,---,andsoyw*(x) S w(T) < «©. Therefore Definition 12.1.5, 
cf. below, excludes xoa *& 2» that is, we have roa = 2. So the omission of 4 
does not affect the operation xa either). In what follows we can thus assume 


TOL T®1L...= 8. 


If u(S) = 0, then S, and S.g would consist of 0 only. We therefore assume 
explicitly that u(S) > 0. 

Lemma 12.1.1. All three spaces Sy, Ss, Hes fulfill the postulates A, B, C, E of 
(16), pp. 64-66; thus they are finite dimensional Euclidean or Hilbert spaces 
(and * 0). 
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Using the complete normalised orthogonal set of all functions 


(a) 1 fora = a 
$a,(a) = atte at 
0 for a & ao; ao ¢ Gin He, 
and setting up the correspondence F(x, a) ~ < F(x, d;), F(x, a2), --- > (di, da, - ++ 
is some enumeration of G, so that the above ay runs over di, G2, --+- ), Hse is iso- 
morphic with Hg ® Hs in the sense of Definition 2.4.1 and Lemma 2.4.1. 

We will use in what follows the more symmetric notation 


F(z, a) ~ < F(a, a);aeG>. 


Proof: If we use an enumeration 4, dz, --- of G, and put f(d,) = tr, n = 
1,2, --- then f(a) ~ (a1, 22, --- ) and our definition coincides with the original 
definition of finite dimensional Euclidean or of Hilbert space (cf. (16) p. 69). 
Concerning s it suffices to observe that the considerations of (16), pp. 108-111, 
on A, B, E apply immediately to it; while those on C apply, if the system of 
neighborhoods occurring there is replaced by T®, T®, .-. . 

As u(S) = n(T® + T® 4+...) > Osome u(T') > 0. At the same time it 
is< ©. Then 


=I1reT 
=_ 0,2 ¢T© 


belongs to Hs and is = 0. So Hs & (0). The last part of our Lemma results 
immediately by comparing our definitions with Definition 2.4.1 and Lemma 
2.4.1. As Ssg is isomorphic with Hj ® Hs it must fulfill A, B, C, E, too. As 
Hs %& (0), thérefore Hsq > (0). 

Heretofore the connection between S and © was merely formal, due to our 
forming the space Ss = Hy @ Hs. An intrinsic connection is established by 
the following assumptions: 

Definition 12.1.5. © is an m-group in S, if for every a ¢ & there is defined a 
one to one mapping x = xa of S on itself, with the following properties: 

(i) If T C Sand T, is the z @ xa image of T then p*(T) = u*(T.). (This 
implies that the measurability of T is equivalent to that of T..) 

(ii) (va)b = x(ab). (This implies that x-1 = x and that x= za“ is inverse 
tor = za.) 

(iii) If a & 1 then za = z holds only for z-sets of measure 0. 

is ergodic in S, if besides (i)—(iii) we have further: 

(iv) If a measurable 7 C S differs from each T., a ¢ & only by a set of 
measure 0 (but depending on a, this means un((7 + T.) — (7-T.)) = 0) then 
either u(7) = 0 or n(S — T) = 0. 

Observe that (iv) differs from the customary definitions of ergodicity in two 
ways: First © is not necessarily the simple translation group, not even neces- 
sarily Abelian, second (which is essential if 4(S) = 2%) we did not restrict the 
Validity of (iv) to T’s with a finite u(T’) only. 
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12.2. We introduce and discuss first some operators in §s. 
Lemma 12.2.1. Let G be an m-groupin S. Define the operators: 
(i) Uaf(x) = f(xa) for any ae G. 
(ii) Lyx) f(x) = g(x) f(x) for any bounded and measurable complex valued 
function g(x) defined for all x ¢S. These operators are bounded, U q is even unitary, 
Proof: We have f | Ua(f(z)) |? dx = § | f(a) P dx = J | f(z) ? dx so Us is 
bounded, and || U.f || = ||f||.. Now clearly U,aUa = UaU,s = 1 80 U, has 
an inverse, thus it is unitary (cf. (16), p. 71). 


If | o(x) | < C for all x e S, then / | Lowe f(x) Pde = f | o(x) |? | f(x) Pde 


sc | f(x) da, || Lewf || S$ C\l\f ||. So Ly too is bounded. 
8 


Lemma 12.2.2. Let @ be an m-group in S. Let L be the set of all operators 
Lye) from Lemma 12.2.1, (iii). ThenLisaring andl = LV’. 
Proof: As L’ is necessarily a ring, it suffices to prove L = L’. As 


(Lo))* = Lge, Lee) Lye) = Ley ya) 


therefore every Lyiz) commutes with every Lgiz) and (Lg 2))* thus Lyi) € L’ and 
soL CL’. So we must only prove L’ CL. 

Assume therefore A ¢ L’. Then A commutes with every Lg 2), that is 
AL yay f(x) = Lez Af(x). That is: 


(#) A (y(x)f(x)) = (x) Af(z) - 
The assumptions are: g(x), f(x) are measurable, g(x) is bounded, J | f(x) [Pde 


is finite, the equation holds with the exception of an z-set of measure 0. Such 
exceptions, by the way, are admitted in all the equations we are going to derive. 

Let T®, T®, .-- be the sets from Definition 12.1.2 (iv); assume (following 
the remark before Lemma 12.1.1, that T® + T® +... = S. Define 


=l1,forreTY +...4+ 70 
0, forza¢eT® +...4 7, 


Apply now (#) tof = e; Then A(e,(z)o(x)) = (A e:(x))¢(x) obtains. For 
i = j, e(x)e(x) = e,(x), so g = e; gives Ae,(x) = (Ae(x)) e;(x). Thus if 
reT®O 4... 47%, Ae(x) = Ae;(x);in other words: for x « T® + --- + T° 
all Ae;(x), i = j, agree. Thus for every z all Ae;(x) with a sufficiently great 
i have the same value. Call this value (x) as ¥(x) = lim;_.. Ae;(x) this isa 
measurable function. Now we have Ae;(z) = (x) e;(z). And our original 
equation becomes: Ae;(x)o(x) = y(x)e;(x)e(z). That is: Af(z) = v(a)fe) 
where f(x) = e.(x)g(x). Thus this equation is proved if f(a) is bounded and 0 
forallz ¢ 7 + ... + T® for some i = 1,2,---. 
A is bounded, say || Af || < C || f ||; therefore 


| v(x) |? | f(a) Pde < CP i | f(a) |? der 


e:(x) 
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for these f’s. Now put 
(=1if|¥(7)|[>C+ireTY PL... 470, 
(x) | ; 
= 0 otherwise . 
Denote the set of all x with | ¥(x) | =C + 1by To. Then the above inequality 
gives: 
(C +.1)? o(T A(T 4... 4 7)) S C%(T(T 4... 4 70)), 
w(T (TY +... +7) = 0 


and passing to the limit as 7 — ©, yw(T>o) = 0. So we have everywhere 
| y(x)| $ C + 1 (as To does not matter), that is: ¥(x) is bounded. We can 
therefore write: A f = L,f if f(x) is as described above. 

Now these f form an everywhere dense set in Hs. If any f « ‘Sei is given, define 


[= f(z) if |f@) | <iceT® 4... 4 TO 
f(z) . 
= 0 otherwise 
fori = 1, 2,--- ; then every f; meets these requirements, and the f; converge 
fori— « tof (in). As A, Ly are both bounded, we have therefore Af = Lyf 
for every f; that is A = Ly eL. So we have established L’ C L too, thus com- 
pleting the proof. 

Lemma 12.2.3. Let © be an m-group in S. The equation Loz, = Lye) Ua 
holds if and only if either a = 1, o(x) = (x) (except for an x-set of measure 0) 
ora *= 1, g(x) = ¥(x) = 0 (except for an x-set of measure 0). 

Proof: The sufficiency of these conditions is obvious, so we need only to 
prove their necessity. Assume therefore Ly iz) = Ly iz) Ua. So we have 
g(x)f(x) = yw(x)f(ax) whenever f | f(x) |? dz is finite. This equation, and 
similarly all those we are going to derive, holds with the exception of an x-set 
of measure 0. Use the e; from the proof of Lemma 12.2.2, then we have: 
e(z)e(x) = e(xa)y(zx), that is g(x) = (x) if t and zaeT%4...4 7% 
Summing over all 7 = 1, 2, --- we obtain g(r) = ¥(x) for x ¢€S. This settles 
the casea = 1. Assume nowa*s 1. Substituting g(x) = ¥(z) in our original 


equation gives g(x)f(x) = o(x)f(za) and so / | o(x) |? | f(x) — f(xa) dx = 0 


Define now 
: = lforzveT; 
e; (x 


= Oforzx¢T;, 
then e; € Ss and we can put f=e;. Then| f(x) — f(xa) |? = 1 for 
2e(T® 4 TM) — TOT 


and so our integral formula becomes 


[ | o(x) Pdx = 0, 8; = (T® 4 TY) — TOT, 
8. 
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Put now S’ = )%., ((T® + T\'}) _ TOT). As the integrand above 
is | g(x) |? = 0, adding of the above equations over all 7 = 1, 2, -.. gives 


I | p(x) |? dx = 0. 

8s’ : 

Now xeS — S’ means x ¢(7 + T‘') — TOT? for all i = 1,2,...; 
thus z e or x ¢in both T and T*') that is both z and za eT or ¢T®, By 
Definition 12.1.2, (iv), this implies x = za. As a *& 1, Definition 12.1.5, (iii) 


now necessitates u(S — S’) = 0. Thus / | p(x) |?dx = 0 too, and therefore 
8 


g(x) = 0 (except for an z-set of measure 0). This completes the proof. 

Lemma 12.2.4. Let & be ergodicin S. Let L be as in Lemma 12.2.2 and let U 
be the set of all Ua, ae @. Then L-U’ = (al). 

Proof: al belongs obviously to U’, and as al = Ly, ale L so ale LU, 
LU’ > (al). So we need only prove LU’ C (a1). Assume therefore A ¢L-U’. 
Then A = L,,z) and as A e U’ therefore UzA = AUa, A = UZ AU a, Lez) = 
Leva) for every ae @. By Lemma 12.2.3 this means g(x) = ¢(xa~') except 
for an z-set of measure 0 (depending on a ¢ @). 

Put T. => (x; R(y(x)) < a). The above relation proves that zx « T, and 
za ¢ T, are equivalent, except for an x-set of measure 0; so 


w((Ta + Toa) — (TaT.a)) = 0. 
Therefore Definition 12.1.5, (iv) (the ergodicity) implies 
wT.) =0 or wS— T.) = 0. 


Denote the set of all (real) a’s with u(T.) = Oby N. Ifa S B then T, C7; 
soBeNimpliesaeN. Soifaois the least upper bound of N, — ~ S a S»%, 
then a < a implies a ¢ N, that is u(7.) = 0, and a > a implies a ¢ N, that is 
u(S — TT.) = 0. 

So for every rational a < ao, u((x; R(y(x)) < «)) = 0 and adding over them 
gives u((x; R(y(x)) < ao)) = 0; for every rational a > ao, u((z; R(g(x)) 2 a)) =0 
and adding over them gives: u((z; R(v(r)) > ao)) = 0. Adding again: 
u((x; R(e(x)) = ao)) = 0. Similarly we obtain: pu((x; ¥(e(x)) > Bo)) = 0 fora 
suitable Bo, and if we put ai = ap + iB then adding these two last equations 
gives: 


u((x, g(x) = a1)) = 0. 


So we have ¢(x) = a; except for an x-set of measure 0; and so A = Lg) = al; 
A e(al). Thus LU’ C (al), completing the proof. 
12.3. We pass now to constructions in Dsq. 
Lemma 12.3.1. Let & be an m-group in S. Define the operators 


(i) O.,F(x, a) = F(xao, aa) 
(ii) VoF(x, a) = F(x, ay ‘a) j for any ao € ©. 
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(iii) WF(x, a) = F(va", a) 


ts ale ) 
(iv) Lo F (2, a) = o(x)F(@, @) | for any bounded and measurable complex 
(v) Mya F(x, a) = o(xa) F(z, a)} valued v(x) defined for all x € 8. 


These operators are bounded, Ua, Va, W are even unitary. Furthermore 
W = W- and 


WU.W=Va,;3 WLW = Mow ; 


in other words: F > WF is an involutory spatial isomorphism of sw which inter- 
changes Cas Liz) with Vag Mou). 

Proof: The boundedness and unitarity are proved in the same way as in the 
proof of Lemma 12.2.1. W? = 1 results from direct computation, and implies 
W = W-; the two last equations result from direct computation. 

Lemma 12.3.2. Let © be an m-group in S. Let I be the set of all Ua, and all 
Lyi) and J the set of all Va, and all My.z, (cf. Lemma 12.3.1). Form for each 
bounded operator A in Ose, (A €Bsg) the decomposition from Definition 2.4.2, 
A~ < Aa > as<«@ where every Aa» €Bs. (Cf. the decomposition Hy = 
Hs ® Hs from Lemma 12.1.1. As described there, we replace the indices 
t,s = 1, 2, --- by indices a, b € G as already the complete normalised orthogonal 
set Ya, ao € Gin He has been indexed in this way.) 

Then A €¥' if and only if Aa,» has the form Aas = Lxq-s (-) and A «J if 
and only if Aa,» has the form Aap = Lxg-y2) Usa. Here x-(x) must be a 
bounded and measurable function of x for every c e@. (We do not determine for 
which systems x(x), c € G, a bounded A, to which the given x.(x) corresponds, 
actually does exist.) 

Proof: Remember the definition of the Aq,» (Definition 2.4.2, with our present 
notations): A < f(z)ga(a)} ae G > = < Aa sf(x); be G >; that is (if we 
replace a’, a by a, b so that now x eS and b e © are the variables, and a e G 
is a parameter) : Af(x)ga(b) = Aasf(x). Then the definitions of U.,, Lyx) and 
W give: If A = < A,, >as.@, then 


Ua} A - Ua =< Us, Aaa’, ba," Ua, > a,beG» 

WAW = < U7 Ae, > arco 

Loci A =< Lgiz) Aa,» > a,be@» 

AL 2) =< A, p Lez) > a,beG> 
_ Now. Aecl’ means that A commutes with all Las ((Loce))* = Lge) and all 
Vay ((Ua,)* = (U,,)-! = Us). This means A,,,€L’ that is Aa,¢ L (by Lemma 
12.2.1), and Ua) Aaaz!,ba1Ua, = Aa». The first statement means Aas = Lag, »(2) 
where a,o(&) is a bounded and measurable function of x for every choice of 
4,be G Now Ua) Aaa, b05!Ua, = U @y Lesaaz?, ba-1(2) Vay = Lwaa;s,ba;'(209') 80 the 


Tfemaining requirement is: Waar", bas! (A9') = wa(x): This equation, as the fol- 
lowing ones, is valid with the exception of x-sets of measure 0. 
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Put ay) = b and x.(z) = w<,1(x) then wa,»(%) = xav*(xb-) obtains. Conversely: 
If this equation holds for a system of bounded measurable functions .(z) then 
the w,.s(x) are such too, and waa',ra;'(%Ao') = wa,r(x). So the characterisation 
of the A eI’ is given by Aa» = Lx,y-1(2-). This proves our statement concern- 
ing I’. 

As the spatial isomorphism F — WF of gg carries Linto J it carries I’ into fl 
So B eJ’ means B = WAW for some A eI’. The above result concerning the 
A eI’, together with our formula WAW gives therefore: 


= = meg 
Bi» = Uy Ags, y1 U, = Uy Lxq-1y (2b) U, _ Lxq-15(2) Uy U, — Lixg-t4(2) U bq: 


This proves our statement concerning J’. 
Lemma 12.3.3. Let & be an m-group in S, and I, G as above. Then R(I) = 


J,RQ) =I. 
‘ a = 1forc=1 
Proof: For A = Va, Aab = Saasi-1 (define 5. {= hen a te > and for 


A a Moz); Aap = bap Ly(2d-y . So Fa and M oz) € id (with Xe(x) = base resp. 
5.y(x)), thatis J CI’. As I’ isa ring, this implies R(J) C I’. 

If A el’, B €J’ then we have Aas = Lxq-20-), Bas = Lig-ycz) Us. Now 
put C = AB, D = BA then the formula (iv) of Lemma 2.4.3 gives: 


Car = >, AcbBac = Doc Xev+(xb) Earc(x)U eta = Do, Xac04(tb) E-40(2)U., 
(we replaced the summation index c by ac) and 
Dav = Lie BerAae = Dic §c10(2) Us reXac(xe1) 
= Di. Fet0(2)xac1(eb)U ste = Do, Xactv1(ab-) E-a(x)U 


(we replaced the summation index c by bc, remember that the order of summa- 
tion in >>, does not matter by Lemma 2.4.3 (iv)). So we have C = D, 
AB = BA. AsB ¢J’ implies B* ¢ J’, this means A ¢ J”; as A was an arbitrary 
element of I’ we have I'C J”. As 1e J, therefore J” = R(J) (cf. (18), p. 397), 
so I’ CR(J). 

Thus we have proved R(J) = I’. The spatial isomorphism F > WF of Sg 
interchanges I with J, therefore we have proved R(I) = J’ too. Thus the proof 
is complete. 

Lemma 12.3.4. Let G be an m-group in S. Put M = R(I) = J’ then 
M’ = R(JJ) = I’. _ If G is ergodic in S, then M is a factor. 

Proof: Clearly M’ = (R(I))’ = I’. If A «M-M’ then we have by Lemma 
12.3.2 as = Lxap-1(2b-) = Lé,-14(2) Usa. So if a b that is ba *& 1 then 
Lemma 12.2.3 gives xav1(zb) = £¢(r) = 0. That is: x-(x) = é-(x) = 0il 
c= 1. Fora = b, that is, ba = 1 similarly x,(zb-) = &(x) obtains. This 
gives for b = 1, x1(x) = £&(x) and then in general x;(xb-!) = x,(x). In other 
words: U;"Lx,2)Us = Lx 2). So we found the following conditions: x-(2) = 
£.(x) for all c e G, if c & 1 then even = 0; if ¢ = 1 then Lx,2) €L-U’. 

Now if © is ergodic in S, then Lemma 12.2.4 gives L-U’ = (a1) so we have 
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Lx) = al, xi(z2) = a. This means x.(r) = £.(x) = aé., that is A = al. 
Thus we have proved M-M’ = (al) that is: M is a factor. 

12.4. From now on we assume that @ is ergodic in S. 

Lemma 12.4.1. Write for an A eM or ¢€M’ that A = (x(Z]lees. ceo Uf 
Aw~ <Agy> adeo and Aas = Lxgya(2)U 0-0 resp. Lxgy-1(2>-) (ef. Lemma 12.3.2). 
If now A = [[x.(2)llees,ceo B = [LE (@)ees, coos C = [[n.(a)llees, ce then the 
following rules of computation hold: 

(i) If C = aA then 4-(x) = axe(t). 

(ii) If C = A* then n(x) = x,-«(rc7). 

(iii) If C = A + B then (x) = x-(x) + .(z). 

(iv) If C = AB then n(x) = Dia xa(X)Ecas(va). The >>. converges “en 
mesure” (cf. the precise description of this notion at the end of the proof), irrespec- 
tive of the order in which the a « © are gone through. 

Proof: Consider first A ¢ M’ (i), (iii) follow immediately from Lemma 2.4.3, 
(i), (iii); (ii) follows from Lemma 2.4.3, (ii), by the following consideration: 
Cap = Lngy-1(z6- 5 Cap = Aj = Lxygs(za-), Nav(zb) = Xra(za), n(x) = 
X,(2e). Finally (iv) results from Lemma 2.4.3, (iv): Can = Lng-120-), Cas = 
Lee AtBac = De Lrg) Ligeery = Qe Lxace-ytaceey, Lrg sary = De 
Lx,5(20-)tge-1(ee) and putting b = 1, and writing c, a for a, c, Laz) = doa 
Lx,(z)teq(za-) i8 Strongly convergent, irrespective of the order in which the ae G 
are gone through. 


=lforreT 


= 0 forr¢T 
so that er es. Then if a, ds, --- is an enumeration of @ we have 


Let now JT CS be a measurable set of finite measure, put er(x) 


— 0fori— « 








i 
| Lye(2yer — di Lys arteaMeat °F 


so 


| 





ne(cen(z) — Dyxsi(e) kes (ea ")er(2) | dx 0, 


J 


This implies for every « > 0 that u((z; | net) — Dobos xaj(x) Fea, (xa;") | 2 
6)-T)>0,fori—o. Thatis: 0°, xaj(X) Ecat (va; *) converges ‘‘en mesure” 


2 
dx — 0. 








ne(e) — Dy xay(2) fea3 (0a;") 


to n(x). As Gy, do, --+ was an arbitrary enumeration of @ this proves (iv). 
(Of course, if G is finite, the convergence considerations are unnecessary, the 
sum >’. being simply equal to 7.(z).) 

Consider now A eM. The spatial isomorphism F > WF in sq carries I 
into J and therefore M’ into M. So we have A = WBW,BeM’. ThisB = 
[[x-(z) lees. «g- Now the computation at the end of the proof of Lemma 12.3.2 
shows that then A ~ [[x-(z)]]z«s,ceg With the same x-(x). ‘Therefore, the rules 


of computation established in M’ carry over immediately to M. 
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After these preparations we are in the position to take the decisive step: 

Definition 12.4.1. Assume AeM or eM’. Form the system of functions 
x(x) with A = [[x-(x)]]z«s,ce@ (cf. Lemma 12.4.1). Consider the two following 
cases: 


(a) u(S) is finite. Then, as x:(x) is bounded and measurable, / xi(z) dz 
8 
exists, and it is a finite complex number. 


(8) xi(z) 2 Oforall eeS. Then [ xi(a) dx exists again, and it is a real 
8 


number = 0, < ». In both cases define (A) = | x:(x) dz. 
8 


In what follows immediately, we will really make use of case (8) only; case (a) 


is needed for later applications (§15.4). 

Lemma 12.4.2. Assume A,B ¢M or M’. Then we have: 

(i) t(aA) = at(A). 

(ii) t(A*) = t(A). 

(iii) (A + B) = t(A) + «(B). 

These equations are to be so understood, that whenever case (a) or (8) holds for 
the right sides, it holds for the left sides too (for (¢) with case (8) however, a = 0 is 
needed), and both are equal. Finally we have (automatically with case (8) on 
both sides): 

(iv) «¢(A*A) = t(AA*) =O. 

Proof: (i)-(iii) follow directly from Lemma 12.4.1, (i)—(iii) resp. In order to 
prove (iv), put 


A*A = [[o-(x)]]ees,cep,  AA* = [[Pc(2)]] 208, ceo. 
As A = [[x-(x)]]zes,ce@, we have A* = [[x, (ce) ]] ees, ce and 
wel) = Dia Xee+ (wa) Xe (za) 
= ba Xea (xa) Xa(ta) ’ 
v(t) = Doaxa (2) Xac* (ee) . 


(Use Lemma 12.4.1, (ii) and (iv). The sums converge “en mesure,” irrespec- 
tively of the order.) Thus w:(z) = )oa|xa(xa) |?, v1(z) = Doa| xa(z) |? We 
have case (8) for both, and 


i(A*A) = [ow dx = y. | | xa(xa) |? dx 


a 29 | | xa(2) Pde, 


(aay) = [ fe) de = De [\xole) ae, 


proving our statements. 
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Lemma 12.4.3. If E runs over all projections in M or in M’ then t(E) is 
always defined’ (case (8) holds), and it is a relative dimension function for M 
resp. M’. In this normalisation the C of Theorem X is = 1. 

=i Then an E = [[6-€r(2) J). 65, ce 
exists, in M as well as in M’, it ts a projection, and t((E) = y(T). 

Proof: As E*E = E? = E for every projection E, therefore Lemma 12.4.2 (iv) 
secures case (8) for E and t(#) = 0, S «~. If T CS is measurable, then 
Law = = < ba 1» Leg(z) > a,beG = < Lisas- ter(z) U bq > a,beG ~ [[6. €r(X)]lees, ceG 
in M and Miers) = = < bart Lep(ze) > 9,566 = < Leger(eo-) > = [[d-er(x)]lees, eG 
in M’. So the £’s required at the end of our Lemma exist; clearly E* = E, 


F& = E so that E is a projection; and t(£) = Jf ext) dz = [ 1-dx = p(T). 
8 T 


Thus the last statement of our Lemma is true. 

As we observed in the proof of Lemma 12.1.1, there exists at least one element 
of the sequence T, T®, ..- from Definition 12.1.2, (iv), for which u(7T™) > 0, 
< «. So we have for its E (cf. above) t((Z) > 0, < «. 

Now Lemma 8.3.5 implies that ¢(Z) is a relative dimension function for M 
resp. M’ if we can only establish for it the conditions (ii), (iii) in Definition 
8.2.1. (iii) follows immediately from Lemma 12.4.2, (iii), because under those 
assumptions Pig, 7, = Pm + Px. (ii) follows from Lemma 12.4.2, (iv), because 
E ~ F ((.-- M) resp. (--- M’)) implies the existence of a U(eM resp. « M’) 
with U*U = E, UU* = F (cf. Lemma 4.3.1). 

Our last task is to determine the C of Theorem X. If E ¢M,E = [[x-(2) lees. ceo 
then we saw at the end of the proof of Lemma 12.4.1 that WEW eM’, WEW = 
[x-(z)]]-es.ce@- Thus t((#) = t((WEW). Now, owing to the character of the 
spatial isomorphism F — WF it carries every I2™ into the corresponding Mir 
therefore WEM W = E™,. This proves t(E™’) = ¢(E™,) and thus, if WF = +F, 
(Ey) = t(EP). 

If besides F % 0, then E™ & 0 and (as ¢(E) is a relative weight function for 
M), ((E™’) > 0. So the above relations imply, considering t (E™) = Ct(E™), 
that C = 1. So we need only to find an F & 0 with WF = +F. Choose 
any G & 0; as W? = 1 we have W(G + WG) = +(G + WG) and as G = 
2((G + WG) + (@ — WG)) therefore both G + WG cannot be = 0. So either 
F =G@ + WG or F = G — WG meets our requirements. 

Thus all parts of our Lemma are proved. 

We restate the results obtained thus far: 

Theorem XI. Let © be a finite or countably infinite group (Definition 12.1.1), 
Sa space with a Lebesgue outer measure (Definitions 12.1.2 and 12.1.3). Let 
So, Ds, Deg be the spaces derived from them (Definition 12.1.4). Assume that & 
1s ergodic in S (Definition 12.1.5). 

Form the operators Ua Vny W, Lotz), M gc2) in Hoy (Lemma 12.3.1) and with 
their help the rings M, M’ (Lemma 12.3.4). 

F + WF is an involutory isomorphism of Og which interchanges M with M’. 


If T C Sis measurable, define er(zx) 
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Certain systems of bounded and measurable x-functions x-(x), ce & are in a 
one-to-one correspondence with all A «M and at the same time with all A «M’. 
We denote both correspondences by A = [[x.(z)]l-. s.ce@ (Lemma 12.4.1). Using 
these correspondences, the computation rules in M as well as those in M’ can be 
expressed in terms of the x-(x); we get in both cases the same rules (Lemma 12.4.1, 
(i)-Gv)). v0 

M, M’ are coupled factors. Relative dimension functions Dy(E), Dy (E) for M 
resp. M’ (E a projection « M resp. « M’) can be defined as follows: Write E = 


[Ixe(@) Iles, cee then Dy(E) resp. Dy(E) = / xi(z) dx. (We have xi(x) 2 0 for 


all x « S, therefore the integral on the right hand is always defined; it represents a 
real number = 0, S @). 
In this normalisation the C of Theorem X is = 1. 
= lforzeT 
If T CS is measurable, and er(x) {= 0 for 2eT 


jections E = L,,(2,¢M and E’ = M,,.2) €M’ this: Dy(E) resp. Dy(E) = u(T), 


| then we have for both pro- 


Chapter XIII: Properties of M, M’. 


13.1. The characterisation of M, M’ by Theorem XI makes the determina- 
tion of their classes easy. This determination is the object of the discussions 
which follow. If we wanted to use these M, M’ solely to obtain an example 
of case (II), then it could be shortened considerably: the examples (a) — (y) 
after Lemma 13.2.1 could be obtained in a few lines, together with Lemma 13.1.2 
for that special case, while Lemma 13.1.1 would be entirely unnecessary. But 
owing to the general interest of these M, M’ we prefer to give an exhaustive 
discussion. 

In what follows we use throughout the notations and the assumptions of 
Theorem XI. 

Lemma 13.1.1. Case (I) holds for M, M’ if and only if a point x «8 with 
u*((x)) > O exists. If this is the case, S can be characterised, after the omission of a 
subset of measure 0, (which therefore is unessential), as follows: 

Every one-point set (x) in S (a € S) is measurable, and u((x)) has a value inde- 
pendent of x: w((x)) = « > 0, < ©, & ts simply transitive in S, that is if x0 18 
any fixed element of S, then a = xa is a one to one mapping of & on S. 

If © and S have n = 1,2, ---, «© elements, then M, M’ are both in case (In). 
The Dy(E), Dy(E) of Theorem XI go over into the standard normalisation, if both 
are multiplied by 1/«. 

Proof: Assume first that case (I) holds. Then all values of Dy(Z) are integer 
multiples of an ¢9 > 0 and so all u(T), T C S and measurable, are so. Nowa 
T with u(T) > 0, < = exists (cf. the beginning of the proof of Lemma 12.4.3), 
therefore for one of these TC S, u(7’) assumes a minimal value. Denote it by Ty. 
Thus for any measurable 7 C 7) we have, owing to 0 < u(To) S p(T) either 
u(To) = w(T) or u(T) = 0. 

Now consider the T®, T®,-.. of Definition 12.1.2, (iv), assuming that 
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T™ +7 4... = S (ef. the remark before Lemma 12.1.1), and that 0 is 
one of them (it can be added to their system without altering its character. 
Consider an ze S. Denote those n’s for which ze T™ by mi, ms, --- and those 
for which x ¢ T™ by mi, nz, ---. Owing to Definition 12.1.2 (iv), we have 
(x) va Tim) , Tm) Ars (S fe! T™).(S a, T >) os, Aow eT) A. T®? 4. me 
the sequence m1, Me, -- - isnot empty; as 0 is a 7” the sequence m, ne, - -- is not 
empty either; by repeating m or n infinitely many times we can secure that both 
sequences are infinite. So we see: For every ze S there exist two infinite 


sequences ™1, Me, --- and my, ne, --- so that (x) = [J7_, 7” .(S — T™). 
Now assume z € Ty and w*((z)) = 0. Put U; = Ty-[]) T™.(S — T), 
Then we have Tp) D U1; D U2D.--- , (x) = UiU2,---. So lim), u(U;) = 


u((z)) = 0 (all U; are measurable along with 7) and the J), and so a j with 
u(U;) < u(To) exists, (remember that u(7'o) > 0). By our assumptions on Ty 
this implies u(U;) = 0. 

Now consider all sets U of this form: U = 7T)-[[?_, T™ (S — T*) 
j=1,2,--+ 5 my, +--+ m, mM, --- ny = 1, 2, --- for which n(U) = 0. Their 
set is countable: U, U®,.--. So n(U + U® 4...) = 0. Thus an 
zr eT) withz¢U® 4+ U® ... exists. By what we proved above, this excludes 
u*((z)) = 0. Soanz eS with u*((z)) > 0 exists. 

Assume now conversely the existence of an re S with y*((z)) > 0. As 
x= ]]7 7 (S — T) (ef. above), (x) is measurable, u((xz)) > 0. Besides 
(x) CT™, w((x)) S w(T™) < ©. Pute = u((x)) > 0, < & then y((xa)) = 
u((z)) = efor every ae @. Form now S; = (za; ae &), S; is exactly invariant 
under every transformation z — xb, b eG. Thus the ergodicity of G in S (ef. 
Definition 12.1.5, (iv)) requires u(S:;) = 0 or w(S — S:) = 0. But u(Si) = 
u((z)) = e > Oso n(S — S;) = 0. Omit the set S — S, from S, then we have 
S: = S, that is S = (za; ae G). So we have for every 2 € S, u((x0)) = e. 
By Def. 12.1.5 (iii), a ¥ 1 implies 2p ¥ xa, so a ¥ b implies aya ¥ xb. Thus 
all statements of the second section of our Lemma are established for this case. 

Choose an x ¢ S and define e,z,)(x) te : ~ : ~ 4 . Then Nias 
projection, and Dy(Lecz,y 29) = p((%o)) = «. We claim that L,,, \:2) is minimal in 
M. This is the case, if for every F with L,, ,F =F %0,Ey =L,,,,>(2) (ef. Lemma 
5.1.2, obviously L,.,.)¢) *x 0). Now Lia) (a = F means ez,(x)F(x, a) = F(z, a) 
that is F(x, a) = 0 if 2 <2. We must show: One such F, say Fo, gives if it is & 0 
by application of operators A ¢M’ all others. As Fo x 0 but F(z, a) = 0 for 


© xo an do € G with Fo(xo, ao)  O exists. Now Vaya; € M’ 


eM, it isa 


€ (Xp) 


——- i 
~1) (x) 
F'4(o, Ms) wm 


, ’ = lforr=%,a=Q : 
and it transf a! | ll d 
ranstorms F(z, a) into F, (2, a) (= dan tlic and all desire 
P(x, a) are linear aggregates of these. 


Thus Lz)(2) is minimal in M and therefore case (I) holds for M, M’ (cf. 


Theorem IV). So the necessary and sufficient character of our condition is 
established. 





ee Neg a a OS, 
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As the second section of our Lemma has already been verified, all we need to 
consider is the last one. As Bacay (2) is minimal in M and Dy (Lee 2)) = ethe 
standard normalisation of Dy(E’) obtains by multiplying it by 1/e. As the 
spatial isomorphism F — WF interchanges M, Dy(E) with M’, Dy (E) the 
same is true for Dy(F). 

Finally, if S (that is @) has n = 1, 2,---, © elements, say x, -.., z, 
(if n = © omit z,), then Dy(1) = Dw(Li) = Dw (Li...) +--- +e) * 
Dy(Le¢2,(2) +++ + Liece,y(z)) = Dy (Le, (2)) +--+ + Dy (Le, >(2)) = ne. In 
the standard normalisation this gives n, so we have case (I,) for M’. The spatial 
isomorphism gives the same for M. 

Lemma 13.1.2. Case (II) holds for M, M’ if and only if there is for every 
xeS, p*((x)) = 0. If u(S) ts finite, then case (111) holds for both M, M’ and 
the Dy(E), Dy (E) of Theorem XI go over into the standard normalisation, if both 
are multiplied by 1/u(S). If w(S) ts infinite, then case (II,,) holds for both M, M’. 

Proof: As an E’ eM’ with Dy(E’) > 0, < @ exists (cf. the beginning of the 
proof of Lemma 12.4.3), case (III) cannot hold. So either case (I) or case (II) 
holds, and therefore Lemma 13.1.1 implies that our present condition is neces- 
sary and sufficient for case (II). _ 

As Dy(1) = Dy(Mi) = Dy(M,,() = u(S) and Dy(1) = Dy (Li) = 
Dy (Le ,(z)) = u(S), the other statements of our Lemma follow immediately. 


The two preceding Lemmas characterise M, M’ completely. We see (using 
the terminology of Theorem VIII): The M, M’ as constructed in Theorem XI 
are always of the same class; this class is finite or infinite if u(S) is finite resp. 
infinite; it is discrete or continuous if the measure u(7'), J’ C S is discrete resp. 
continuous (that is, if an x e S with u*((x)) > 0 does resp. does not exist); it 
is never purely infinite. And the difference between the discrete and the con- 
tinuous cases corresponds to that one between effective transitivity of G in §, 
and ergodicity without such transitivity. 

13.2. Examples of case (I), based on Lemma 13.1.1, are so obvious that we 
need not be concerned with them. (Owing to the one-to-one correspondence 
between S and G we may even put, without any loss of generality, S = 8. 
Then we can make e = 1 and then u*(T), T C S becomes p*(7) = (number of 
elements in T).) We wish however to give effective examples of case (Il), 
based on Lemma 13.1.2. These examples will be of a very special type, %& 
we will only consider Abelian groups @, and even those highly specialised. 

Lemma 13.2.1. Let S be either the set of all real numbers, S,,, or the set of all 
real numbers 20, <1, which can be (and in what follows will be) looked at as 
the set of all real numbers (mod 1), S;. Use the common Lebesgue measure in S. 
Let & be a module of real numbers, that is a finite or countably infinite set with 
these properties: 0 ¢ G, a, b e G imply —ae G,a + be G. G isa group, if we 
define unit = 0, a~' = —a,ab=a + b. 

G is an m-group in S, if we definexa=x+a. ForS = S, we insist that 1 6. 

Excepting © = 0 and © = ( ,---, —2a0, —ao, 0, ao, «++ ) (for a fied 
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ay) > 0 if, S = Si, then necessarily a9 = 1/n, n = 1, 2,---), @ ts always 
ergodic in S. 

Proof: © satisfies obviously Definition 12.1.1. S satisfies Definition 12.1.2 
because it is a special case of Example b) given after it; it is easy to verify 
Definition 12.1.5, (i)—-(iii), for G@ and S, that is the m-group character. It 
remains for us to decide about Definition 12.1.5 (iv), that is ergodicity. 

Every T C S is invariant under © = (0) and the set 


T=2;poSxr<(p+ 3), p=04+1,42,---) CS 
(for S = S, take it (mod 1)) is invariant under 
@ = (--- , —2ao, —ao, 0, ao, Zao, --- ). 


Thus these @ are not ergodic. 

Assume now that @ is not of thisform. If S = S,, and some ap 0 is e G we 
can map S,, and & by the one-to-one transformation x = (1/ao) x, a= (1/ao)a. 
This is an isomorphism for everything that is important now and it carries ao 
into 1. For this reason we may assume 1 « @ originally. If 1 « G, then all 
sets T which are invariant under © can be looked at (mod 1); then we can do 
this for S = S,, that is we obtain S = S;. So we need to discuss S = S; only. 

= lforreT 

Now u(S) = u(S:1) = 1 is finite, so every er(z) is er € Ds. 

= Ofor2¢T 
Ergodicity means: U,(er) = er for all a e G means er = 0 or 1 or more gen- 
erally: f ¢ Ds, Uaf = f for all a e G means f = constant. 

The ¢,(z) = "7, nm = 0, +1, +2, --- form a complete normalised orthog- 
onal set in Gs, Uaen = e7'™y,. Put f = 0%. angn, (>, | an |? finite; this 
orthogonal expansion in the space $s is numerically the “in the mean” con- 
vergent Fourier expansion of f), then Uaf = >>. €'™angn, Uaf = f means 
a, = ering, that isa, = 0, except if na is an integer for every ae G. If this 
happens for any n * 0 then it is the case for | n | > 0 too, so we may assume 
n=1,2,.... 

Denote the set of all na, a e © by G’. ©’ then consists of integers. 0 ¢ W’; 
p,q «imply — p, p + q e G’. Thus W’ consists of all multiples of a fixed 
q=1,2,---. As1e@G, ne’, ¢ is a divisor of n, say n = qm. Thus 


2 2 

6 =( Sa 0%...) 
2 
m 


contradicting our assumption concerning @. 
Soa, = 0 whenever n * 0 and therefore f = aogo = a = constant. This 
completes the proof. 


Now as u(S,) = © and u(S;) = 1 we see by Lemma 13.1.2 that every 
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ergodic @ gives an example of M, M’ in class (II,,) resp. (II,). 
which are obviously ergodic by Lemma 13.2.1 are these: 

(a) G is the set Gy of all m + n 6,m,n = 0, + 1, + 2, --- where @ is any 
given irrational number. 

(8) @ is the set Gyat. of all rational numbers. 

(vy) Gis the set Grat. » of all rational numbers of the form 


Some simple (’ 


m/p",m =0,+1,+,2,---, n = 0,1, 2, --- 


where p is any given number 2, 3, --- (not necessarily a prime!). 

13.3. The above examples (with S = S,,) show that factorisations M, M’ 
of the classes (II,), (II,,) exist. Then Lemma 11.4.3, (ii) and the remarks 
after this Lemma show that the combinations of classes (II,), (II,,); (II,), (IL); 
(II,), (111) exist too, and that in the last case the C of Theorem X can be pre- 
scribed arbitrarily. That any combination of cases (In), (In), m,n = 1, 2, - 
exists, has been remarked at the end of §8.6. All other combinations, except 
(III,,), (III,,), have been excluded by Theorem X. By Theorem X again 
(III,,), (III,,) exist if and only if factors in case (III) exist at all. So we have: 

Theorem XII. Factorisations M, M’ belonging to the following classes do exist: 
(Im), (In), m,n = 1,2,---, ©; (In), (II,), m, n = 1, ©, and in case m, n = 1 
even the C of Theorem X can be prescribed arbitrarily. (III,,), (III,,) exists if 
and only if factors in case (III) exist, a problem as yet unsolved. All other com- 
binations of classes do not exist. 

This answers Problem 2, negatively (considering Lemma 8.6.1), and answers 
Problems 3, 4 as completely as it is possible at the present state of our knowledge. 

13.4. We can use our M, M’ to construct a factorisation in which the factors 
M and N are not coupled (M  N’), and thus answer Problem 1 negatively. 
This leads to the partial answer to Problem 10 discussed in §11.2. 

In what follows we use throughout the notations and the assumptions of 
Theorem XI. 

Lemma 13.4.1. Let &° be a proper subgroup of & which is ergodic in S. Every 
A eM’ is A = [[x-(x)]]ees,ce@, consider those for which x.(x) = 0 whenever c ¢@' 
Denote their set by N. Then N is a ring, N& M’, M’.N’ = (al). 

Proof: N C M’ is obvious. As Va, € M’, Va, = [[8ca>*]]zes,ce @, therefore 
V., €N if and only if a € G°, so @ = @ implies N & M’. 

The computation rules of Lemma 12.4.1 show that A, B ¢ N imply aA, 4%, 
A + B, ABéeN. So we must only prove that N is weakly closed in order to 
show that it is a ring. As M’ is weakly closed (being a ring) even relative 
weak closure of N in M’ suffices. 

‘ Now an A eM’ belongs to N if and only if ap ¢ @° implies x4,(t) = 0 for 

= [[x-(x)]]2es,ce@; that isif ab— ¢ @ implies A, = 0 for A ~ < Aa,d >a, de 
“! we need only to prove: If two a, b e & are given, then the set of all A~ 
< Aga > a’,o7e@ With Aa = 0 is weakly closed. Now (Aa f, g) = (Af, 9 ") 
where h!l(x) = 6,h(x), (h € Bg, h!"! € Say) and so our condition is (Af™, g”) = 
for every pair f, ge ;. This describes obviously a weakly closed set. 
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Thus N is a ring and & M’. 

Assume now A eM’,N’. As Myx eM’, M2) = [[6.X@]],.5 eg andasc ¢@° 
implies ¢ = 1, 6. = 0 so we have M,(2)¢N. So A must commute with every 
My: and (ef. above) with every V.,, ao« @. Now Ae M’, A = [[E.(z)]] 65. ce 
so our requirements are (by Lemma 2.4.3, (iv)) &-(x)x(ac~!) = £.(x)x(x) and 
Enctca(G0) = (2). 

The first equation reads L¢,¢2x = L¢,¢2)U,.x for all bounded x ¢ §,. Thus it 
ve : = “ 7 ; , I CS, u(T) finite; and for their linear 
aggregates and their condensation points; that is for all x € , (ef. the second 
section of the proof of Lemma 12.1.1). So L¢.¢2) = L.¢2)U- which implies by 
Lemma 12.2.3, that &.(z) = Oif ¢c & 1 (and soc & 1). 

The second equation reads: Ua) Le 2)Ua, = Lez). Denote the set of all 
U.,, ao¢€ @ by U°. Then we have L:,.2)¢L-U%. As &® is ergodic in S, Lemma 
12.2.4 applies: Lee) = al = La, (x) = a. So we have é.(r) = 6.a, A = al. 
This completes the proof of M’.N’ = (al). 

Lemma 13.4.2, Let @, N be as above. Then M, N is a factorisation, but 
M, N are not coupled factors. 

Proof: As N C M’ and R(M, N) = (R(M, N))” = (M’-N’)’ = (al)’ = B, 
therefore M, N is a factorisation. As N  M’ they are not coupled. 

It is easy to give examples of groups G, G® as required by Lemmas 13.4.1 
and 13.4.2: We use the examples (a) — (vy) at the end of §13.1. SoG = G, 
@ = Gy, 6 irrational, k = 2, 3, --- , will do; or © = Grr, G = Gy. ,, 
7= 2, 3, + G ial Grat p» & ae Grat ¢ P,d = 2, 3, she , q such a divisor of p 
no power of which is divisible by p (that is: ¢ does not contain all prime factors 
of p, for instance p = 6, g = 2). 

Thus Lemma 11.1.2 implies that the M, M’ of Theorem XI are not normal 
for © = Gp, Gra, Grat p if p is not the power of a prime. (For M’ this results 
directly, for M it follows then from the spatial isomorphism F — WF in Sgo 
which interchanges M with M’). So we now have the examples of not normal 
factors of class (II) we wanted. The question whether all factors of class (II) 
are not normal, remains nevertheless open; we can even not decide whether 
M, M’ for © = G,.. », p power of a prime, are normal. (Cf. note at end.) 

This is the extent to which we can answer Problem 10. 


is for all x(x) = er(z) 





Part V: The finite cases 
Chapter XIV: Generalised additivity of Dy(M) 


14.1. The object of the chapters which follow is the investigation of the 
finite cases (cf. Theorem VIII), that is, of all factors M which belong to cases 
(I,),n = 1,2,--- or (II,). The outstanding fact is that they all behave very 
similarly. This is remarkable, because an M in a case (I,) is ring-isomorphic 
to the ring of all (bounded) operators of an n-dimensional Euclidean space 9, 
and therefore completely elementary; while an M in case (II,) lies in a Hilbert 
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space, unbounded operators can be 7 M, operators in M can have continuous 
spectra, etc. 

All our results will be valid for all finite cases, that is, both for (I,) and (II,). 
The really interesting application is of course (II,), while most of our results 
are void or trivial or well known facts from linear geometry, when applied to 
(I,). Our reason for including the (I,) too in all our statements is only the 
desire to stress the analogy between (I,,) and (II,), and to put every result 
concerning (II;) at once in the right light by showing what it would mean for 
(I,). 

Our notations will be these: § is a space; M a factor in § belonging to a 
finite case, (In), m = 1, 2, --- , or (1]1); Du(M) a relative dimension function 
for M with the normalisation Du() = 1. For (I,) this is the standard nor- 
malisation multiplied by 1/n for (II,) it is the standard normalisation itself, 

In the next § (and only there) however these assumptions will not be used, 
the class of M and the normalisation of Dy () being arbitrary. 

14.2. We discuss the behavior of Du (MN) for such M, Yt which need not to be 
orthogonal, nor comparable (J S 9), thus generalising the statements of 
Definition 8.2.1. 

Lemma 14.2.1. Assume M, WnM. Then 


Du ((M, N] — N) S Du (M).. 


Proof: This follows immediately from Lemma 7.3.4. 
Lemma 14.2.2. Assume IM, NM and Du(M) > Du (MN). Then M(H — N) 


s (0). 
Proof: We have, using Lemma 14.2.1 


Du([N; & — M]-M) = Du (IN, H — MI — (GS — M)) S Du (MM) < Du lM) 


so [N, H — M]-MxM. But [M; H — M- NM CM, therefore M — [N, H — M)-M 
*= (0). Now M-— (NM H-—- MIM = M-(H — [|M, H — M) = 
M(H — N(H — (GH — M)) = M- (GS — N)-M = M-(H — MN). So we proved 
M-(G — MW) > (0). 

Lemma 14.2.3. Assume MN, %2nM. Then Du({M, N]) S Du (M) + Du(R) 
and the equality holds if M-N = (0). 

Proof: Put M’ = [M,N] — RN. Then M’ y M, M’, N are orthogonal, 
[Mr’, N] = [M, N] and so Definition 8.2.1, (iii), applies. Du ([M, N]) = Du 
([M’, N’]) = Du (M’) + Du (MN) FS Du (M) + Du (N), considering Du (M"’) S 
Dy (MN) by Lemma 14.2.1. 

We see that we have = if Du(M’) = Du(M). If this is not the case, then 
Du (M’) < Du(M) and so Lemma 14.2.2 applies: M-(G — Mt’) (0). Now 
fe M(S — M’) means fe M and the orthogonality of f to M’ = [M, W] — VW. 
But as fe M C [M, N] the second statement means f ¢ [Mt, N] — (({Me, M]) — W 
= MN. So we have f « M-N and therefore the above result states M-IN > (0). 

This completes the proof. 
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Lemma 14.2.4. Assume M, WM. Then 
Duc ((M, N) + Du (M-N) = Du (M) + Du (MN). 


Proof: Put Mi = M — M-N. Then Msi, M-N are orthogonal, [M,, M- NR] = 
M, so by Definition 8.2.1, (iii), Du(M) = Du (M1) + Du(M-N). 

Furthermore [Mti, It] = (Mer, (MN, ME- MI] = [[Me, Me- I], MN] = [Me MN] and if 
feM-N then fe Mi CM, fe MN, fe M-N but fe Mi = M—M- NCH —M-N 
sof = 0, which proves 21-3 = (0). So Lemma 14.2.3 applies: 


Du ([M, N]) = Du (Ms, N]) = Du (M1) + Du (MN). 


Adding D(M-I) to both sides gives, considering our previous equation, the 
desired formula 


Du ([M, N]) + Du (M-R) = Du (M) + Duc (MN). 


Lemma 14.2.5. Let Dt, Me, --- be a (finite or infinite) sequence, all M; n M. 
Then Du({M1, Me, --- ]) S Do: Du (Ms). The equality holds if and only if one 
of these two conditions ts satisfied: 

(i) Du ({Mti, Me, --- ]) cs infinite. 

(ii) Du ({[M1, Me, --- ]) ts finite, and [Mi, Me, --- Mial-M: = (0) for 
or Rs 

In case (ii) there is even [Mrmy Demy -- + ] - [Miny Deny --- ] = (0) af mi, me, --- 
and ni, Ne, --- are any two sequences without common elements. 

Proof: We can assume that the sequence Nti, Nte, - - - is infinite, as we could 
otherwise insert infinitely many terms Jt; = (0). 

Lemma 8.3.3 can be applied to Dt, C [Mi, Me] CK [Mei, Mtoe, Ms] C --- and 
it gives: Du ([Mt, Ms, ---]) = lim;. Du ([Mi, ---, Mt). Now Lemma 
14.2.3 can be applied to [M1, --- , Mia], Mand it gives: Dy([Mi, --- , Mid) = 
Du (([Mi, ---, Mia) + Du (M;:) with an equality if (ii) holds; therefore 
Dy((M, --- , MJ) S >5i-, Due (M,) and passing to the limit 


Du ((M, Me, .* -}) Ss i=1 Du (Mi) ’ 


again with an equality if (ii) holds. So we have proved the relation with a < 
in general, and the sufficience of (ii) for the equality. (i) too implies equality, 
because if Dy([Mti, Mee, --- J) is infinite, then 


. Dia1 Du(M:) = D([Ms, Me, --- ]) 
is infinite too. 

The necessity of (i) or (ii) means that if Duc([Dt:, Deo, --- ]) = DoF Due (M,) 
and finite, then (ii) holds. We prove that in this case 


[Deny Denny «++ ] [Dem Demy ---] = (0) 


if mi, me, --- and Ni, N2, --- have no common elements: This proves (ii) (put 
m =1,---,mi1 = 7 — land n,; = 4), and at the same time it justifies the 
last statement of our Lemma too. As we can add to the sequence m1, n2, - «+ all 


















ee ee ne 








ee en 























Ek 08 gE NOR AP ni I 





212 F. J. MURRAY AND J. v. NEUMANN 








i = 1,2, --- which differ from m, me, --- and 71, M2, --- We may assume that 
N1, N2, --+ is the complementary set to m, m2, --- in 1, 2,---. 
Now we have 


Dy (Mm Mmy «+ ]) SY; Du(Mn ,), Du ((Mny My ++ 1) S Di Du(M, ,) 
and so by Lemma 14.2.4 
Du ((Mi, Me, +++ ]) + Dee ((Mmy Demy - | (Mem, Wena >> I) 
= Dut ([[Memy Wmsy > ++ J, [Demy Dena += II) 
+ Dut ([Mmy Demy +++ | + [Dems Deny «++ I) 
= Du ([Mmy Mm +++ 1) + Du (Mn, Mn +++ I) 
< D0; Du(Mn,) + Ls Du(Mn;) = DUP Du (Ms) 
= Du ([M, Me, --- }). 
As Du ([Mti, Me, --- ]) is finite by assumption, this implies 
Du ([Mmyy Wem += ] (Mn, Mn, --+]) 20, 


so = 0, and therefore [Mn Demy +++ | - [Mtuy Mtns» «++ ] = (0). 
This completes the proof. 


Chapter XV: The relative trace 


15.1. From now on we make the assumption of §14.1: M is a factor in 
a finite case ((I,),n = 1, 2,---, or (IIi)), and Du(M) is normalised by 
Du($) = 1. 

We define an analogue of the trace of common (finite dimensional) matrix 
theory, more precisely: We define a notion which shares most essential proper- 
ties of the trace, and coincides with it in the discrete cases (In), m = 1, 2,---. 
The importance of this notion lies of course in its validity in the continuous 
ease (IT,). 

Definition 15.1.1. Let A eM be Hermitian. Form its resolution of unity 
E(\), - ~ <A <o. (Cf. (16), p.92. As A is bounded this coincides with 
Hilbert’s spectral form. The description which we will use is discussed in (18), 
pp. 389-390, footnote 42 and p. 418). It is characterised and uniquely deter- 
mined as discussed loc. cit., by the following properties: 

(a) E(A) is a projection, defined for all — 07 <r < o. 

(8) \ S wimplies E(A) part of E(u). 

(vy) X = Ao, A > Ao implies E(A) — E(Ao) in the strong topology. 

(6) There exists a c so that E(A) = Oif\ S — cand E(A) = 1ifdA 26. 

(e) For all f,g « 


(Af, 9) = / ” \ a(OUS, 9). 


i] 


(This is a numerical Stieltjes integral, certainly convergent, because we cal 
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replace by i] owing to (6); and (E(\)f, g) is of bounded variation owing 


c 


to (8), ef. (16), p. 93.) 
This equation may be written symbolically as 


(*) A = [ ano). 


co) 


As 1 «€M therefore A ¢M has the consequence that all H(A) eM (ef. (18), 
p. 390). Therefore all Du(E(A)) are defined, and we can form the numerical 
Stieltjes integral 


(*) Tu(A) = [ ” \d Du (EQ). 


0 


by il owing to (6), as 
Du(E(A)) = Oresp. = LifA < — cresp. 2c and Dy(E(A)) is monotone owing 
to (8)). 

We call this 7 (A) which is thus defined for all A ¢ M the relative trace of A. 

It is clear how the symbolic equation (*) suggests the definition (**). We 
shall see in §15.2 after Lemma 15.2.2, that in the discrete cases (I,), 
n= 1,2,---, our T(A) is 1/n times the trace of A taken in the usual sense 
for matrices of degree n. 

15.2. An alternative definition of the trace can be obtained by using an 
extension of the “Minimax principle” (cf. (5), pp. 26-29). This extension is 
as follows: 

Lemma 15.2.1. Let A eM be Hermitian, and E(\), — © < \ < o its resolu- 
tion of unity. Form the quantity 


(:) a) = gib. {Lub. (Af, f)} 


[oy eal [yh f2] 


for everya > 0, <1. Then at the same time 


(This integral is convergent because we can replace / 


i] 


(it (a) = g.1.D.toye(a)) 2a] r. 
Proof: Consider the set of all \ with Du(E(A)) = a. As it contains \ = ¢ 
it is not empty; as it does not contain \ = — c it is not the set of all real num- 


bers; it contains with \ every \’ > A by Definition 15.1.1 (8); it contains its 
g.l.b. Ao by Definition 15.1.1, (y). Thus it is the set of all \ =o. So we must 
prove e(a) = Xo. 

Define Mo by Psp, = E(Ao), Mon M because E(Ao) «M and Du(Mo) = 


et) 2a. For f eM we have E(Ao)f = f and so E(A)f = f if A 2 Ao. 
hus 


(Af, f) = / ; Ad(EA)S, f) = / (EOS, f) < / "No BOM, f) 


setiis c 
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= do((Ero)f, f) — (E(— OF, f)) = olf, f) = doll f |? 


and so l.u.b. (Af, f) S Ao. As Dton M, Du (Mo) = a this proves e(a) < dy. 
[fins] 


Assume now ¢(a) < Xo. Then by (tf) an My M, Du(M) = @ with lub, 
[7em 


\=1 
(Af, f) < Xo must exist. Choose a X’ > L.u.b. (Af, f), < Ao. By the definition 
aes 
of Xo the relation \’ < Xo has the consequence Du (E(\’)) < a. Define I’ by 
Pyy = E()’); then 2’ » M because E(\’) «eM. We have 


Du (M’) = Du (E(\’)) < a S Du (M) 


so by Lemma 14.2.2 M-(S — M2’) % (0). Therefore an fo e M(S — M’) with 
fo *& 0 exists. 
Now as fo ¢« © — Mt’ we have E(X’)fo = Oand so E(A)fo = OifA S A’. Thus 


’ 


(Afo, fo) = “ d(BOfo fe) = | © Md(EMfe, fo) 2 i “ Nd(BOy, fo) 


= N((E()fo, fo) — (EQ) fo, fo)) = X’(Fo, fo) = d’ | fo? 


Multiplying fo with 1/|! fo || we can obtain || fo || = 1. But at the same time 


fo €M too, therefore we have l.u.b. (Af, f) 2 X’, contradicting our original as- 
eM 
i= 
sumptions on }’. 
Thus there must be e(a) = Xo and the proof is completed. 


Lemma 15.2.2. Let A «eM be Hermitian, and e(a) as in Lemma 15.2.1. Then 


Tu (A) = [ e(a) da. 


Proof: We have Ty(A) = \d (Du (E(d))). It suffices to remember the 


—0 


definition of the Riemann-Stieltjes integral in order to see that this coincides 
1 


with the Riemann integral (g.l.b. X) da (ef. (19), p. 198). But this is, by 
0 [Dy(#(A)) Za] 


1 
formula (ff) of Lemma 15.2.1, equal to / e(a) da. 
0 
Observe that in the case (I,), Du (M) assumes no other values than 0, 1/n, 


2/n, --- ,(n — 1)/n, 1 therefore (a) is constant in each interval (p — 1)/n <a 
p/n, p =1,---,n. Thus Lemma 15.2.2 gives 


1 1 “ 
Tu (A) -| e(a) da = -> (?), 


p=l 








, 
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and one verifies easily that ¢(p/n) is the proper value No. p (from below) of A. 
Thus Tu (A) is 1/n times the trace of A. A more direct proof is given in §15.4 


after Theorem XIII. In the case (II,) [ e(a) da becomes an integral with a 


really continuous domain. Owing to the analogy with the case (I,) it seems 
natural to introduce the following terminology: 

Definition 15.2.1. Let A ¢€M be Hermitian, and ¢(a) as in Lemma 15.2.1. 
Then we call e(a) the proper value No. a (from below) on A, on the continuous 
sale0Q <<a Sl. 

The immediate application of our new way to express T'y(A) is this 

Lemma 15.2.3. Let A, B eM be Hermitian, and A — B (semi-) definite, 
Then Tu(A) = Tu (B). 

Proof: Form the e(«) of Lemma 15.2.1 for A, and for B, denoting it by «(a) 
resp. n(a). As the definiteness of A — B means ((A — B)f,f) = 0, (Af, f) = 
(Bf, f) for every f, therefore Lemma 15.2.1 ({) gives e(a) = n(a). Now Lemma 
15.2.2 gives Tu (A) 2 Tu (B). 

Note that Tu(A) = 0 for a definite A is obvious, and that this would imply 
directly our Lemma, if we knew that Tu(A — B) = Tu(A) — Tu (B). But 
this relation is only established at present if A, B commute (cf. Lemma 15.3.4 
and the remarks after it), and this makes the above simplification impracticable. 

15.3. We derive now the main formal properties of Ty (A). 

Lemma 15.3.1. Let E ¢M be a projection. Then Tu(E) = Du(E). 


> 
Proof: BO), = Fiorh el; is E’s resolution of unity, as conditions (a)—(e) 


0 forr>A <1 
from Definition 15.1.1 are easily verified for them. So 


Tee forvA 21 


and so 
Tu (FE) = ‘- A\dDu (E(A)) = 1-Du(E) = Du (EZ). 


Lemma 15.3.2. Let A eM be Hermitian, and a, b two real numbers. Then 
Tu(aA + b-1) = aTy(A) + Bb. 


Proof: We first prove Tu(—A) = —T(A) because this will permit us to 
restrict ourselves afterwards to the case a = 0. 

Let E(A) be A’s resolution of unity. Then 1 — E(—)) fulfills for —A all con- 
ditions («)-(e) of Definition 15.1.1 except (vy). Ei(A) = limy-5,,,-, 1 — E(—)) 
fulfills, as a simple argument shows, all of them. So E,(A) is —A’s resolution 
of unity. Now Ei(A) & 1 — E(—)) only in the points of discontinuity of 
E(—), that is in the points — where X runs over all point proper values of A. 
This is a countable set. .A fortiori Du (E,(A)) *= Du (1 — E(A)) holds only in a 
countable set. Therefore we can, by the definition of Riemann-Stieltjes inte- 
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grals, replace d(Du(Ei(A))) by d(Du(1 — E(—A)) in every Riemann-Stieltjes 
integral in which it occurs. Thus 


Tu(—A) = [ \dDu (Ei(A)) = i AdDu (1 — E(—)A)) = 


—o 


“dDu(BO) = — [7 rdDu(BO)) = —Tu(A) 


—e 


x (—dA)dDu (E(—A)) = [ 


Assume now a 2 0. Denote the e(a) of A and of aA +-b1 by (a) resp, 
n(a). For || f || = 1, (@A + b1)f, f) = a(4f, f) + 6, f) = af, f) + band 
as a = 0 this formula can be used when forming g.1.b.’s and l.u.b.’s. There- 
fore Lemma 15.2.1 ({) gives n(a) = ae(a) + b and then Lemma 15.2.2 gives 
Tu(aA + b1) = aTy(A) +b. This completes the proof. 

Lemma 15.3.3. Tm (A) is a continuous function of A if the uniform topology 
for operators (cf. (18), p. 384) zs used. 

Proof: We will show: If || (A — B)f || < €||f || for every f € S then 


| Tu(A) — Tu(B)| S «. 
Under the above assumption we have 
\((A-BSAAN| SA — BSI ls il self, 
(Af, f) = (BAN + «lf? = (Bf + DSN. 

So (B + el) — A is definite, and by Lemma 15.2.3 Tu(B + e€1) 2 Tu(A). 
But by Lemma 15.3.2 Tu (B+ €1) = Tu(B) + €so we have Tu (A) — Tu(B) $ 
e. Interchanging A, B (the assumption was symmetric in A, B) we obtain 
Tu(A) — Tu(B) = —e. So|Tmu(A) — Tu(B) | S e, completing the proof. 

We will prove elsewhere considerably more about the continuity of Tu(A). 
(Cf. note at the end of this paper.) 

Lemma 15.3.4. Let A, B eM be Hermitian, and commute with each other. 
Then 

Tu(A + B) = Tu (A) + Tu (B). 

Proof: Let E(d) and F(A) be the resolutions of unity belonging to A resp. B. 

By (18), pp. 390-391 (in particular footnote 43)) A, B are limits of uniformly 


convergent sequences of linear aggregates of the E(A) resp. the F(A). There- 
fore it suffices, by Lemma 15.3.3 to prove 


Tu (D071 aE) + Ot biF(u)) = Tu (o" aE) + Tu (307 05F (ui) - 


Observe, that if A, B, commute, all E(A), F(u) commute with each other (cf. 
(16), p. 115). 
So it suffices to prove this: 


Tu (do? (c, + d,)E,) = Tu (D0? ¢,E,) + Tu (D2 4,E,) 


if Z;, --. , EZ, are commutative projections. (Substitute m + n, E(Ai), °°"! 
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E(\m), F (#1); ated » F(un), 1, tiie Gm, 0, ae 0;0, Ke , 0, bi, eee >, for p, Ei, teeny 
E5, Cy wre » Cp, dh, ayes » d,.) 

This would follow immediately from 

(#) Tu (D2 ¢ E,) = 2 ¢ Du (E,) 


(for all choices of ci, --- , ¢p provided that E,, --- , E, commute). 
Consider the 2? terms arising when computing 


(E, + (1 — £,)) --- @#,+ (1 — E,)). 


They are products of commutative projections « M, thus projections « M, their 
sum is 1, and the sum of those which arise from the term £, in the factor 
E, + (1 — E,) is E,. Denote them by | ,E., q = 2”; as 


Rh -- * E; ~~ | 
they are mutually orthogonal. Write E, = E,. pee t E,, , Weclaim: 


If (#)holds for Ej, ---, E; (and all ci, --- , cg), then it holds for Z;, --- , E, 
too. Indeed: 


Tu(DierE,) = Tu (Qipar CoQeemt Be, .)) = Tu (Detar (Diy, oi ey, grOr)Er) 
= Difa1 (Lo. es ey, nrle) Du (Ey) = 2-1 (Dosa Du (Ez, ,)) 
= >? cp>Du (E,) . 


In other words: We may assume in (#) that H,, --- , Z, are mutually orthog- 
onal, and #, + --- + HE, = 1. 

If now two c, in (#) are equal, say c, = c, for some p x o then E,, E, co- 
alesce to H, + E, in both sides of (#). Se we may assume that all c, are differ- 
ent. As a permutation does not matter, we may even assume that c; < c2 < 


0s Sb 
Define now 
= 0 for AX < ¢. 
GA){=£E,+.---+E£E, for \ 2¢, <¢u if p=1,---,p—1. 
= 1 for A 2C. 


One verifies immediately the conditions (a)-(e) of Definition 15.1.1 for these 
G(\) and >>? ¢,E,, therefore it is the resolution of unity which belongs to 
1 ¢p,E,. Now Definition 15.1.1 gives 


Tu(>.? c,E,) _ il 


” xd(Du (G00) 


= Lie(Du(E: + --- + E,) — Du(Ei+ --- + E,1)) = Di eDu(E,) . 
This completes the proof. 
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Observe that we should expect from the analogy of the trace of finite dimen. 
sional matrices, that the additivity of Ty(A) is expressed in Lemma 1534 
holds even without assuming the commutativity of A, B. We will come back 
to this question at the end of §15.4, Problem 11. 

15.4. The relation Jt ~ MN can be expressed in a new way, owing to 
Du(H) = 1. 

Lemma 15.4.1. M~ R(--- M) ts equivalent to M nM and the existence of a 
unitary V ¢M which maps I on N. 

Proof: If It M and such a V eM exists, then U = VPy is €M, partially 
isometric, with the initial and final sets Nt resp. Jt; so Pt ~ M(--- M). 

Conversely: If Dt ~ 2 (--- M) then Du(M) = Du (MN), Du (GH — M) = 
Du(S) — Du(M) = Du(H) — Du (MN) = Du (GS — N) (this step is possible, 
because Du () = 1 is finite), 6 — M~ H— NR. Let Ui, U2 be eM, partially 
isometric, and have the resp. initial sets It, S — Mt and the resp. final sets 
MN, H — MN. One verifies easily that V = Ui; + U2 eM is unitary, and that it 
maps Yt on M. Mt» M is obvious. 

This proof was based on the finiteness of Du() that is of 5 (with respect to 
M). In fact the finiteness of § is necessary and sufficient for the Lemma itself: 


Because if © is infinite, then 5 ~ IM (--- M) to some M - © and no unitary 
U maps $ on an M € §. 


We now state the essential invariance property of T(A): 
Lemma 15.4.2. Let A eM be Hermitian and U «eM be unitary. Then 


Tu(U“AU) = Tu (A) ° 


Proof: If A has the resolution of unity E(A), then U-!AU has clearly 
UE(A)U. Put E(\) = Pa, U-E(A)U = Pray then MA) is M(A)’s image 
by U- So MA) ~ N(A)(--- M), Du(M(A)) = Du (MN(A)), Du (ZQA)) = 
Du(U“E(A)U). Now Definition 15.1.1 gives Tu(A) = Tu(U“AU). 

We are now able to characterise the relative trace by inner properties: 

Lemma 15.4.3. Assume that a (real and finite) numerical function T’(A) 1s 
defined for all Hermitian A ¢ M and that it has the following properties: 

(i) T’(1) = 1. 

(ii) T’(aA) = aT’(A) if a is real. 

(iii) T’(A + B) = T’(A) + T'(B) if A, B commute. 

(iv) T’(A) = O7f A is (semi-) definite. 

(v) T(U“AU) = T’(A) if U eM is unitary. 

This is the case if and only if T’(A) is the relative trace: T’(A) = Tw(A) for 
all Hermitian A «M. 

Proof: Tu(A) has the properties (i)-(v) by Lemmas 15.3.2, 15.3.4, 15.2.3, 
and 15.4.2. Therefore only the converse problem remains: to determine 
T’(A) if it fulfills (i)-(v). Assume therefore that such a T’(A) is given. 

If E is a projection ¢ M then, as E is definite, we have T’(E) = 0 by (iv). Ii 
E ~ F( --- M) then by Lemma 15.4.1 a unitary U eM with F = U-EU exists, 
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and so by condition (v) T’(E) = T’(F). If E, F are orthogonal, that is EF = 
FE = 0 then they commute, and therefore T’(E + F) = T’(E) + T’(F). So 
the conditions (ii), (iii) of Definition 8.2.1 are fulfilled, and as T’(1) = 1 > 0, 
< « therefore Lemma 8.3.5 applies: T’(Z) is a relative dimension function 
(with respect to M). So T’(Z) = cDu(E) with a suitable constant c; but as 
T’(1) = Du (1) = 1 by (ii), therefore c = 1, that is: T’(E) = Dy (£). 

Thus if E,, --- , H, are mutually orthogonal projections, E, + ... + E, = 1 
and C1 < Ce . ee. 3 Cp then we have: If p ae o then E,E, = E,E, = 0 so 
E,, E, commute, and so by (ii), (iii) T(>? c,i,) = > c,1'(E,) = 22 
c,Du(E,) and this, by the considerations at the end of the proof of Lemma 
15.3.4 is = Tu(> 2 c,H,). So the desired equation ra * Tu (A) holds 
for all A’s of the above form >>? cpE». 

(i)-(iii) imply in general T’(aA + b1) = aT’(A) + b. (iii), (iv) imply 
T'(A) = T’(B) if A — B is (semi-) definite and if A, B commute. Thus the 
argument of the proof of Lemma 15.3.3 applies to T’(A) too, if we restrict our- 
selves to some commutative set of operators: Then 7’(A) is a continuous func- 
tion of A, if the uniform topology for operators is used. We know from Lemma 
15.3.3 that this holds for Ty (A) too. 

Now form the operators mentioned in (18), pp. 390-391 (in particular foot- 
note 43)): They were denoted by A**« = ple \(Z(,) — (B(A,-1)). As 
we pointed out there, they are uniformly convergent with the limit A; and as 
all E(\) commute with each other and with A, the same is true for the A*«. 
Thus T’(A) = Ty(A) follows, if we can prove T’(A**) = Ty(A**). But this 
equation holds, because A*« has the above discussed form. Put p = n, ¢, = 5 
E, E(a,) = E(A »-1). 

Thus the proof is completed. 

We restate the results obtained thus far: 

Theorem XIII. Let M be a factor of a finite class ((I,), or (II1)). Then there 
exists one and only one (real and finite) numerical function T’(A), defined for all 
Hermitian A ¢M which has the following properties: 

(i) T’(1) = 1. 

(ii) T’(aA) = aT’(A) if a is real. 

(iii) T’(A + B) = T’(A) + T’(B) if A, B commute. 

(iv) T’(A) = O7f A is (semi-) definite. 

(v) T’((U“AU) = T'(A) if U eM is unitary. 

This unique T’(A) is the relative trace of A, Tu(A). Further essential properties 
of this T’(A) are given in Lemmas 15.2.3, 15.3.1, and 15.3.3. Equivalent defini- 
tions are contained in Definition 15.1.1 and in Lemma 15.2.2. 

In particular we have (this follows from Lemma 15.3.1, so from (i)—(v)): 

(vi) For a projection E «M, T’(E) = 0 implies E = 0. 

In case (In) we obtain by this unicity theorem an easy determination of 
Tu(A): M in case (I,) means § = §; @ S2, M = BY, H:, ~ dimension 1. 
Now Lemma 2.4.6 show, that using the symbolism A® ~ < Aj,. > , y21,...,n Of 


Definition 2.4.2, the A° eM are characterised by A° ~ < a.,1 > Lie. 
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thus correspond to the numerical matrices faut, »} Now T7’(A°) = 1/n 


t, s=1,---,n° 


ee a: fulfills (i)—(v), as one verifies easily, therefore Tu (A°) = 1/n }°"_, Os 
The examples of case (II,) given in Theorem XI, considering Lemma 13.1.2, 
can be discussed too. If A «Mor A eM’ write A = [x-(2)]e<s,c¢g and form 


t(A) = / x1()dz (ef. loc. cit. and Lemma 12.4.2). Then 7’(A) = (1/(S)) (4) 


fulfills (i)—(iii), as one verifies easily with the help of Lemma 12.4.2, (i)-(iii). 
As to (iv) observe, that every definite operator A has the form B?, where 
B = a(A), a(x) = |x|! Thus B belongs to our ring (M resp. M’) and is 
Hermitian. A fortiori A = B*B, and now t(A) = t(B*B) = 0, T’(A) = 0 fol- 
low from Lemma 12.4.2, (iv). 
(v) is proved as foltows: As A = 3 (A+ A*) + 7-1/2 (A — A’®), it suf- 
fices to consider Hermitian operators A; and as 


A= (3 (A+ 1)? —- G@(A —- 1)’, 
we may even assume A = B?, B Hermitian. So we must prove 
T'(U“BU) = TB), 


that is ((U-'B?U) = t(B?). This coincides with Lemma 12.4.2, (iv), if we put 
there A = BU. 

In all these cases, (iii), that is Tu(A + B) = Tu (A) + Tu(B) holds even 
without the restriction that A, B commute. This raises the following problem: 

Problem 11. Is Tu(A + B) = Tu (A) + Tu (B) always true, without further 
restrictions on A, B? 

The answer is certainly yes in case (I,), and for all known examples of case 
(II,). (Cf. also note at the end of this paper.) 

15.5. The statements of Theorem XIII concerning the unique determination 
of T’(A) by the properties enumerated there, can be formulated and discussed, 
even if M is not assumed to be a factor, but only a ring with 1 « M. 

So if M is a ring with 1 eM we may ask: When do the conditions (i)-(vi) 
of Theorem XIII have a unique solution? This is the case if M is a factor and 
in a finite case. Let us now consider the converse problem. Assume that M 
is a ring with 1 e M and that (i)—(vi) have a unique solution, say T°(A). 

Consider M-M’. This is a ring, and therefore it is the ring generated by all 
projections E «M-M’ (cf. (18), p. 392). Consider a projection E «M-M’. 
If A eM the A and EF commute, as FE eM’ andso AE = AEE = EAE. Thus 
if A is Hermitian resp. (semi-) definite, AE istoo. Besides A, E «Mso AE «M. 
Now take two constants a, @2 > 0 and define 


T’'(A) = a,T(A) + aT(AE) . 
Then 7’(A) behaves with respect to the conditions (i)-(vi) of Theorem XIII 
as follows: (i) holds if a; + a.7°(E) = 1. (ii) holds at any rate. (iii) holds, 


because E ¢ M’ commutes with the A, B eM so if these A, B commute, then 
AE, BE do too. (iv) holds, because AE is (semi-) definite along with A. (¥) 








1/n 
Ost. 
12 
orm 


rere 
1 is 
fol- 


suf- 


put 


ven 
em: 
ther 


2aSE 


tion 
sed, 


(vi) 


and 


all 
MW’. 
hus 


Til 
lds, 
hen 


(v) 





ON RINGS OF OPERATORS 221 


holds, because E e M’ commutes with the U eM so (U“AU)E = U-\(AE)U. 
(vi) holds, because if F is a projection, therefore (semi-) definite, then FE is it 
too; thus T(F) 2 0, T°(FE) 2 0 and T’(F) = 0 implies T°(F) = 0, F = 0. 

Under these conditions our assumption necessitates T’(A) = T°(A) for each 
Hermitian A «eM. So in particular T’(E) = T°(E) but the definition gives 
T’(E) = (a; + a2) T(E). Therefore (a; + a2 — 1)T(E) = 0. Thus we have 
proved: 1, @2 > 0, a1 + a27°(E) = 1 must imply (a; + a2 — 1)T°(E) = 0. 

This is clearly not the case if T°(Z) *& 0, 1; therefore we have either 
T(E) = 0, E = 0 (by (vi)), or T(E) = 1, T(1 — £E) = 1 — TE) = 0, 
1— E = 0, E = 1 (by (i), iii), (vi)). 

Thus M-M’ = R(O, 1) = (al) and so M is a factor. 

Now the argument made at the beginning of the proof of Lemma 15.4.3 shows, 
remembering Lemma 8.3.5, that T°(£) is a relative dimension function with 
respect to M (# runs over all projections E « M), T°(1) = 1 (by (i)) being finite, 
1 is finite with respect to M, and so is §. Therefore M is in one of the finite 
eases: (In), n = 1, 2, --- , or (IIj). 

Consequently we have proved this: 

Theorem XIV: Let M be aring with1 eM. The conditions (i)—(vi) of Theorem 
XIII admit a unique solution if and only if M is a factor, and belongs to one of the 
finite cases: (In), n = 1, 2, --- , or (Ih). 

Note that while (i)—(v) imply (vi) if M is a factor, they may not imply it if M 
is merely a ring with 1 e M and therefore the unicity of their solution may not 
guarantee the factor character of M. This is the reason why (i)—(v) where 
sufficient in Theorem XIII, but (i)—(vi) were needed in Theorem XIV. In fact 
there exist rings M with 1 eM for which (i)—(v) have a unique solution, and 
which nevertheless are not factors. Easy considerations, which we will not 
detail here, show in fact that the ring M = (P{,))’ (© any space of » dimen- 
sions, g € §, || ¢|| = 1) is such; the unique solution of (i)-(v) being T°(A) = 
(Ag, ¢) and M is not a factor, because P;,; « M-M’. 

We have not attempted in this chapter to give anything like a complete 
theory of the trace. We wanted to give only a brief summary of the most 
characteristic features. 

Many further problems could be handled with our present methods. For 
instance, Lemma 15.3.3 could be strengthened so as to apply even to the strong 
topology of operators (cf. (18), p. 381); connections could be established be- 
tween T(A) and the (Af, f) ete. We propose to come back to this subject, 
as well as to Problem 11, in subsequent papers. 


Chapter XVI: Unbounded operators 


16.1. M is assumed throughout this chapter too to be a factor in a finite case 
(In), = 1,2, --- , or (II;)), and that Du(M) is normalised by Du(S) = 1. 

The following Lemma is a consequence of Lemma 6.2.1, valid in the finite 
cases only: 

Lemma 16.1.1. I f X is a linear, closed operator with an everywhere dense do- 
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main, and X nM then (f; Xf = 0) and (f; X*f = 0) are linear closed sets » M and 
Du ((f; Xf = 0)) = Du ((f, X*f = 0)). 


Proof: X*f = 0 means (X*f, g) = (f, Xg) = 0 for all g « Domain X, that is, 
that f is orthogonal to Range X. So (f; X*f = 0) = § — [Range X] there. 
fore (f; X*f = 0) 1M, Du((f; X*f = 0)) = Du(S) — Du({Range X)) = 
1 — Dy ([Range X]). Replacing X by X* we see that (f; Xf = 0) 1M, Dy 
((f; Xf = 0)) = 1 — Du((Range X*]). Now Lemma 6.2.1 states Dy ([Range 
X]) = Du({Range X*]) therefore Du((f; Xf = 0)) = Du((f; X* f = 0)). 

In the cases (In), m = 1, 2, ---, this is the statement that the number of 
linearly independent solutions of a linear equation Xf = 0 coincides with the 
one for the adjoint equation X*f = 0. We see now, that owing to our notion 
of relative dimension, it is true in the case (II,) too. Observe, that these are 
the only cases where it holds: In any infinite case © is infinite, so 5 ~ M S 9 


and if U eM is the partially isometric operator which maps § on MN then 
(f; Uf = 0) = (0), (f; U*f = 0) = HSH -—M*& (0). 

16.2. The key to the deductions which follow is contained in this definition: 

Definition 16.2.1. Let % be an arbitrary linear set in 5 (2 is not necessarily 
closed, and not necessarily 7M). If a sequence 21, Mtoe, --- of linear closed 
sets exists which has the following properties: 

(i) Min M. 

(ii) VuCM. C--- CA. 

(iii) (Mi, Mee, --- ] = H. 
then % is called essentially dense. 

We prove: 

Lemma 16.2.1. Every essentially dense XI 1s everywhere dense too. 

Proof: As all M; CW and as A is a linear set, {Mti, Me, --- } CACS. 
H = (Mi, Me, --- ] CIA] C H, [A] = GH. As A is linear, (90) consists of its 
condensation seis only, therefore 2 is everywhere dense. 

Lemma 16.2.2. If %1, %.,--- is a (finite or infinite) sequence of essentially 
dense sets, then %,-%e- --- is essentially dense too. 

Proof: We can assume that the sequence %,, %2, --- is infinite, as we could 
otherwise insert infinitely many terms A; = H. 

Form the sequences from Definition 16.2.1: Mi, Mts, --- for %, t= 
1, 2,---. By Lemma 8.3.3, lim,,. Du(M:,.) = Du ([Mir, Mir, --+ |) = 
Du(S) = 1 and so we can form a sequence pi < pi2 <-"° with 
Du (Miroir) > 1 — (1/24), Du(G — Miro») = Du (GS) — Du (Minis) < 
1/2i+, 

Form 2, = Mer,,.,- Mee my *** + Clearly NM, is a closed linear set, and 
M,n M. As pi,» < pi,r41 therefore M;,,;, C Mi veiw, and so M, CM; 
as Mio, <A: so M, C %Wi-Ae --- thus we have M, C M,C --- CAi-%-: 
Finally we have Du(S — M ye Du(([S — Miroir» B — Mero» °°) by 
Lemma 14.2.5 this is < °°, Du(S — Mio.) < S521 1/2it” = 1/2", and 
so Du(S — [M1, Me, ---]) S Du(S — M,) < 1/2’. This holds for every 
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»=1,2,--+, therefore Du(S — [M1, Me, ---]) = 0, & — [Ma, Me, ---] = (0), 
[M,, Me, ---] = H. oe 

Thus the sequence ti, Wts, --- fulfills all conditions (i)—(iii) of Definition 
16.2.1 for the linear set %1-%2- --- ; therefore %,-%. --- is essentially dense. 

Lemma 16.2.3. Let % be an essentially dense set, and X a linear closed operator 
with an everywhere dense domain, and X »M. Then the set (f; f « Domain X, 
Xf € YX) is essentially dense. 

Proof: Let W, B be the canonical decomposition of X: B self adjoint and 
definite, W partially isometric, W «eM, ByM and X = WB (ef. Definition 
4.4.1, and Lemma 4.4.1). 

Let E(A), - © < A < &, be the resolution of unity which belongs to B. 
This means, as B is not necessarily bounded, that H(A) fulfills the conditions 
(a)-(y) of Definition 15.1.1 unaltered, but instead of (5)—(e) these modifications : 

(6) If \— — © resp. + © then E(A) — 0 resp. 1 in the sense of strong 
operator convergence. 

(e’) f e Domain B if and only if il Nd || E(A)f ||? is finite, and then (Bf, g) = 


—3o 


i ” \a(EOS, 9), (ef. (15), p. 92). 


ce) 


The (semi-) definiteness of B means that E(A) = 0 for A < 0 (ef. (21), p. 302). 
Put E(x) = Pa): 

As B»M, B is invariant under every unitary transformation U’ eM’ and 
so is E(A), thus E(A) e M, MA) » M, E(A) and MA) obviously reduce B. If 


at a 
feMA) then FA) = f so EQ’) f fi ; Therefore (6’) shows that 


, 


Bf is defined, and (e’) that 0 < (Bf, f) = A||f ||? Thus the part of B in 
MA) is bounded and everywhere defined (in M(A)) or: BE(A) is bounded 
and everywhere defined (in §). 

We know that M(1) C M2) C--- and as lim;... H(i) = 1 we have 
[M(1), M(2), --- ] = H. Thus by Lemma 8.3.3 


lim; Du (M(i)) = Du(S) = 1, 
lim ;. Du(S — M(2)) = lim;.. (Du(G) — Du(M(@)) = 0. 

Choose next the sequence Nt1, Mtz, --- from Definition 16.2.1 for Y%. Then 
Ni CM: C--. SC A, [Mr, Ms, ---] = GH, therefore as above, lim;.. 
Du(S — M,) = 0. 

Form now the set M® = (f;f eM(i), WBE()f «M:). As BE(%) is every- 
where defined and bounded, I is linear and closed. As f «Mt(z) implies 
WBE(i)f = WBS = Xf we have M“ C (f; f « Domain X, XfeMs) C 
(f, fe Domain X, Xf ¢U). Finally f ¢ Mz) implies f « M(@é + 1) and 
Ei+1)f = Ef =f and so M® C M+, Thus we have MY CM C 
‘++ C(f; f « Domain X, Xf € 2). 

The definition of I makes it obvious that it is invariant under all unitary 
transformations U’ ¢ M’ therefore IN » M. 
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Now M® = (f; fe MG), WBE() f « M.) = Mi) - (Ff; WBE eM, = 
Mi) - (f; Po-m, WBE()f = 0). Now by Lemma 16.1.1, 


Du(f; Ps-m, WBE()f = 0) = Du(f; (Ps-m, WBE@)*f = 0) 
= Du((f; (BE()* W* Ps_» f = 0) 


and 
(f; (BE@)* W* Pom, f = 0) D (f; Po-m,f = 0) = Mi. 
So 
Du ((f; Ps—m, WBE(i) f = 0)) 2 DM); 
Du(S — (Ff; Ps-m, WBE@f = 0)) = Du(S - M). 
Now we obtain, using Lemma 14.2.3, or 14.2.5, this: 
Du(S — M°) = Du (lS — MM), H — (f; Ps-m, WBE = 0))) 
< Du(S — M@)) + Du(G — (Ff; Ps-m, WBE = 0)) 
<= Du(S — Mi(z)) + Du(GS — M,). 
Thus 
lim ;.0 Du(S — M(z)) = 0, lim ;.. Du(S — Mi) = 0 
give 
lim ; 40 (© — M) = 0. 
By Lemma 8.3.4 
Du(S — [M®, M®, ++ ]) = Dul(G — MY) -(G — M®)-(G — M) --) 
= lim; Du( — M®) = 0, 
D = [M”, M, rine ] a (0) ’ [M™, M, la ] = D . 

Thus M®, M, .-- fulfill the conditions (i)—(iii) of Definition 16.2.1 for 
(f; f «Domain X, Xf «%). Therefore this set is essentially dense, and the 
proof is completed. 

Putting &% = § we see that Domain X itself is essentially dense. This of 
course, could have been easily proved directly too. 

The considerations of this § are special cases of a generalisation of the notion 
of relative dimensionality (which was only defined for linear closed sets 7 M s0 
far) to all linear sets. A theory very similar to that of Lebesgue’s interior 
measure results. We do not go into the details of this subject here, but it wil 
be dealt with in subsequent papers. 

16.3. The Lemmas 16.2.1—16.2.3 have an interesting application to unbounded 


operators. 
Definition 16.3.1. Let x1, y1, 22, yo, --+ be a (finite or infinite) sequence of 
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symbolic variables. By a (non-commutative) monomial we mean an expression 
of the form 2: --- Zn where n = 0, 1, 2, --- and each z, is some 2; or y;. If 
n = 0, we use the symbol 1. The order in which the factors z,, --- , z, oceur 
is essential; the number v is the degree of the monomial. By a (non-commuta- 
tive) polynomial we mean a finite linear aggregate of non-commutative mono- 
mials, that is, an expression of the form 


p(x, vy -°* )= pm a, sy" li an 


where p = 0, 1,2, --- ;@1, --- @), are complex numbers, and each 2‘? is some 2; 
ory; Ifp = 0, weuse the symbol 0. Monomial terms of the form 0-z; --- z, 
cannot be omitted, but two terms a-z; ---z, and b-z;--- 2, can be con- 
tracted to one and the order of the additive terms does not matter. We consider 
monomials as special cases of polynomials. If 

P(t, yr -++) = Depa, zi”... 2p 


p 


is a polynomial, then “p(x1, yi, --- ) the reduced polynomial of p(x, y:, --- ) 
obtains from it by omitting all terms with a, = 0 (that is, of the form 0-z; --- z,). 
If p(x, Yr, V2, Yo, «+= )y Q(41 Yr, La, Y2, -- + ) are two polynomials, then 


ap(z, Yi, V2, Ya, °° ); p(x, Y1, V2, Y2, °°: ) + q(x, Yi, V2, Y2, -°> )s 
p(x, Yi, V2, Y2, -°> ) : q(x, Y1, Te, Yo, -°> ) 


are those which result by carrying out the indicated operations term by term, 
but without reducing (if the process “ is not explicitly indicated). 
The symbol * is defined as follows, in successive steps: 


Ti = Yin Ye = Te5 (y+ alt = By + 215 (QUE ay (2? -- + 2,0) 
= Dil a, (2?) --- 2,”))*. 


Obviously ( p(ai, ys, «++ ))* = © (per, ys, La, Yo «++ )*). 

Definition 16.3.2. Let 2x1, y1, 22, y2, --- be a (finite or infinite) sequence of 
symbolic variables; X,, X2,--- a corresponding sequence of linear, closed 
operators, each one having an everywhere dense domain, so that to every pair 
of variables, z;, y; one operator X, corresponds. If p(xi, yi, 22, Y2, °°: ) = 
via, 2’)... 2,” is a polynomial, we mean by p(X1, Xi, X2, X2, ---) the 
operator which arises if we replace in }>?_, a, 2\’)--- - every x; by X; 
and every y;by X;. Here the domain and the values of p(Xi, Xj, X2, Xo, --- ) 
are to be determined with the help of the following rules (cf. (18), p. 404): 

0f and 1f are everywhere defined and have the values 0 resp. f. (aX)f is 
defined if and only if Xf is defined (even for a = 0), and its value is a(X/f). 
(X + Y)f is defined if and only if both Xf and Yf are defined and its value is 
Xf+Yf. (XY)f is defined if and only if both Yf and X(Yf) are defined, and its 
value is X(Yf). 
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Variables x;, y; resp. the corresponding operators X;, X * which do not occur 
in the expression p(21, yi, 2, Y2, ++: ) = 2 a, 2\° eee 2.) can be omitted in 
the expression p(x, y1, £2, yz, ---) resp. p(X1, X,---). (So we can write 
p(a1) for p(a1, yi) = 21 but not for p(x, yi) = 41 + O-y1.). (Xi, Xi, «++ ) and 
©) p(X, X7,---) are not identical in general. Thus if p(v.) = 0.x, 
© (21) = Othen p(X1) = 0-X, and “ p(X1) = Oand these differ, because they 
have different domains, if X, is not everywhere defined. In this particular 
case however, we can obtain equality by forming the closure [ ] of all oper- 
ators concerned (cf. (16), pp. 70-71, where a ~ is used to denote closure): As 
X, has an everywhere dense domain, therefore [0-X,:] = 0 and so [p(X,)] 
[‘p(X,)]. But in general this procedure too breaks down: Define p(x, x2) = 
0-2, + O-xe, ™ p(xi, z2) = O and let X1, X2 be two operators for which 
Domain X,-Domain X»2 = (0) (ef. (17), p. 230). Then p(X:, Xz) has the 
domain (0) and there of course the value 0. Thus the same is true for [p(X,, X;)], 
while ” p(Xi, X2) = 0, [ p(X1, X2)] = 0. Thus [p(X1, X2)] has the domain 
(0), while [” p(X., X2)] has the domain §, and so they are different. 

Another “pathological” possibility is that (X,-X2)* may not be X3-X7. In 
fact it can happen that X,X¢ has no closure at all, and therefore no adjoint with 
an everywhere dense domain (cf. (21), pp. 296 and 300; our statement means 
that X,X2 is not a **-operator, cf. loc. cit.); or again (X,X-2)* may exist and 
be a proper extension of X}-X7}. We will not go presently into the details of this 
matter. 

For X,, Xe, --- 7M where M is a factor in one of the finite cases ((I,), 
n = 1, 2,---,or (II,)), as we now always assume, nothing of this sort hap- 
pens, and the algebra of the [p(X., X17, X2, X3, --- )] works perfectly smoothly. 
This is the main result of the considerations which follow. For the cases (I,), 
n = 1, 2,---, these things are obvious (then even the [ ] is superfluous, 
because every linear operator is closed), and the essential content of our 
results is that it is the same way in case (II,). So while the usually considered 
case (I,,), (including M = B for a Hilbert space §) is highly pathological in this 
respect, (IIi) turns out to be the appropriate generalisation of the (I,). 

16.4. We prove first two Lemmas which have considerable interest of their 
own. In particular the first one proves that the “spectral problem’’ (the ex- 
istence of a “resolution of unity” for every linear, closed Hermitian operator 
X »M) has always a satisfactory solution. (Cf. (16), p. 92; observe the con- 
trast with (I,,).) 

Lemma 16.4.1. Every linear, closed, Hermitian operator X nM is mazimal 
and self adjoint, (cf. (16), p. 88). 

Proof: Let U be the Cayley transform of X, &, § the connected linear, closed 
sets (cf. (16), p. 80). Then U,G, §, EH = Pg are invariant under every unitary 
transformation U’ eM’ along with X, so they are all 7 M. Thus UE 7M and 
it is obviously partially isometric, with the initial and final sets & resp. §, 9 
UE is bounded, and therefore UE «eM. Similarly E ¢ M. 

We know that [Range (U — 1)] = § and as Uf is only defined if f « € we may 
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as well write [Range (UE — E)] = §. Now UE — E = (UE — E)E, 
(UE —E)* = E(UE — E)* and so [Range (UE — E)*] C [Range E] = &. So 
by Lemma 6.2.1 


Du(®) 2 Du({Range (UE — E)*]) = Du({Range (UE — E)})= Du() = 1. 


Considering the properties of the partially isometric operator UE, we have fur- 
ther Du(€) = Du (§). Therefore Du(S — ©) = Du(H — §) S 0 that is 0 
andso © — € =  — § = (0). So X is maximal and self adjoint by (16) 

. 88. 

; Lemma 16.4.2. Let X, Y be linear, closed operators, with everywhere dense do- 
mains, X, YnM. If Y is an extension of X (that is: whenever Xf is defined, 
Yf is defined too, and Xf = Yf; cf. (15), p. 70), then X = Y. 

Proof: Let W, B be the canonical decomposition of Y: B self adjoint and 
(semi-) definite, W partially isometric, W » M, B » M and Y = WB (ef. Defini- 
tion 4.4.1, and Lemma 4.4.1). At the same time B = W*Y (ef. (21), p. 306), 
so Y = WW*Y andas Y is a continuation of X,so X = WW*X too. 

W*Y = Bis self adjoint, so it is Hermitian, and so W*X is too; besides it is 
linear, closed and has an everywhere dense domain along with X. As W*X »M 
therefore Lemma 16.4.1 applies: W*X is maximal. But W*Y is a Hermitian 
continuation of W*X so W*X = W*Y, WW*X = WW*Y, X = Y. Thus the 
proof is completed. 

We pass now to the discussion of the (non-commutative) polynomials of 
operators. 

Lemma 16.4.3. Let X,, X2,--- be a (finite or infinite) sequence of linear, 
closed operators, each one having an everywhere dense domain. Assume that all 
XinM. Let DBP = DP(Xi, Xe, --- ) be the common part of the domains of the 
operators p(X,, X71, X,, Xo, «++ ) where p(x, y1, Z2, Y2, --~ ) runs over all (non- 
commutative) polynomials of x1, yi, %2, Y2,---- Then DF ts essentially dense 
and everywhere dense. 

Proof: It suffices, by Lemma 16.2.1 to prove the essential density. It suf- 
fices furthermore obviously, to let p(2x1, y1, 22, Y2, --- ) run over all monomials 
only. These are countable in number, say p(x, y1,---), ¢ = 1, 2,---, 
therefore D¥ = Ht Domain p’(7, y:1,--- ). By Lemma 16.2.2 we need 
only to prove that every Domain p’(Xi, Xj, --- ) is essentially dense. That 
is: That for every monomial p(%1, Y1, --- ) = 21 +++ Zn (ef. Definition 16.3.1) 
Domain p(X1, X7, --- ) is essentially dense. 

We prove this by induction on the degree n. For n = 0, the operator in 
question is 1, its domain is § and so our statement is obvious. Assume now 
that it is already established for n — 1,n = 1,2, --- and let us consider n. Let 
P(t, yi, ++» ) = 2, +++ 2, be a monomial of degree n. Put 9(21, y1,---) = 
%1+++Ze1 and write p(X, Xt, ---) = A, q(X; Xi, ---) = B. zn is a 
Variable x; or y;; put correspondingly Y = X; resp. = X;. Now A = BY 
0 Domain A = (f; f e Domain Y, Yfe Domain B). Domain B is essentially 
dense by our induction assumption (the degree of g(%1, Y1, +++) = @1++* Zn—1 
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is n — 1), Y is linear, closed and has an everywhere dense domain (for X ; this 
was assumed, for X* it follows from (21), p. 301). Therefore Lemma 16.2.3 
applies, and Domain A is essentially dense too. Thus the proof is completed. 

Lemma 16.4.4. Let X1, Xs, --- be a (finite or infinite) sequence of linear, 
closed operators, each one having an everywhere dense domain. Assume that all 
X; 7 M. Let p(x, Yi, T2, Y2, +°> ); q(x, Yi, La, Y2, --° ); r(x, Yi, Ta; Yo, vee) 
be (non-commutative) polynomials of the symbolic variables xi, y; corresponding 
toXi,% = 4, Z, Ree, 

Then we have 

(i) [p(X,, X7, X,, Xo, --- )] can be formed, it is linear, closed, has an everywhere 
dense domain, and tt is n M too. 

(ii) If p(x, Yi, V2, Yo, -°> ) = ‘q(x, Yi, Lay Y2, --° ) then (p(X, Xi, Xo, 
X?; See )] me [q(X1, Xi Xe, Xt kita ); that ws [p(X, xi: Xo, xX? ie a )] depends 
on “p(x1, Yr, L2, Y2, ++ ) only. 

(iii) If p(x, Yi, V2, Y2, -°° * = q(x1, Yi, V2, Ya, - °° ) then [p(X1, > Xo, Xi, 
sah )* — [q(X1, Xo Xo, Xx? —- )]. 

(iv) If ap(x1, Yi, V2, Y2, --- ) 7 q(x1, Yi, V2, Y2, -°° ) then la[p(Xi, Xi, Xz, X}, 
--» J] = [q(Xi, XT, Xe, X5, --- )]). Uf a 0 then the first [ ] is obviously 
unnecessary). 

(v) Tf p(x, Yi, V2, Y2, -°> ) + q(x, Y1, V2, Y2, --- ) ail r(x, Y1, Ta, Ya, --- ) then 
[[p( Xi, Xie Xe, x;. ar -)] + [q(Xi, be X2, x3. its -)]] — [r(X1, Xi. Xo, x:: ihe -)). 

(vi) If p(x, Yi, T2, Y2,-°- )-q(a1, Y1, Ta, Y2, -°- ) — r(x, Yi, 2, Yr, + °° ) then 
(p(X, Xt, Xa, Xz, ---)]-[g(X1, XI, Xe, X2, ---)]] = [r(Ki, XT, Xo, Xo, --)] 

Proof: Ad (i): p(X;, X7, --- ) and p(X, X7, --- )+ have everywhere dense 
domains by Lemma 16.4.3. One verifies immediately that (p(Xi, Xj, ---)f,9)= 
(f, p(X1, X7, ---)*g) for all fe Domain p(X,, X*, - --), ge Domain p(X), Xj,--+)* 
and so (p(X:, Xj, --- ))* is an extension of p(X:, Xj, --- )+. Therefore 
(p(X1, Xi, --- ))* has an everywhere dense domain, and so we can form 
[p(Xi, XT, --- )] (ef. (21), p. 300). [p(X., X*, --- )] is invariant under every 
unitary transformation U’ eM’ along with Xi, X2, --- so it is 7 M. 

Ad (ii): “p(X1, X7, Xo, X3, --- ) is obviously an extension of p(X1, Xi, X:, 
X>, ---) therefore [‘p(X,, XT, --- )] is one of [p(Xi1, X13, ---)]. By @ 
both operators are linear, closed, have everywhere dense domains, and are 7 M. 
So by Lemma 16.4.2, [p(Xi, X17, ---)] = [p(Xi, Xt, Xe, Xz, ---)]- Applying 
this to both p(a1, yi, 22, yo, «++ ) and q(x1, y1, 2, Yo, --- ) gives the statement 
of (ii). 

Ad (iii): As we saw in the proof of (i), (p(X1, X7, --- ))* is an extension of 
p(X1, Xj, --- )+, that is of q(X,, X*,---). The first operator is obviously 
equal to [p(X., X7, --- )]* and as it is linear, closed, it must even be an exten- 
sion of [q(X1, Xj, --- )]. As these are both linear, closed operators with every- 
where dense domains, Lemma 16.4.2 applies again: They must be equal. 

Ad (iv)-(vi): All these statements are proved in the same way, therefore it 
suffices to consider one of them, say (vi): 

Clearly [[p(X1, X}, X2, XQ, --- ))-[¢(X1, XT, Xe, X3, --- )]] is an extension 
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of [p(X1, ay Ze Xs, -++ i-teldy oe 7S nae )] and this again one of 
p(X, Zz. Xa, Xx? — )-q(Xi, Xi, X2, xX, ee ) sal r(Xi, Xt, X2, X}, ihe ). 
The first mentioned operator is linear closed and therefore it is an extension of 
(r(X1, X71, X2, X3, --- )], too. Now we can infer 


[[p(X1, x. X2, x3; lg -)]-[g(X1, xi: Xa, X? ig -)]] = [r(X,, xi; Xo, x3. - -)] 


from Lemma 16.4.2, completing the proof. 

Of course (iv) for a = 0 is trivial, even without the first []. 

We restate the results of this §. 

Theorem XV. Let M be a factor of a finite class ((I,), n = 1, 2, --- or (II,)). 
Denote by U(M) the set of all linear, closed operators with an everywhere dense 
domain, which are nM. Then for X, Y e U(M) the operators [aX] (coinciding 
with aX for a = 0), [X + Y], [XY] can be formed, and are « U(M) again. These 
operations satisfy all customary laws of matrix algebra: 


[(X+ YY] =(¥ + X];0X + Y]+ 2) =(X+[¥ + Z]]. 
[a[X + Y]] = [a[X] + O[Y]], (a + b)X] = [aX + bX]. 
([XY]Z] = [X{¥Z]], ([aX]¥] = [a[XY]], [a[bX]] = [(ab)X]. 
[[X + Y]Z] = [[XZ] + [YZ]; (XT¥Y + Z]] = [[XY] + [XZ]. 
[aX]* = [aX*];[X + Y]* = [X* + ¥Y*]; [XY]}* = [Y*X"*]. 


More generally: The (non-commutative) polynomials [p(X1, X}, X2, X2, ---)] 
(cf. Definitions 16.3.1, and 16.3.2) are « U(M) again; [p(X:, X7, Xo, X3, --- )] 
depends only on the reduced form “"p(21, y1, T2, Y2, ---) Of p(t, Yr, Le, Ya, +++) 
and the laws of matrix algebra hold for the [p(X1, X7, Xo, X2, ---)] (cf. Lemma | 
16.4.4, (iii)—(vi)). 

Every Hermitian X ¢ U(M) is maximal and self adjoint, and thus it has a 
unique resolution of unity (cf. (15), p. 92). 

For X, Y, e U(M) whenever Y is an extension of X (cf. (15), p. 70), then | 
X = Y; that is: proper extensions do not exist in U(M). 

(Added in proof, Jan. 29, 1936.) The authors have since succeeded in estab- 
lishing the following further facts concerning the finite cases: 

(i) Tu(A + B) = Tu (A) + Tu (B) unrestrictedly. (Cf. Problem 11.) 

(ii) Tu (A) is weakly continuous in A. (Cf. Lemma 15.5.5.) 

(iii) If C = 1 then an f exists, for which identically Tu(A) = (Af,f). 

(iv) In the same case certain isomorphisms between M, M’ and § exist. 

: (v) Several examples of Case II, thus (a) — (y) on page 208, are spacially 
isomorphic. (This answers the question at the end of §13.4.) The proofs will 
appear in a subsequent paper. 


PRINCETON UNIVERSITY AND THE INSTITUTE FOR ADVANCED STupy. 
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UBER DIE ANALYTISCHE THEORIE DER QUADRATISCHEN 
FORMEN II 


Von Cart Lupwia SIEGEL 


(Received March 13, 1935) 


Der im ersten Teile dieser Abhandlung bewiesene Hauptsatz lieferte einen 
Zusammenhang zwischen der Anzahl der ganzzahligen Darstellungen €’S€ = T 
einer definiten quadratischen Form y’Ty durch eine andere definite quadra- 
tische Form x’@r und der Anzahl der Lésungen der entsprechenden Congruenz 
€’SC =F (mod gq). Im vorliegenden zweiten Teil soll die Ubertragung des 
Hauptsatzes auf indefinite quadratische Formen im rationalen Zahlkérper 
behandelt werden. 

Zunichst sei an die Begriffe von Aquivalenz und Verwandtschaft erinnert. 
Zwei symmetrische Matrizen ©; und G2 mit rationalen Elementen heissen 
fiquivalent, wenn die Gleichungen ¥’G:X = Se und Y)’S29) = GS, ganzzahlig 
lésbar sind; sie heissen diquivalent mod. g, wenn die entsprechenden Congruenzen 
modulo qg ganzzahlig lésbar sind; sie heissen reell iquivalent, wenn jene Clei- 
chungen reell lésbar sind. Die beiden Matrizen ©, und Ge sind verwandt, wenn 
sie zugleich reell aiquivalent und nach jedem Modul Aquivalent sind. Alle 
miteinander iquivalenten Matrizen bilden eine Classe, alle verwandten ein Ges- 
chlecht. Jedes Geschlecht setzt sich aus vollen Classen zusammen und zwar, 
wie sich zeigen lasst, aus endlich vielen Classen. 

Ist S™ positiv, d.h. r’S xr > 0 fiir jedes reelle r ¥ n, so ist fiir jedes T” 
die Anzahl der ganzzahligen Lésungen von €’@€ = T endlich. Sie sei A(S, 2), 
und man setze noch A(S, S) = E(S). Es seien Gi, --- , GS, Reprasentanten 
der verschiedenen Classen des Geschlechtes von @. Der Hauptsatz bringt 
nun den Quotienten 


A(Gi, T) A(Gi, T) 1 1 
EG) + + BG) ‘E@ tt KG 


in Zusammenhang mit der Lésungsanzahl A,(S, Z) der Congruenz ©’SC = 2 
(mod g). Man definiere noch A,, (S, T) als den Grenzwert des Ausdruckes 
»(B’) : v(B), wo v(B) das Volumen eines T enthaltenden Gebietes B im Raume 
der positiven n-reihigen symmetrischen Matrizen und v(B’) das Volumen des B 
vermége der Gleichung ¥’SX¥ = T entsprechenden Gebietes B’ im Raume der 
reellen Matrizen ¥ von m Zeilen und n Spalten bedeutet, falls B auf den Punkt 
T zusammenschrumpft. Man setze » = } firm =n > 1 und firm=n+), 
n = lin jedem andern Fall. Durchlauft dann q die Folge 2!, 3!, --- , so ist 


A(S,Z)_ 4 AMG, B) , 
AaG,T) ge mn RED 





_ AS, f) 


(1) 
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dabei ist fiir den Fall m = n im Nenner auf der rechten Seite noch der Factor 
92) hinguzufiigen, wo w(q) die Anzahl der verschiedenen Primteiler von q 
bedeutet. 

Im ersten Teil wurde nun gezeigt, dass der Grenzwert auf der rechten Seite 
von (1) fir beliebige rationale 6”, T” mit S=|S| ¥0,7T =|T| #0, 
m > n existiert, wenn nur nicht entweder m = 2 und —S ein Quadrat oder 
m — n = 2und —ST ein Quadrat ist. Mit Ausnahme dieser beiden Fiille hat 
also die rechte Seite von (1) fiir beliebiges indefinites S ebenfalls einen Sinn. 
Die linke Seite von (1) wird dagegen sinnlos fiir indefinites S, da das zur 
Definition von A,,(©, T) dienende Gebiet B’ kein endliches Volumen besitzt 
und da ferner auch Z(G) unendlich ist, falls nicht m = 2 und —S ein Quadrat 
ist. Man kann nun aber den Ausdruck auf der linken Seite von (1) fiir positives 
S so umformen, dass der abgeiinderte Ausdruck auch fiir indefinites S einen 
Sinn hat. 

Man betrachte ein © enthaltendes Gebiet B im Raum der symmetrischen 
m-reihigen Matrizen, so dass alle Go aus B mit © reell aiquivalent sind und 
|Go| ¥ Oist. Vermége der Gleichung ¥’SX¥ = S entspricht dem So-Gebiete B 
ein Gebiet B, im m?-dimensionalen ¥-Raume. Ist % eine Einheit von GS, also 
WSA = S und W ganz, so gehért mit X¥ auch AX zu Bi. Es gibt nun in B,; 
einen Fundamentalbereich B gegeniiber der Einheitengruppe, also einen Bereich 
von der Art, dass fiir jedes X aus B; genau eine Einheit % von S mit AX in B 
existiert. Man kann beweisen, dass bei geeigneter Festlegung von B dieser 
Bereich ein Volumen v(B) besitzt, wenn B ein Volumen v(B) hat; und zwar ist 
das Volumen v(B) endlich, wenn nicht m = 2 und —S ein Quadrat ist. Liisst 
man B auf den Punkt © zusammenschrumpfen, so existiert ferner 

o(B) _ 


aaa - 


Man setze 


p(Si) + --- + (Sa) = u(S)- 


Nun sein < m und ©’G€ = & eine Darstellung von T durch S. Es sei Q 
eine reelle Matrix von n Zeilen und m — n Spalten, § eine reelle symmetrische 
Matrix von m — n Reihen. Es mégen Q, % in einem Gebiete G von 3(m — n) 
2 bt = 3 mit S 
reell Aquivalent ist und eine von 0 verschiedene Determinante hat; ferner sei 
'3| = S far einen speciellen Punkt Q = Qo, R = Ro von G. Vermédge der 
Gleichung (€Y))’ S (CY) = B, also C’SY = Q und Y’SY = M, entspricht dem 
Gebiete G ein m(m — n)-dimensionales 9)-Gebiet G;. Ist dann % eine C invariant 
lassende Einheit von S, also A’SA = S und AC = G, so gehért mit Y auch 
1 zu G;. Es gibt in G, wieder einen Fundamentalbereich G gegeniiber der © 
invariant lassenden Einheitenuntergruppe, und zwar lisst sich zeigen, dass bei 
geelgneter Definition der Berandung von G mit dem Volumen v(G) von G stets 


‘(m + n + 1) Dimensionen variieren, so dass die Matrix ( 
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auch zugleich das Volumen v(@) von G vorhanden ist; die Zahl v(@) ist endlich, 
wenn nicht m — n = 2 und —ST ein Quadrat ist. Lisst man G auf den Punkt 
Qo, Ro zusammenschrumpfen, so existiert 
; v(G) 
lm ——~ = (SG, 6). 
G—Qo, Ro o(G@) 

Fiir n = m definiere man noch p(©, ©) = 1. 

Man lasse nun © ein volles System solcher ganzzahligen Lésungen von 
¢’ S € = TF durchlaufen, dass keine zwei von ihnen durch linksseitige Multi- 
plication mit einer Einheit auseinander hervorgehen, und setze 


a(S, T) = > AS, G) : 


Endlich sei noch 
a(S, T) + --- + a(S, T) = u(S, T). 


Durch eine einfache Rechnung lasst sich nun zeigen, dass fiir positive S die 
Formel 


u(S, XZ) _ AS, Z) 
u(S) = A (G, E) 


gilt. Also lasst sich der Hauptsatz des ersten Teils in der Gestalt 


w(,Z) _ ,. AdS,X) 
a t= — 
2 


q 





(2) 





schreiben, wo im Falle m = n im Nenner der rechten Seite noch der Factor 
2° hinzuzufiigen ist und 7 = 3 fir m = n> 1 oder m=n+1,7 =1in 
jedem andern Fall zu setzen ist. Da nun die linke Seite von (2) auch fir 
indefinite S einen Sinn hat, falls nicht m = 2 und —S ein Quadrat oder 
m — n = 2und —ST ein Quadrat ist, so wird man vermuten, dass die Formel 
(2) auch fiir indefinite S richtig ist. Der Beweis dieser Vermutung wird im 
Folgenden gefiihrt werden. Er erfolgt nach den Methoden des ersten Teils, 
erfordert aber eine sorgfaltige Vorbereitung, da die Existenz der Volumina (5) 
und o(@) sowie der Grenzwerte p(S) und p(S, ©) fiir indefinite S keineswegs s0 
evident ist wie bei positivem S. 
Im Falle S = T ist u(S, T) = 1 und die Formel (2) liefert 


m(m—1) 
wo (q) 2 
(3) u(S) = 2 lim ey (m > 1). 
q—0 q 


Fir positives S ist dies im wesentlichen Minkowskis Formel fiir das Mass des 
Geschlechtes von ©, also die Verallgemeinerung der Dirichletschen Classel- 
zahlformel bei definiten bindren quadratischen Formen. Minkowski hatte eine 
Ubertragung seiner Formel auf den indefiniten Fall in Aussicht gestellt, aber 
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offenbar niemais ausgefiihrt. Fir m = 3 ist dies durch die letzten Untersu- 
chungen von G. Humbert geschehen, der sein Ergebnis allerdings nicht in der 
transcendenten Form (3) schreibt, sondern nach Analogie der im definiten Fall 
m = 3 von Eisenstein angegebenen und von Smith bewiesenen Ausdriicke. 

Der Hauptsatz gestattet auch im indefiniten Fall eine functionentheoretische 
Formulierung, analog zu den Entwicklungen des ersten Teiles. Es ist beach- 
tenswert, dass auch die indefiniten ganzzahligen quadratischen Formen in 
Zusammenhang mit der Theorie der Modulfunctionen und der Thetanullwerte 
stehen. Dies ist fiir specielle Formen schon von Hecke bemerkt worden. 


Erstes CAPITEL: HILFSSATZE AUS DER THEORIE DER INDEFINITEN QUADRA- 
TISCHEN FORMEN 


1. Reductionstheorie 


Im Folgenden wird unter einer ganzen Matrix stets eine Matrix mit ganzen 
rationalen Elementen verstanden. Eine ganze quadratische Matrix, deren 
Determinante + 1 ist, heisst unimodular. Zwei quadratische Matrizen % und 
% derselben Reihenzahl heissen rechtsseitig associiert, wenn 2-'S unimodular ist. 

Hitrssatz 1: Es seien d und m natiirliche Zahlen. Es gibt eine endliche 
Anzahl von m-rethigen quadratischen Matrizen, so dass jede ganze m-reihige qua- 
dratische Matrix der Determinante + d mit einer von thnen rechtsseitig associtert ist. 

Bewets: Die ganzen Matrizen &™ zerfallen in d”™ Restclassen modulo d. 
Ist nun %; ganz, %» ganz, | %| = +d, |%| = +d, % = As (mod d), so ist 
dXz* ganz, dz" As ganz, dAZ* A. = dE (mod d), also AZ* As ganz und ebenfalls 
X>' %. Daher sind % und Ye rechtsseitig associiert. Folglich existieren héch- 
stens d"” ganze m-reihige quadratische Matrizen der Determinante + d, von 
denen keine zwei rechtsseitig associiert sind. 

Uber die Reductionstheorie der definiten quadratischen Formen gilt der auf 
Hermite zuriickgehende 

Hitrssatz 2: Zu jeder reellen, symmetrischen, positiv-definiten Matrix S‘” 
gibt es eine unimodulare Matrix U, eine Diagonalmatrix D, deren Diagonalele- 
mente 7, +++ 5 7m positiv sind und den Ungleichungen 


(4) Tk 


IA 


$ That (k = 1,---,m—1) 
geniigen, und eine Dreiecksmatrix ©™ = (cy) mit cn = 0 (k > 1), cx = 1, 
~7 Stu <3(k <1), 80 dass 
U’/Su = C’DC 
ist, 
Brewers: Das Minimum der quadratischen Form r’Sr in den vom Nullpunkt 


verschiedenen Gitterpunkten werde fiir r = ro angenommen. Da die Elemente 
Von % teilerfremd sind, so existiert eine unimodulare Matrix Uh, deren erste 
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Spalte xo ist. Es sei roSro = m1 und 71a; (J = 2, --- , m) das 1 Element der 
ersten Zeile von Uj;SU;. Dann ist 


rl, Slr — Fj (x1 a AeXe “te ee a Anim)? 


eine positiv-definite quadratische Form der m — 1 Variabeln 22, --- , %n. Fiir 
diese habe rz dieselbe Bedeutung wie 7; fiir r’Sr. Wird 72 fiir 
t= & (k =2,... m) 


’ 
angenommen, so bestimme man eine ganze Zahl 2; = & derart dass — } < 
f + ae fo + +++ + Gmém < } und erhiilt als Wert von r’U;Slhr eine Zahl < 
72 + 47, die nicht kleiner als das Minimum 7; sein kann. Also ist 7 S 4 1», 
Hieraus folgt durch vollstindige Induction die Existenz einer unimodularen 
Matrix Us, einer Diagonalmatrix D mit positiven Diagonalelementen 7, --- , 7», 
welche den Ungleichungen (4) geniigen, und einer Dreiecksmatrix 8” = (b,) 
mit by, = 0 (k > 1), bk, = 1, so dass 


(5) U,SUs = B’DS 
ist. Man kann eine unimodulare Dreiecksmatrix U3; = (ux) mit 
uu = 0(k > 0), Unk = 1 


eindeutig so bestimmen, dass die Elemente 


l 
Crt = Uni + > Dir Urt (k <1) 


r=k+1 


der Dreiecksmatrix SU; = € den Ungleichungen — 4 S cy < 3 (k < I) 
geniigen. Setzt man noch Ul; = U, so lehrt (5), dass U1 und € das Verlangte 
leisten. 

Die Reductionstheorie der indefiniten quadratischen Formen ist bisher nur 
im binéren und terniren Fall in befriedigender Weise behandelt worden. Fiir 
die weiterhin zu machende Anwendung der Reductionstheorie im allgemeinen 
Fall geniigt ein Teilresultat, das gewisse von Stouff bewiesene Ungleichungen 
enthalt, nimlich 

Hitrssatz 3: Hs sei S™ symmetrisch und ganz,|G| = S ¥ 0, X\” reell, 
|X| * O und H eine obere Schranke der absoluten Betrdge der Elemente von X'S% 
und (X'SX)-. Es gibt eine ganze Matrix Q\™, eine ganze Zahl g des Intervalles 
0 <Q S &, ferner (im Falle g > 0) g Zahlen 1, --- , o, und (im Falle g < >) 
eine ganze symmetrische Matrix $°"-2, ausserdem eine nur vom m, S, H abhangige 
Zahl M, mit folgenden Eigenschaften: 

1) Bedeutet das Zeichen N eine Nullmatrix und & die g-reihige Einheitsmatria, 
so ist 


Nn EMR 
(6) 4S=Q'1E nN NIJ Q; 
NN G 
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2) esistor 202 2+ Zo, > 1; 

3) alle Elemente von $ sind absolut kleiner als M; 

4) setzt man noch oo4% = 0% (kK =1,--- , 9), G42 =1 (kK =1,---,m— Q), 
so ist jedes Element der k'e" Zeile von QX absolut kleiner als Mo; (k = 1, «++ , m). 

BeweEts: Man setze ¥’'O6X¥ = T, X" = Y, also Y’TY = S. Die Wurzeln 
Mi, «++» Am der Gleichung | AE — T| = 0 liegen zwischen zwei nur von m und H 
abhiingigen Schranken. Man wahle d gleich dem Doppelten des Maximums der 
absoluten Betréige von Ax, --- , Am; dann gilt 


r 
(7) [Ma | SX—®&, 5=4-™ (k =1,---,m), 


ferner ist AG — & positiv-definit, also auch 9)’(AE — T)Y = AY’Y —S. Nach 
Hilfssatz 2 gibt es eine Diagonalmatrix D‘” mit den positiven Diagonalelementen 
Ty ++) Tm, die den Ungleichungen (4) geniigen, eine Driecksmatrix © = (c,:) 
mit cy = 0 (kK > 1), cee = 1, — 3 S cu < % (kK < I) und eine unimodulare 
Matrix U, so dass 


UW’ AY’Y — S) U = C’DC 
wird. Setzt man noch 
(8) WSu = R = (ru), QU = 3 = (zu), 
so folgen aus (7) und der Schwarzschen Ungleichung die Formeln 


(x’Ry)? < (Cr)’DCr(Cy)’DCy, 


(9) " 
5 (3r)’(3x) S (Cx)’D(Cx). 


Zur Abkiirzung sei 

(10) ($)* x, = pi, p, > 0 (k =1,-+-,m), 
so dass nach (4) die Ungleichung 

(11) 0<p, Sm S--+ S Pm 


richtig ist. Da das J Diagonalelement von ©’D€ den Wert 
l 
2 eek S Brif(4)* + es + Ht = In = 0 


hat, so liefern (9) und (10) die Abschaitzungen 


(12) re, S pir (k =1,---,m;l=1,---,m) 


(13) R(t +++ +08) Soi (l= 1, +++, m). 
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Ks ist nun 
(14) T+ tm = | CDE] = | U’Y’AE — DYU| 
= | ST" | (A — i) --- (A — A,,) < G, 
WO ¢;, Wie auch weiterhin cs, --- , c,, natiirliche Zahlen bedeuten, die nur von 
m, S, H abhiingen. Aus (10) und (14) folgt 
(15) Pl-+* Pm < Ce. 


Da ® ganz und | K| = S # 0 ist, so gibt es unter den m! Gliedern der ent- 
wickelten Determinante | | mindestens eins, das von 0 verschieden ist. Daher 
existiert wegen (12) eine Permutation l,, --- , lm der Zahlen 1, --- , m, so dass 


(16) pip, 2 1 (kK = 1, ---,m) 
ist. Bedeutet a eine Zahl der Reihe 1, --- , m, so ist unter den a Zahlen 
l,, --- , 1. mindestens eine < m — a + 1; ist l;, diese Zahl, so gilt zufolge (11) 
die Ungleichung 


Ply < Pm—a+1 


und auch 
Pk S pay 
also nach (16) erst recht 


(17) Pa Pm—a+1 P 1 (a = 1, eee , Mm). 


Hieraus folgt andererseits mit Hilfe von (15) 


(18) PaPm—a+i < C2, 

also erst recht 

(19) Papo < Ce (a+b<sm+)). 
Sind alle m — 1 Quotienten pi41:p% < ce (k = 1, --- , m — 1), so ist nach (18) 


m(m—1) 


L<“— Y 
also p» beschrinkt. In diesem Falle folgt aus (8), (11), (12), (13) die Behaup- 
tung von Hilfssatz 3 mit g = 0 und O = 2U-", H = HR. 


Fortan liege nicht dieser Fall vor. Es sei k = g der grésste Index S 5 hit 


. e “a m » 
Priitpe 2 C2, Also pyyi:py = co uN pxsyitp. <cofiirg <k S 3° Nach (17) und 


(18) ist dann 





Ke gs = m 
TP  . k Pm—k+1 <0? (a <m-1s5) 
Pk Pm—k+1 Pm—k 


(20) Pkiiipr < C3 g<k<m-9): 





al 


SO 
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Ist nun k S g, 6 S m — g, so ist nach (11) und (19) 
(21) pk Pb S Pops S Ca' posips < 1 (k 5 9g;b<Sm-—g). 
Ist andererseits g < k S$ m —g,g <b S m —gQ, so ist nach (11), (19) und (20) 
2 (k—g—1) 


am se ian te g<ksm-—g;3g<b<m-gq), 


also p, beschriinkt fir g < k S m — g und nach (12) auch r,, beschriinkt fiir 
g<ksm—g,g<lim—g. Ferner liefern (12) und (21) das Verschwinden 
von ry fir k S g,l S m —g. Daher ist 


MN MW W’ 
(22) R=(N H W 
WA s 


nit § = HH", W = WO, A = Yom, B= BY, wo alle Elemente von 
absolut kleiner als cs sind. Im Falle g = 3 fallen % und fort. 


Es sei $ die Matrix, die aus € durch Umkehrung der Reihenfolge der Zeilen 
entsteht. Setzt man 


SW JA 333 
K=( N N F i, 
ry € SK 


also 


VF —}W'BI -W'YW 





KR = MN MN € ’ 
N R) mn 
so wird nach (22) 
MN € PN 
(23) R= KE N NRK. 
NN H 


Es sei 3 = (3,3,3,) mit 3, = 3%”, 2, = 3", 3, = 3%"); dann ist 
(24) 88 = (3, WG, — 43, BBS + 3,3, —3, WA + 3,). 


Da 3W die Matrix (rm41-x, 2) (k,l = 1, --- , g) ist, so wird nach (12) und (18) 
der absolute Betrag des Ie" Elements der k" Zeile von W'S 


C4 





S  — 1)1 82 -Pe Bot *** Oe : 
Pm+i—i Pr Pr Pm+i-l 
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Andererseits ist nach (13) 
aN 
(25) 5 2 < pj (k,l = 1, ---,m), 


und folglich nach (17) jedes Element der /'** Spalte von 3:28 absolut 


2 > C4 
= <c l=1,... : 


Ferner ist $89 = (rm4i—x, my1-1) (k,l = 1,---,g), also nach (12) und (18) 
jedes Element der /" Spalte von 3:23~"B3 absolut 





g 
< C5 >> pk Pm4i1—-h Pm4i—t < C6 Pm41-I (J = 1,---,9), 
Pes] 


und jedes Element der l’" Spalte von 333 nach (25) absolut < ¢7 pmiiu. 
Endlich ist $2 = (rmsi—z,g41) (K = 1,---,9;1 = 1, --- , m — 2g), also jedes 
Element der I‘ Spalte von 3:28 absolut 


g 
< 65 sm Ph Pm+i—h Poth < Cs Pg+4t (I = 1, oe 8 ig eee 29) , 
h=1 
und jedes Element der le" Spalte von 32 absolut < C9 py+u. 
Nun sei p,;' = ox (k = 1,---,g). Dann ist zunichst nach (11) und (21) 
die Behauptung 2) richtig. Setzt man 2U-! = Q, so ist nach (8) 


OX = 23K)", 


und aus dem Ergebnis des vorigen Absatzes folgt mit Riicksicht auf (17), (21) : 

und (24) die Richtigkeit der Behauptung 4). Aus (8), (23) und dem friiher iiber é 

§ Bewiesenen ergeben sich schliesslich die Aussagen 1) und 3). F 
Hitrssatz 4: Die Classenanzahl der symmetrischen ganzen m-rethigen Matrizen d 

mit fester von 0 verschiedener Determinante ist endlich. x 
Bewets: Es sei S‘” eine symmetrische ganze Matrix mit der Determinante 


S #0. Es gibt eine reelle Matrix ¥, so dass ¥’SX eine Diagonalmatrix ist, ( 
deren Diagonalelemente simtlich + 1 sind. Wendet man Hilfssatz 3 mit fi 
H = 1an, so folgt die Existenz zweier ganzen Matrizen Q und §, welche (6) . 
erfiillen, und zwar gibt es dabei fiir 6 nur eine endliche von m und S abhiingige 9) 
Anzahl von Moglichkeiten. Ferner ist ( 
|4S|/=+/QF1 91, ‘ 
also | Q | ein Factor von 2"S. Nach Hilfssatz 1 ist demnach Q = Oil mit I, 
unimodularem 1, wobei die Anzahl der Méglichkeiten fiir 2, wieder durch m de 
und S beschrinkt ist. Aus (6) folgt jetzt die Behauptung. 
Es sei wieder SG” ganz, |G| #0. Eine ganze Matrix % heisst eine Hinhelt Re 


von S, wenn %’SY% = S ist. Zwei Matrizen X¥” und 9°" médgen associiert n In 








elt 
in 
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bezug auf S heissen, wenn 2) = AX ist mit einer geeigneten Einheit Y% von S; 
diese Bezeichnung mége auch fiir die Punkte im mn-dimensionalen Raum ver- 
wendet werden, deren Coordinaten die Elemente von X sind. 

Man wiihle nun eine Matrix 3° mit | 30| ¥ 0, fiir welche die Gleichung 
%’'S¥ = Bo eine reelle Lésung X¥ hat, und betrachte ein zusammenhingendes 


) , : 
endliches Gebiet G im m(m + ) dimensionalen 3-Raum, in dem 3» enthalten 


und | 3| # Oist. Vermége der Gleichung ¥’S X¥ = 3 wird das Gebiet G auf 
ein Gebiet G’ im m?-dimensionalen X-Raum abgebildet. Offenbar gehért mit X¥ 
auch jeder in bezug auf © associierte Punkt zu G’. Wahlt man aus allen mit X 
associierten Punkten einen aus, so erhailt man in @’ eine Punktmenge G, die 
reduciert genannt werden soll. Fiir das Folgende ist es wesentlich, dass G nicht 
zu compliciert ist; es ist also eine zweckmassige Auswahl der reducierten Punkte 
festzulegen. 

Zunichst nehme man die endlich vielen orthogonalen Einheiten von G. 
Diese bilden eine Untergruppe I der Gruppe aller 2™m! congruenten Abbil- 
dungen des m-dimensionalen Wiirfels auf sich. Es seien 1, --- , x» die Elemente 
der ersten Spalte von ¥. Es heisse X¥ in bezug auf I’ reduciert, wenn der Aus- 
druck 2; + 2%2 + --- + mz» sich nicht verkleinert, falls ¥ durch OX ersetzt 
wird, wo © der Gruppe I angehért. Die reducierten Punkte erfiillen eine oder 
mehrere von Ebenen begrenzte Ecken, deren Spitze im Nullpunkt des X¥-Raumes 
liegt, und zwar gibt es zu jedem Punkt genau einen reducierten, falls er nicht 
auf gewissen endlich vielen Ebenen des X¥-Raumes liegt. Es sei F das von jenen 
Ecken erfiillte Gebiet. 

Nun sei ¥ ein innerer Punkt von F, der nicht auf der Fliche | ¥| = 0 liegt. 
Man betrachte die Spur o(X’2’XX) der Matrix ¥’2’AX fiir alle Einheiten Y von 
©; ist sie beschriinkt, so auch alle Elemente von YX und daher von A. Folglich 
gibt es eine Einheit 9, so dass jene Spur moglichst klein ist. Ferner dndert sich 
die Spur nicht, wenn %& durch OY ersetzt wird, wo O zu T gehért. Nennt man 
X reduciert (in bezug auf die Einheitengruppe von ©), wenn 


(26) o(X’X) S of ¥’A’AX) 


fiir alle Kinheiten von © gilt und % in F liegt, so gibt es also zu jedem Punkt 9 
mit | 9)| # 0 mindestens einen reducierten associierten Punkt ¥. Giibe es zu 
)) zwei reducierte associierte Punkte ¥; und %2, so wire nach (26) 


(27) o(¥1%1) = o(X3X2) = 0(¥,B’ BX) 


mit einer gewissen von © verschiedenen Einheit 8 von S. Gehérte nun $ zu 
I’, so lige X; auf dem Rande von F; gehorte aber $ nicht zu I’ , so wiirde X; auf 
der durch (27) definierten Flache zweiter Ordnung liegen. 

Man betrachte jetzt die Menge F der reducierten Punkte. Es sei Xp ein 
Randpunkt von F, der weder auf dem Rande von F noch auf | X{ = 0 liegt. 
In beliebiger Nahe von Xp gibt es dann nicht zu F gehérige Punkte, also ein X 
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im Innern von F mit | ¥ | # 0 und dazu eine Einheit $8 von GS, so dass auch 
BX in F liegt und 


(28) 0 (X’B’BX) < o(X’X) 


ist. Fir ¥ — Xo folgt aus (28) die Beschriinktheit der zugehérigen &, also gilt 
auch 


(29) o(X 9B’ BX) S o(¥ X) 


fiir eine geeignete nicht-orthogonale Einheit von ©. Andererseits gibt es in 
beliebiger Nahe von X zu F gehérige Punkte, also ein ¥ in F mit | ¥| ¥ 0, so 
dass (26) fiir alle Einheiten & gilt. Fir ¥ — X% folgt dann 


(30) o(X,B’BXo) = o(¥X%Xo) . 


Daher liegt X) auf der Fliche zweiter Ordnung o(%’S/SX) = o(X’%). 

Ist K eine beliebig grosse positive Zahl, so gehen durch das durch die Unglei- 
chungen o(%’X) < K, —K < | X|— s + K definierte Raumstiick nur endlich 
viele jener Flichen zweiter Ordnung. Der in diesem Raumstiick gelegene Teil 
von F wird also nur von endlich vielen Flichen zweiter Ordnung begrenzt. 

Wird jetzt wie friiher das endliche 3-Gebiet G vermége ¥’SX = 3 auf das 
X-Gebiet G’ abgebildet, so definiere man als das zugehérige reducierte Gebiet @ 
den Durchschnitt von G’ und F. 


2. Integralsatze 


Hirssatz 5: Hat G einen Inhalt, so hat auch G einen (endlichen) Inhalt, falls 
nicht m = 2 und zugleich —| S | eine Quadratzahl ist. 

Bewets: Es sei K > 0 und Gx der durch die Ungleichung o(X’X) < K def- 
nierte Teil von G. Es ist | ¥ |? S| = | 3], also | ¥ | in G@ beschrankt. Der 
Rand von Gx besteht aus Teilen von endlich vielen Flichen zweiter Ordnung 
und aus einem Teil der Punktmenge, welche dem Rande von G vermége 
X’SX¥ = ZB im X-Raume entspricht. Folglich hat Gx einen Inhalt vx, der offen- 
bar eine monoton wachsende Funktion von K ist. Da Gx mit unendlich wer- 
dendem K gegen G convergiert, so hat man zum Beweise der Behauptung nur 
zu zeigen, dass vx unter einer von K freien Schranke liegt. 

Man wende Hilfssatz 3 an, fiir ein beliebiges ¥ aus G. Da | 3 | und | 3!" 
in G beschriinkt sind, so kann die Zahl M des Hilfssatzes 3 constant auf @ 
gewiihlt werden. Wie beim Beweise von Hilfssatz 4 folgt, dass QQ = Ooll mit 
unimodularem U ist, wo fiir QQ» nur endlich viele Méglichkeiten in Betracht 
kommen. Daher ist U’'SU- nach (6) eine von endlich vielen Matrizen So; 
und fiir jede von diesen gibt es eine feste unimodulare Matrix Ub, so dass 
S = WUsSll ist. Dann ist aber Uz'u = @®W eine Einheit von © und 
Q = Ql = QllW = YP,W mit endlich vielen Po. 

Der Wert der Zahl g des Hilfssatzes 3 kann von ¥ abhiingen. Zuniichst sel 
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0 <q < %, also § vorhanden. Sind 9, 3, t Spalten von g, g, m — 2g Elemen- 
ten, so geht die quadratische Form 2y’ 3 + t’t durch die Substitution 


y =m — 2%’HAj — 2A’ Ht. , 3 = 3b, t = tr + 2%} 
in sich tiber, bei beliebigem Y% = A". Setzt man 
(E —2A’HA —2A’HS 
(31) es= (NR € N , 
N 2a G 


so ist die Matrix QQ-'FQ nach (6) eine Einheit von G, falls sie ganz ist. Dies ist 
sicher der Fall, wenn % ganz und = ¥t (mod S) gewahlt wird. Dann gilt 


(32) FOX = Po, 


wo 9) mit X in bezug auf © associiert ist. In Q¥ = (b.) sei b,41,, das absolut 
grésste der Elemente der (g + 1)" Zeile. In % wihle man alle Elemente gleich 
0 bis auf das erste Element der ersten Zeile, dieses sei aS. Man kann ein 
ganzzahliges a so bestimmen, dass 


(33) | 2aS bo41,h +- bog +1, h | = | S Dost, h | 


ist. Da nun | Q¥ |-! beschriinkt ist, so folgt nach Aussage 4) von Hilfssatz 3 
mit Riicksicht auf die Definition der o;, dass o941:b,4:,, beschrinkt ist. Nach 
(33) ist daher a:o; beschriinkt. Aus (31) folgt dann, dass die Aussage 4) von 
Hilfssatz 3 auch fiir FQX statt OX gilt. Dariiber hinaus besagt (33), dass das 
h Element der (2g + 1)" Zeile von §Q¥X nicht nur beschriinkt ist, sondern 
sogar absolut kleiner als | S |M o7' ist. 

Man setze $9) = (2x) und bezeichne mit y», das Maximum der absoluten 
Betriige der Zahlen zy, --- , Zem (k = 1, ---, m); ferner sei v das Minimum 
der absoluten Betrage der Elemente der (2g + 1)" Zeile von 9). Ist dann M 
irgend eine positive Zahl, so wird durch die Ungleichungen 


(34) wimgre SM (k =1,---,g), we SM (k= 29+ 1,---,m), 
(35) M" S win S Mu (kh =1,---,g-1), mS Mv 


bei variablem 9) ein Gebiet im ¥)-Raum definiert, und zwar hat dieses, wie eine 
leichte Rechnung zeigt, einen endlichen Inhalt. Andererseits ist die Anzahl 
der $8, endlich und das durch (32) definierte 9) mit ¥ associiert. Betrachtet man 
nur denjenigen Teil von Gx, fiir welchen die ¥ zugeordnete Zahl g dem Intervall 


m ' 
V<g< 3 angehdért, so ist also sein Inhalt beschrinkt. Es ist noch zu zeigen, 


dass dies auch fiir g = Oundg = 5 gilt. 


Im Fall g = 0 ist das trivial, da nach Hilfssatz 3 dann die Matrix QX¥ = 
¥,Wx beschrinkt ist. 





I 
: 
; 
i 
: 





242 CARL LUDWIG SIEGEL 


Im Fall g = 5 ist m > 2; denn fiir m = 2 folgte aus (6), dass dann —§ eine 


Quadratzahl wire, gegen die Voraussetzung. Es sei 2% = A eine beliebige 
alternierende Matrix, also A’ = —Y%. Setzt man dann 


69 
Ag &/’ 


so ist die Matrix Q-F.Q nach (6) eine Einheit von ©, falls sie ganz ist. Dies ist 
sicher der Fall, wenn & ganz und = 3 (mod S) gewahlt wird. In % = (ay) seien 
nun alle Elemente 0 bis auf aj,, = aS und a, = —aS. Es sei wieder b,,;,; das 
absolut grésste der Elemente der (g + 1)'" Zeile von Q¥ = (bx). Da das hee 
Element der g‘" Zeile von §QX den Wert by, + aS b41,, besitzt, so kann es 
durch geeignete ganzzahlige Wahl von a absolut kleiner als | S b,+:,, | gemacht 
werden. Nach Aussage 4) von Hilfssatz 3 ist dabei a:o,0, beschrainkt. Hieraus 
folgt leicht, dass jene Aussage auch fiir FOX statt OX gilt. 

Nun sei vy das Minimum der absoluten Betrage der Elemente der g‘*” Zeile von 
$Y, wihrend y; die friihere Bedeutung habe. Durch die Ungleichungen 


(36) Medgie SM (k=1,---,9), MSmen S Mu (K=1,---,9-1), 
iy S Mv" 

wird wieder ein endliches Volumen im ¥)-Raum definiert. Dies zeigt vermége 

(32), dass auch der zu g = . gehérige Teil von Gx beschrankten Inhalt besitzt. 


Damit ist Hilfssatz 5 vollstindig bewiesen. 

Fortan sei der Ausnahmefall m = 2, — | G| gleich einer Quadratzahl aus- 
geschlossen. 

Lage das reducierte Gebiet G ganz im Endlichen, so folgt aus der Definition des 
Inhalts, dass das Volumen von G gleich lim t-™ a; fiir t > © wiire, wo a die 
Anzahl der in G gelegenen Gitterpunkte eines Wiirfelgitters der Breite t~ bed- 
eutet. Hat aber die Gleichung r’Sr = 0 eine nicht-triviale ganzzahlige Lésung 
r, so reicht G ins Unendliche, wie sich durch eine genauere Untersuchung zeigen 
lisst; und zwar tritt dies im Falle m = 5 fir jedes indefinite S ein. Obwohl 
sich jene arithmetische Approximation des Inhalts bei beliebigen unendlichen 
Gebieten nicht stets iibertragen lisst, so gilt doch 

Hiurssatz 6: Es habe G einen Inhalt. Es sei a(t) die Anzahl der ganzen X, fiir 
welche die Matrix t"X im reducierten Gebiet G liegt. Dann strebt t-™ a(t) fiir 
unendlich werdendes t gegen den Inhalt von G. 

Bewels: Es sei ax(t) die Anzahl der ganzen X, fiir welche ¢-'X in Gx liegt. 
Da Gx ein endliches Gebiet ist, so ist lim t-™ax(t) fiir jedes feste K gleich dem 
Inhalt von Gx. Zum Beweise der Behauptung geniigt es daher, zu zeigen, dass 
der Ausdruck t-™ (a(t) — ax(t)) fiir K > ~ gleichmissig in ¢ den Grenzwert 0 
hat. 

Man wende nun dieselbe Uberlegung an wie beim Beweise von Hilfssatz , 
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mit tX statt ¥. Es gibt endlich viele Matrizen 2, und zu jedem & ein asso- 


ciiertes 9), so dass fiir ¢*8,9) im FalleO <g < 3 die Ungleichungen (34), (35), 


im Falle g = 3 die Ungleichungen (36) gelten, wihrend ¢-',9) im Falle g = 0 


beschrinkt ist. Liegt nun ¢'% in G, aber nicht in Gx, so ist o(¥'X) > K@, also 
fir das associierte 9) erst recht o(%)’2)) > Ké®?; und daher ist mindestens ein 
Element von t', 9) absolut grésser als M-'K?, bei geeignetem constanten 
M>0. Der Fall g = 0 kann also bei hinreichend grossem K nicht vorkommen. 


Es sei0 << g < ss Es bedeute uw; das Maximum der absoluten Werte der 


Elemente in der ke" Zeile von t' 8,9) und v das Minimum der absoluten Werte 
fiir die (29 + 1)" Zeile. Es geniigt, die Anzahl der ganzen 9) mit | 9)| + 0 
abzuschitzen, fiir welche die Ungleichungen 


Hibore SM (k= 1,---,49), wk iM (k = 29 + 1,---,m), 
M" Swen S Mu, (k = 1,---,g —1), MK! < wm Ss Mr 


simtlich erfiillt sind. Durch eine einfache Abzihlung folgt, dass jene Anzahl 
kleiner als ct” K-* log?! K ist, wo c von K und ¢ frei ist. 


Im Falle g = > definiere man analog wie friiher v als das Minimum der abso- 


luten Betriige der Elemente der g‘*” Zeile von ¢' 3, 9) und findet fiir die Anzahl 
der ganzen 9) mit | ¥)| + 0 und 


Mitore S M (k =1,---,9), M™ S pen S Mux (k= »++,g9— 1), 
< 


ebenfalls die im vorigen Absatz angegebene Schranke. 
Folglich ist 


a(t) — ax(t) < ct’ K— loge" K 


und damit die Behauptung bewiesen. 

Ebenso beweist man den allgemeineren 

Hitrssatz 7: Es sei f(3) eine Function der Elemente der Matrix 3, die im 
3-Gebiet G integrierbar ist. Es sei ©" eine ganze Matrix wnd q eine natiirliche 
Zahl. Durchléuft dann © alle ganzen Matrizen = ©, (mod q), fiir welche die 
Matrix t*"€ im reducierten Gebiet G liegt, so gilt 


(37) [ f(®'GX) d¥ = lim (ay est? CSO). 


t—0 €=G: (mod q) 
t1€ in G 


Das Integral in (37) lasst sich in ein Integral iber G transformieren. Um dies 
a zeigen, bendtigt man 
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Hinrssatz 8: Die Gleichung X'SX = 3 hat fiir hinreichend nahe bei S gelegene 
3 eine in 3 reguldr analytische Lésung X, die fiir 3 — S den Grenzwert © hat. 

Bewets: Es geniigt, eine Lésung ¥ mit symmetrischem SX zu finden. Ist 
nun %’S = SX, so geht die Gleichung ¥’OX = 3 tiber in 


(38) ¥= S13. 
Setzt man S©'3 = € — 49, so ist 

— (3 ae (2k — 2)! 
mm toe < no S(Je0 7 ae 6-25) a &—Dtk” 


eine Lésung von (38), falls die Reihe absolut convergiert. Dies ist sicher der 
Fall, wenn alle Elemente von © hinreichend dicht bei 0 liegen, und zwar geniigt 
es, wie man leicht erkennt, dass alle Wurzeln der Gleichung | \S — 3| = 0 
dem Intervall 0 < \ < 2 angehéren. Nun ist aber SH* symmetrisch, also 
nach (39) auch GX, so dass die durch (39) definierte Matrix ¥ auch der Glei- 
chung ¥’SX = 3 geniigt. Wegen 5 = 1/4 (€ — S'3) ist die gefundene Lésung 
in 3 analytisch, und es gilt ¥ — € fiir 3 — S. 

Hitrssatz 9: Es sei v(G) der Inhalt des Gebietes G im 3-Raum und v(G) der 
Inhalt des vermége X¥'SX = 3B zugehérigen reducierten Gebietes G im X-Raum. 
Lésst man G auf einen Punkt 3 zusammenschrumpfen, so existiert gleichmissig 
in 3 der Grenzwert 


(G) _ 
03 1G) 


und zwar hdngt p(S) nur von der Classe von © ab. 

Bewets: Die Gleichung ¥’'6X¥ = 3 geht durch die Substitution ¥ = %,€, 
3 = C’Z.€ in ¥,S%X, = 3B, ttber. Den Gebieten G und G entsprechen zwei 
Gebiete G, und G; in den Riéumen von 3; und %, und es ist 


(41) 0G) =|€|["0(G), o(@) =|C["" 0G), 18] =I EP 13l. 


Nun braucht G; nicht das zu G, gehdrige reducierte Gebiet G, zu sein. Es 
enthilt aber, wenn von Randpunkten abgesehen wird, zu jeder Lésung %; von 
¥; SX, = 3B: genau einen associierten Punkt. Daraus folgt leicht, dass 
v(G,) = v(G,) ist. Also gilt 


(40) lir p(S) | SZ |}, 


v(G,) v(G) 
v(G;) = 13) @ 0(G)* 


Setzt man ferner ¥ = UX, mit unimodularem U und U’/SU = Sp, so geht 
X’SX = Bin X,S,X, = Biiber. Dabeientsprechen in bezug auf © associierten 
Punkten im X-Raum stets in bezug auf S, associierte Punkte im %X,-Raum. 
Folglich hingt v(@) bei festem G nur von der Classe von G ab. Mit Riicksicht 
auf (42) hat man zum Beweise der Behauptung nur noch zu zeigen, dass det 
Grenzwert in (40) existiert. 





(42) | 3.) 





d 








eht 
tell 
m. 
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Es sei ¢ > 0. Man betrachte eine so kleine Umgebung G, von 3,, so dass 
fiir alle 3, aus G, bei der nach Hilfssatz 8 existierenden Loésung ¥ von 
%/2,¥ = 3: alle Elemente der Matrix X — € absolut kleiner als ¢ sind. Es sei 
W, ein Wirfel in G, mit der Kantenlinge wy und dem Mittelpunkt 35 und W, 
ein dazu parallel orientierter Wiirfel in G, mit der Kantenliinge w; und dem 
Mittelpunkt 3:1. Durchliuft 3 den Wirfel Wo, so beschreibt ¥’3%X bei festem 
¥ ein Parallelepiped G. Es ist nun 


X/BX — Bi = X(3 — Bo)X = 3 — Bot (®’ — © (3 — Bo) 

+ (3 — Bo) (X — ©) + (¥’ — © (3 — Bo) (X¥ —@, 
und folglich unterscheiden sich entsprechende Elemente von %’3% — 3, und 
3 — 3, héchstens um die Zahl (me + 3m?*e?) wo. Bedeutet «, wie auch weiterhin 
€, +++, €, eine mit e gegen 0 strebende Grdsse, so liegt daher fiir 
(43) Wo = wi(1 —_ €:) 


der Wiirfel W; ganz in G. Es seien Wo, Wi, G die zu Wo, Wi, G gehorigen 
reducierten Gebiete. Nach (41) ist 


m(m+1) 


(7) < v(@) = |X|" o(Wr), ow) = (“) 0) 


und demnach 


o(W;) 
v(W;) 


v( W) 


4) o(Wo)” 


< (1 + e) 


m(m+1) 
Zerteilt man jetzt Wo und W, in jet ? parallel orientierte Teilwiirfel der 





Kanten ~ und 7 so folgt aus (43) und (44) fiir zwei beliebige dieser Teilwiirfel 
Wy und W; die Ungleichung 


(45) o(W;) (Wo ) 
aw) «+? cr 


Es seien W; und W,2 die aus W, durch Verkiirzung in den Verhiltnissen 


1:1 + « und 1:(1 + «)? hervorgehenden Wiirfel mit dem Mittelpunkt 3p. 
Dann ist auch 


o(W;) 
ow, ~ +9 ca) 


Fir hinreichend grosses t kann man mit den Wirfeln W, den Wiirfel W2 iiber- 
decken, ohne dabei aus W, herauszukommen. Daher ist zufolge (45) 


(46 o(W;) v(W;) .) 6M) 
) v(W{) < (1 + € 2) v(We) — (1 + 3) v(W3) . 
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m(m+1) . 
Zerlegt man auch Wz int ? _ gleiche Teilwiirfel W,, so kann man fiir hin- 
reichend grosses t mit den W, den Wirfel Wi iiberdecken, ohne dabei W, m 
verlassen. Folglich ist auch 
(Wi) — (Wr) o(W:) 
v(Wi) ~ v(Wo) o(W3) 
Aus (46) und (47) ergibt sich, dass fiir alle W; die Beziehung 

o(W;) v(W;) 

= (1 itd 
ow) = +" 9H,) 


mit || Se; gilt. Ist also G irgend ein Gebiet in G,, das einen Inhalt v(@) be- 
sitzt, so ist auch 


(47) (1 — e) < (1 + e) 











v(G) a o(W:) 
v(G) v(W,) 
Hieraus folgt die Existenz des Grenzwertes in (40). 


Eine unr: {telbare Folge vom Hilfssatz 9 ist 
Hiurssatz 10: Es sez f(3) in G integrierbar. Dann ist 


[see dX = p(S) i f(3) |S3|? dB. 


(1 + n) 


Weiterhin bedeute T = T™ eine ganze symmetrische Matrix, die durch 6” 
ganzzahlig darstellbar ist; es sei |T| # 0 und n < m. Zu jeder Darstellung 
€’SC = FT gehért eine gewisse endliche oder unendliche Gruppe, namlich die 
Gruppe derjenigen Einheiten 2 von ©, welche © invariant lassen, also den 
Gleichungen A’SA% = S und AC = EC geniigen. 

Es sei X%""—” eine reelle Matrix, so dass die aus © und Xp zusammengesetzte 
Matrix (€X») eine von 0 verschiedene Determinante besitzt. Man setze 


T Do 
(CXo)’S(CXo) = ( , ) 
2) 


0 0 


also ©’SX) = Qo, X¥5SX, = No. Es soll nun gezeigt werden, dass die Gleichung 
£ 

(48) (CX)’S(CX) = ( 
LY’ ® 


eine reelle Lésung X besitzt, falls Q und R = MR’ geniigend nahe bei Qo und No 
liegen. Um namlich die Gleichungen ©’6X¥ = O, ¥’SX¥ = KR zu losen, setze 
man X = CF + XW mit unbekannten F"—™ und W"-”, Fiihrt man noch 
die Abkiirzungen Ry) — QoT7OQo = Ho und K — Q’/TQ = Hein, so ist 


(< s)=(2 alee =) ( i 
a, em/ \ar E/\n o/\n €/’ 











-_— wo Vw 
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also | Go| ¥ 0, und die Gleichungen gehen tiber in TF + QW = OD, W’HW = 
. Von diesen ist die zweite auf grund von Hilfssatz 8 lésbar, falls $ geniigend 
dicht bei So liegt, und aus der ersten bestimmt sich dann §. Man wiihle im 
(m — n) (m + n + 1)/2-dimensionalen Raum der Paare Q, ¥ ein Gebiet B, 
in welchem tiberall (48) lésbar ist. Vermége (48) wird dann B auf ein Gebiet 
B’ in m(m — n)-dimensionalen ¥-Raum abgebildet. Nennt man zwei Punkte 
%,, X2 des X¥-Raumes associiert in bezug auf S, G, wenn fiir eine geeignete € 
invariant lassende Einheit 2{ von © die Gleichung X2 = AX, gilt, so hat man 
wieder in B’ einen reducierten Bereich B derart zu definieren, dass abgesehen 
von Randpunkten jeder Punkt von B’ genau einen ihm associierten in B besitzt. 
Man kann den reducierten Bereich ganz analog wie friiher so festlegen, dass der 
Ausdruck o(2(CX) (CX)’H’) fir WX = € sein Minimum hat, falls Y alle € in- 
variant lassenden Einheiten von © durchliuft. Fiir den Nachweis der Existenz 
der Inhaltes von B braucht man den auch weiterhin wichtigen 

HitrssatTz 11: Es sei ©’SC = FT eine primitive Darstellung und Yo ein Comple- 
ment von ©, also (CYo) = U unimodular. Man setze 


Cc SYo = Qo, J SVo - OoTQy = Do. 


Ist dann Y eine € invariant lassende Einheit von S, so wird durch 


€ 
(49) ua = ( ie 
NM Wo 
eine Hinhett Wo von Ho definiert, fiir welche 
(50) eo = T1Dy (€ _ Wo) 


ganz ist. Ist umgekehrt Wo eine derartige Einheit von o, dass die durch (50) 
definierte Matrix &o ganz ist, so liefert (49) eine € invariant lassende Einheit A 
von S. 

Bewets: Ist AC = GC, so ist UYU von der Form (49) mit ganzen Fo, Wo. 
Setzt man noch 


(51) TH + OM = O, Wj HoWo = GH, 


so ist 
m Ae elle w)-(e alle «): 
wm €C/\N N W/\N E 
IE MG (Ea See) 
N € MN Ho MN ¢€ Qo Ho + DoT Qo 


Da nun 1-911 ein Einheit von 
ist, so liefern (49) und a” 


bs ee) 
Qo of Sette -(5 $+ OTD 
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also Q = Qo, H = Ho, so dass Wy auf grund von (51) eine (50) geniigende Einheit 
von bp ist. 

Ist umgekehrt YW eine Einheit von po, fiir welche die durch (50) festgelegte 
Matrix %o ganz ist, so gilt (52) mit Q = Qo, und (53) zeigt, dass die Matrix 


& ‘ 
fe a eine Einheit von U’SU ist. Dann ist aber die durch (49) definierte 
0 


Matrix % eine Einheit von ©, die offenbar € invariant lisst. 

Jetzt lassen sich die Hilfssitze 5, 9, 10 ibertragen. 

Hiurssatz 12: Es sei nicht zugleich m — n = 2 und — | S| | Z| eine Quadrat- 
zahl. 

Hat das Gebiet B im Raume der Paare 2, KR einen Inhalt, so hat auch das durch 


. & " 
die Gleichung (CY)’S(CY) = (< i bestimmte 9)-Gebiet B, das in bezug auf 
die Gruppe der © invariant lassenden Einheiten von © reduciert ist, einen end- 
lichen Inhalt. 
Bewets: Es gibt eine primitive Matrix C{"”) und eine ganze Matrix 8, so 
dass € = ©, Bist. Durch die SubstitutionenT = B’T,B, Q = B’Q, geht dann 
Zi 


, 
1 


die gegebene Gleichung in (G:9))’S(GiY) = ( ) iiber, mit primitivem ¢,. 


Also geniigt zum Beweise der Behauptung die Untersuchung des Falles eines 
primitiven ©. Es sei 9. ein Complement von € und (CY) = U. Man setze 


a — = ~40 
wieder ll’GUl = ; 
Qo Mo 


€ 
(54) (CY) =U ( 
N W 


d.h. Y = CF + YW, ist der Y-Raum auf den §, W-Raum abgebildet, und dieser 
geht wegen (52) und (53) durch die Substitutionen 


(55) TF+QWB=|0, WHBW=H, H+ OTIO=R 


) Ho = Mo — Q$T- Qo. Durch die Substitution 


in den Q, M-Raum iiber. Sind nun Y, Yo zwei associierte Punkte des }- 
Raumes, also 92 = %Y, wo Y% eine € invariant lassende Einheit von © bedeutet, 
so gilt fiir die zugehérigen Wertepaare %, YW, und Fe, We von F, W nach (54) 


die Formel 
a S)-0(6 8) 
NM W, NM We 


aus der vermoége (49) die Beziehungen 


Be = Oi + HoW, We = WoW, 





= 


aon 
Cyr 
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folgen; dabei ist Ys, nach Hilfssatz 11 eine Einheit von S» und 
TOE _ Wo) = Wo 


ganz. Nun bilden die Wo mit ganzem F eine Untergruppe von endlichem Index 
in bezug auf die volle Einheitengruppe von So. Ferner ist | S| = | Ho! |X| nach 
(53), also nicht zugleich m — n = 2 und —| §o| ein Quadrat. Durchliuft 
ein quadrierbares Gebiet, so ist auf grund von Hilfssatz 5 das durch W’ H.W = H 
bestimmte beziiglich jener Untergruppe reducierte Q-Gebiet quadrierbar. 
Endlich ist nach (55) das Q, §-Gebiet zugleich mit dem OQ, R-Gebiet qua- 
drierbar, und das §, W-Gebiet zugleich mit dem OQ, W-Gebiet. Hieraus folgt 
die Behauptung. 

Fortan sei der Fall ausgeschlossen, dass m — n = 2 und —|@|/|T| ein 
Quadrat ist. 

Hitrssatz 13: Es sei v(B) der Inhalt des Gebietes B im Q, R-Raum und v(B) 


x 
der Inhalt des vermége (CY))'S(CY) = ‘4 


~ 


) zugehérigen reducierten Gebietes 


Bim3-Raum. Lésst man dann B auf einen Punkt Q, R zusammenschrumpfen, 
so existiert glecchmdssig in QQ, R der Grenzwert 


»(B) . ( cs O,\ 
OY’ oR 
wo p(S, ©) nur von S und © abhdngt. 


(56) lm —~< = 0(G, ©) 
< Q, . € ¥ 
Bewets: Man setze (€Y,)’S(CYs) = (. ‘i ) (CY) = soo ( ) 


4 


b] 








B=, x V(B) 
OQ, MW Mm W 


also) = CF + Y,W, O = TF + 1.8, K = WRBW + FAW + WX 
+ §'T§. Es bedeute B, das B entsprechende Q,, Iti-Gebiet. Da die Function- 
aldeterminanten von 9) nach %, Q nach Qj, R nach Mi die Werte | W |”, 
W |", | W|"-"+41 haben, so ist 


v(B) = |W" o(B), oo B) = | BW |" o(B). 


Ferner ist 


| (CY) | = | (CY) || W! 


» © 
(6D) PIS 1 = | 


a’ # 
=(2 °) 
~ Lar g 


( tr *) 
x—-1 F 
£ A} Ry 


Die Behauptung ist also bewiesen, wenn man die Existenz des Grenzwertes in 
(56) gezeigt hat. Hierzu kann man entweder die Gedanken des Beweises von 


und folglich 


* »(B,) 
v(B,) © 


* (B) = 
o(B) 
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Hilfssatz 9 wiederholen oder die beim Beweise von Hilfssatz 12 benutzte Trans. 
formation anwenden. 

Aus Hilfssatz 13 folgt 

Hiurssatz 14: Es sei f(2Q, R) in Bintegrierbar. Dann ist 


C’SC ®) i} 
ey 


Ist fiir ein reelles € die Matrix €’6C€ = D eine Diagonalmatrix, so hangt die An- 

zahl uw der positiven Diagonalelemente nur von © und nicht von € ab, ebenso die 

Anzahl v der negativen Diagonalelemente. Es heisse » — v die Signatur von &. 
Hiurssatz 15: Es sei G ein Gebiet im Raume der Matrizen 


(" D 
3™ = ’ 
>») 


in welchem die Gleichung X'SX = 3 eine reelle Lésung X¥ mit | X | ¥ 0 hat, und 
es set dort die Differenz der Signaturen von S und T constant gleich m — n oder 
n—m. Es sei G das in bezug auf die Einheitengruppe von S reducierte ¥-Gebiet. 
Bedeutet 69"") eine ganze Matrix und q eine natiirliche Zahl, so gilt 


[seemar=tim "(ew eesyway, 


t—00 €=@ (mod g) 
(t1 ©, Y) in G 


/ f(C'SY, WSY) dY = v(S, 6) i, f(Q, ®) | S ( Dan. 





BeweEts: Bei jedem festen T wird aus G ein O, R-Gebiet B ausgeschnitten. 
Ist t-? €’SC = T bei ganzem G, so sei B das in bezug auf die Gruppe der C in- 
variant lassenden Einheiten von © reducierte %-Gebiet, welches durch 
t! @’SY = O, Y’SY = R festgelegt wird. Auf grund von Hilfssatz 7 hat man 
zum Beweise von Hilfssatz 15 nur zu zeigen, dass 


67) im(2"" OS PMG SHED) 
— =D» (mod 2) 
Yin B 


- [KOE wWSrEwAa 


ist, und zwar gleichmissig in C. 

Sind nun o und 7 die Signaturen von S und f&, so hat nach (53) die in Hilfs- 
satz 11 mit So bezeichnete Matrix die Signatur « — 1, ist also definit unter der 
Voraussetzung von Hilfssatz 15. Wie Minkowski bewiesen hat, ist nun aber 
die Ordnung der Einheitengruppe einer definiten quadratischen Form mit fester 
Variabelnzahl beschrinkt. Aus dem Beweise von Hilfssatz 12 folgt jetzt ohne 
Miihe, dass (57) gleichmissig in € richtig ist. 

Hirrssatz 16: Es sei H ein Gebiet im T-Raum, in dem die Differenz der Signa- 
turen von S und & constant gleich m — n odern — mist. Fiir jede in H integrie'- 
bare Function f(Z) gilt dann 





he 4. ak eee lO 6 








ns- 


An- 
die 


und 
der 
net. 


ilfs- 
der 
uber 
ster 
hne 


yna- 
‘er 





QUADRATISCHE FORMEN 251 


n(n+1) 


(58) p(S) | f(&) d& = limgn"t” . } AS, 6) f(t" CSC), 


C=C (mod g 
t1@’SCin# 





wobei © ein volles System nicht-associierter Matrizen = ©) (mod q) durchléuft, fiir 
welche t! €’'SC in H liegt. 
Bewels: Schreibt man fir Q und ® geeignete von T unabhiingige Bereiche 


vor, so wird H in ein Gebiet G des Raumes der Matrizen 3 = (< ») ein- 
gebettet. Die Behauptung folgt jetzt aus den Hilfssiitzen 10, 14, 15, indem 
man unter f(3) die specielle Function f(=) | S-'3 |! versteht. 

Hitrssatz 17: Es sei €'"™™ primitiv, B ein Complement zu ©, C’'SC = Ff, 
CSS = 0, BSB — O/T = Hund d die Anzahl der modulo 1 incongruenten 
Matrizen T7O®W, falls W alle Einheiten von H durchléuft. Bedeutet T den abso- 
luten Betrag der Determinante von &, so ist 


p(S, ©) = AT” "p(H). 


Bewetts: Die Zahl \ ist zugleich der Index der Untergruppe derjenigen Ein- 
heiten QW, fiir welche T Q(E — YW) ganz ist. Setzt man nun analog wie beim 
Beweise von Hilfssatz 12 


X = (CY) oe if X'S* (< 5) G1 = %, — Qy{TO 
i= = n R, ’ = Pi ’ ; = ae 1 1) 


~ 1 1 


also ) = CF + BWi, Qi = TE + QM, G = Wi HW, so haben die Func- 
tionaldeterminanten von ; nach *,, § nach Q,, Y nach F, WW: die Werte 1, 
‘T |", | (CB) |m>-" = 1. Ist Bein Qi, Ri-Gebiet, B das zugehorige reducierte 
Y-Gebiet und B; das durch B eindeutig fixierte 01, W.-Gebiet, so ist B, re- 
duciert in bezug auf die Untergruppe der Einheiten Y% von § mit ganzem 
TQ(E — WM). Folglich ist nach Hilfssatz 9 


(59) lim %3) _ y0(g), 
oath v(B) (©) 
wo hk = B’S¥ gesetzt ist. Ferner gilt 
(60) o(B) = T"™ 
v(B;) 
und nach Hilfssatz 13 
(61) li o(B) = S). 
an ~ *o* 


Aus (59), (60), (61) folgt die Behauptung. 
_Hinrssarz 18: Es sei &™ grésster rechtsseitiger Teiler von ©”, also X ganz, 
Ot = © primitiv. Es bedeute A den absoluten Betrag von |X|. Dann ist 


(S, @) —- Ar-**t1 9(S, @;) . 
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~ gO 
Bewets: Setzt man Q = A’ OQ, T = AIA, (CY)’S(CY) = (: ) 80 


SYR 


XT, Q 
ist (G.9)'S(GY) = ( ! > Die Functionaldeterminante von © nach &, 
wD S 
~1 * 
ist | &|"-". Entspricht dem ©, #-Gebiete B das 2, R-Gebiet By, so ist 
v(B) — A”, 
v(B;) 


Andererseits gilt nach Hilfssatz 13 


B | (t= a 
lim = 92, 6)|8( © 








s—o,% 0(B) 
—  o(B) og %  O1\"} 
l v( = a(S, G1) |S ; 
a ee » mh 





Die Behauptung ergibt sich mit Hilfe von 
~ Q 


O’ BR 


Zi Qi 


Oi 











ZWEITES CAPITEL: BEWEIS DES HAUPTSATZES 


Der Beweis erfolgt nach dem Vorbild des im ersten Teil untersuchten Falles 
positiv-definiter S. Zuniichst iiberzeuge man sich durch eine triviale Uberle- 
gung, dass der Hauptsatz richtig ist im Specialfallem = 1,6 =T. Ferner zeigt 
man leicht durch dieselbe Betrachtung wie im ersten Teile, dass aus der Richtig- 
keit im Falle m = n, S = TF die Richtigkeit fiir m = n und beliebiges T folgt. 
Ausfiihrlicher miissen nur die beiden andern Schritte des Beweises verfolgt 
werden: Erstens wird arithmetisch bewiesen, dass aus der Richtigkeit fiir 
m=n < m, S = TF die Richtigkeit fiir m = m > n und fiir m = n = m, 
S =T folgt, bis auf einen nur von S und nicht von T abhingigen Factor 7(%) 
auf der rechten Seite der Formel des Hauptsatzes; zweitens wird analytisch 
gezeigt, dass y(S) = 1 ist. 


3. Arithmetischer Teil des Beweises 


Es sei € eine primitive Lésung von ©’SC€ = T und B ein Complement von ¢. 
Setzt man €’SB = Q, B’SB — Q’T-'H = FG, so ist nach Hilfssatz 17 


(62) p(S, ©) = AT™™ p(H), 


wo T den absoluten Betrag der Determinante von F und \ die Anzahl der modulo 
1 incongruenten Matrizen T-'QW bedeutet, falls W alle Einheiten von § dureh- 
lauft. Da das allgemeine Complement von € die Form CF + BW mit ganzem 
§ und unimodularem hat, so sind TF + OW und W’H*W die zugehérigen 
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Werte von Q und . Folglich ist die Classe von § durch € eindeutig fest- 
gelegt. Wahlt man fir einen festen Classenreprisentanten, so liefern die zu 
€ gehorigen Q genau A Restclassen von T-'OQ modulo 1. 

Gehéren ferner zu zwei primitiven Lésungen ©, und ©; dieselben Paare Q, §, 
so folgt aus 


Tr QD 
5 CB)’S(CB) = 
(63) (CB) ) Oo §4Q'r1g)’ 
dass (€.B2) (G:B1)~! eine Einheit von © ist; es sind also ©, und ©; associiert. 

Man betrachte nun die Reprisentanten ©;, Se, --- der verschiedenen Classen 
des Geschlechtes von ©. Nach Hilfssatz 4 sind es endlich viele. Fiir jedes 
summiere man (62) tiber ein volles System nicht-associierter primitiver ©, die 
zu demselben  gehéren, und dann summiere man noch iiber die einzelnen S;,. 
Nach dem in den vorigen beiden Absatzen Bewiesenen ist dann 


(64) LoS, €) ell saiieas F(, S) p(O) ’ 


wo F(, S) die Anzahl derjenigen Q bedeutet, fiir welche die Werte T-'Q modulo 
1 incongruent sind und die rechte Seite von (63) dem Geschlechte von S ange- 
hort. Genau wie im ersten Teile folgt, dass F($, S) nur von dem Geschlechte 
von § abhingt. 

Man setze nun 


B(S, Z) aati i” 


AS, ©) ’ 
S¢=T 
wo € alle primitiven nicht-associierten Lésungen durchlauft, und 

v(S, T) = B(Si, T) + B(S2, XT) + --- 
u(S) = p(Si) + e(S2) +--+. 

Aus (64) ergibt sich dann 
(65) v(S, t) = T»™ »» F(S, S) u(9), 
wo S"” alle Geschlechtsreprasentanten durchlauft. 

Andererseits sei By(S, XZ) die Anzahl der modulo q incongruenten primitiven 
Lésungen € von 6’S6C =F (mod q) und £,(@) die Anzahl der Lésungen von 


X'S¥ = S (mod g). Ist dann (2S87™) ein Teiler von g, so folgt genau wie im 
ersten Teile die Gleichung 


(66) BAG, T) = Tilm—n)(m—n-1) F(G, S) ; 
ES) E,(T9) 


{9} 
Nach Hilfssatz 9 ist ferner 
u(H) = T3(m—n) (m—n+)) u(TH) 
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Der Hauptsatz sei nun richtig firm = n < m,@6 =T. Esseim = m> n, 
also m —n < mo. Es sei nicht zugleich m — n = 2 und — |S{|T| eine 
Quadratzahl; dann ist auch nicht zugleich m — n = 2 und — | TQ§| eine 
Quadratzahl. Wendet man den Hauptsatz an auf T$, TS statt S, T, so folgt 


Jw (a) q’ (m—n) (m—n—1) 





(68) a(T$) = gts lim Fe 


mit Nk = 4 fir k > 1 und 7; = lfirk =]. 
Nach (65), (66), (67), (68) wird 


i 2 ne a ' BAS, t) (gq) gy3(m—n) (m—n—1) 
(69) v(S, T) = tron ore BE. Qua) g : 


Bedeutet A, (©, T, A) die Anzahl der Lésungen von €’S€ = T (mod 9) mit 
primitivem ©2{~'!, so gilt nach Hilfssatz 17 des ersten Teils die Beziehung 


(70) AG, a, 2) =m Aven BLS, T)) ? 


falls (27)? in q aufgeht, T = A’T,A% ist und A den absoluten Betrag von | %| 
bedeutet. Ist nun 


AS, T= DY ASO, 
C'SE=E 
wo jetzt © alle nicht-associierten Lésungen von €’S € = T durchlauft, also 
nicht nur die primitiven, und 
u(S, t) = a(S, t) + a(Ss, L) + °°, 
so folgt aus (69), (70) in Verbindung mit Hilfssatz 18 die Gleichung 


- . AS, Z) 
71 = 1 =) S" Qula) gi(m—n) (m—n—1) , 
(71) u(S, ZT) = 7, a ES) 2°) g ( 


Falls nicht zugleich m = 2 und — | S| ein Quadrat ist, so ist nach Hilfssatz 
25 des ersten Teiles der Grenzwert lim E,(S)2-°@ gq-™("™—-) vorhanden und 








von 0 verschieden. Setzt man : 
Jota) gim(m-)) a 
(72) lim 5 - = 1m ¥(S) u(S) , 
qe q 
so geht (71) iiber in 
wW(S,T) sam ayy. Agl(S, TZ) 
(73) uS) mn WS) _ geno 


Da der Quotient tm : tm—-n = 3 firm — n = 1 und = 1 fiir m — n > List, 90 
ist fiir den Beweis des Hauptsatzes im Falle m = mo > n nur noch der Beweis 
der Gleichung 7(S) = 1 notwendig; ist dies erledigt, so zeigt (72) die Richtigkeit 
des Hauptsatzes fiir m = n = m, S = T. 
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4. Analytischer Teil des Beweises 


Es sei TY? durch S ganzzahlig darstellbar und Q eine durch 8 | J, |? | S| 
teilbare natiirliche Zahl. Definiert man 


6o(S, T) = lim ce (qq =p’), 


ao mn— 2 





so gilt nach Hilfssatz 13 des ersten Teils fiir alle Primfactoren p von Q im Falle 
3 = T (mod Q) die Gleichung 6,(S, T) = 6,(S, To) und 


(74) II 36,2) = 4829) 9, 
‘eeiaiemes waa 


p|Q Q 


Man erhilt simtliche Lésungen von ©’O6€ = T, indem man zuniichst alle 
Darstellungen mit der Nebenbedingung € = © (mod Q) bestimmt und dann 
©, iiber die Ag(S, Tp) Lésungen von CSC) = TX (mod Q) laufen lisst. Es 
bedeute H ein Gebiet im T-Raum, in dem die Signaturen von S und T die 
constante Differenz m — n oder n — m haben, und es sei f(Z) eine in H inte- 
grierbare Function von T. Summiert man die Gleichung (58) von Hilfssatz 16 
liber die Ag(S, Zo) Werte von G und alle Classenreprisentanten des 
Geschlechts von ©, so folgt 


n(n+1) 
(75) = u(S) } S(R)at = lim (2) 2 > wS,F) ft). 


mn — t—00 T=T. (mod Q) 
Q tin H 


Man setze noch 





0o(S, T) (m —-n> 1) 
20,(S,5) (m—n=1); 
dann liefern (73), (74), (75) die Formel 


I f(Z)aX = >(S) lim (¢\"" ~ FS aS, B) sta). 


t—60 T=T) (mod Q) 
Din H 


(p, Q)=1 


5,(S, XT) = 





Nun ist S nach jedem zu 2| S| teilerfremden Modul oer mit der 
Ney deren Diagonalelemente die Werte | S|, 1, , 1 sind. Fir 
|S em | = |S 2) | ist daher Oe(Si, T) = O0(S, 2). 

Gibt es nun ein durch G, und durch S ganzzahlig darstellbares T von der Art, 
dass die Differenz der Signaturen von G, und Tp und ebenfalls die Differenz ie 
Signaturen von S und Tp den Wert + (m — n) hat, so ist y(Gi) = y(S) auf 


grund von (76). Es gibt fiir jedes n < 5 eine rationale Matrix $” mit der 
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Determinante 1, so dass 


ee 
77 ‘SP = 
ns sé 


eine Diagonalmatrix ist, bei der die Diagonalelemente von Do") alle das gleiche 
Vorzeichen haben. Es sei g der Hauptnenner der Elemente von $. Setzt man 


( MN 
g° saad Si ? 
NM —De 


so stellen g?S und ©; beide g?D, dar und die Bedingung iiber die Differenz der 
Signaturen ist auch erfiillt. Ferner ist | g?S | = (—1)"-"| Gi |. Da nun nach 
(72) die Beziehung y(g?S) = y(S) gilt, so ist y(S) = y(G:) im Falle eines 
geraden m — n. 

Nach dem Hauptsatze des ersten Teiles ist y(S) = 1 fiir definites S. Also sei 
jetzt S indefinit, und es seien » und v die Anzahlen der positiven und negativen 
Diagonalelemente in (77). Ist v gerade, so wihle man m — n = » und die 
Elemente von Dz negativ, also die von ©, positiv. Da dann ©; positiv definit 
ist, so folgt y(S) = 1. Ehbenso erledigt man den Fall eines geraden yp. Nun 
seien » und v beide ungerade, also u + v = m gerade. 

Zunichst sei v = 1. Dann ist es zulissig, in (76) fiir » den Wert 1 zu neh- 
men und H als Intervall negativer Zahlen. Indem man sich der expliciten 
Werte der 090(S, EF) bedient, folgt genau wie im ersten Teil, dass y(@) = 1 ist. 
Nun sei das ungerade y > 1. Dann wihle man m — n = v — 1 in (77) und 
die Elemente von Dz negativ, also n — 1 Elemente von D, positiv und eines 
negativ. Die zu ©; gehérige Zahl v ist dann 1, also ist nach dem soeben Bewie- 
senen y(S;) = 1. Da aber m — n gerade ist, so folgt auch y(S) = 1. 


Drittres CapirEL: ANWENDUNGEN 


5. Nichteuklidische Volumina 


Es sei S™ von der Signatur 2 — m, also die quadratische Form r’Grx reell in 
—(yi + --- + y2_,) + y2 transformierbar. Deutet man die Elemente von f 
als projective Coordinaten im (m — 1)-dimensionalen Raum und bezeichnet als 
Bewegungen diejenigen Collineationen r = €r,, bei denen das Gebilde r’Sr = 0 
in sich tibergeht, so erhilt man das Cayley-Kleinsche Modell der nichteukili- 
dischen Geometrie. Hierin definieren nun die Einheiten € von S eine im Gebiete 
r’Sr > 0 discontinuierliche Bewegungsgruppe; dabei ist aber zu beachten, dass 
den beiden Einheiten + € dieselbe Bewegung entspricht. Das einzige in- 
variante Bestimmungsstiick des Fundamentalbereiches der Bewegungsgruppe 
ist sein nichteuklidisches Volumen. Setzt man 22am = 2 (k = 1, --- , m) und 
bezeichnet mit F einen Fundamentalbereich im Gebiete der 21, -+- , 2m—1; 80 ist 


(78) »(S) = si i (y'S3)~? dey «+» dems 
F 
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das nichteuklidische Volumen von F. Es soll nun der Zusammenhang zwischen 
»(S) und der Grésse p(S) von Hilfssatz 9 hergeleitet werden. 

Zunichst sei S‘™ beliebig, also nicht notwendigerweise von der Signatur 
9—m. Es liege T™ in einem Gebiet B, fiir welches die Signaturen von S und 
t constante Differenz +(m — n) haben. Ist € eine Einheit von G, so ist mit 
Yauch CX eine Lésung von X’6X¥ = T. Im X-Gebiet ist die Einheitengruppe 
wieder discontinuierlich. Es sei B ein B entsprechender Fundamentalbereich 
im ¥-Raum. Indem man die Rechnung von Hilfssatz 17 wiederholt, erhiilt 
man nach Hilfssatz 10 


m—n+1 m—n—1 
(79) A(S)S ? [r 2 d= non | ak, 





B 


wo S und T die absoluten Betraige der Determinanten von S und TF bedeuten 
und 


m—n k 
nn = || = 


k=1 
Ti — 
(5) 
gesetzt ist. 


Im Falle n = 1 setze man nun ¥ = r = Xm}, also T = r’Sr = 22 3'S3. Die 


Functionaldeterminante von x nach 2, --: , 2m, T' ist }T2  (3’S3) 2, und 
folglich gilt 


wares f wefan des fran 
B F B 


Aus (78), (79), (80) erhalt man die gesuchte Beziehung 


m+1 


(81) (6) = 27] ~*r(§) S? p(S). 


Ist nun m > 2, S indefinit und S ungerade, so besteht nach einem wichtigen 
Satz von A. Meyer das Geschlecht von © aus einer einzigen Classe. Dann ist 
aber p(S) = u(S), und der Hauptsatz liefert fiir diesen Fall 





m(m—1 ) 
‘ = . 2°@ g | 
AS) = 2 lim — ©) 
und 
1 k +1 aint) 
(82) oF 8 (#) mil Qu@g 2 
v(S) = 4 mi -i ? im ———. 
the ta Se 


Ist S gerade, so kann das Geschlecht von S mehr als eine Classe enthalten. 
Sind in diesem Falle Gi, --- , Ga, die einzelnen Classenrepriisentanten des 
Geschlechts von S, so bleibt (82) auch fiir gerades S richtig, wenn die linke 
Seite durch o(G,) 4 ... + v(S,) ersetzt wird. 
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Unter Benutzung von Hilfssatz 12 des erstes Teiles lasst sich der Grenzwert 
auf der rechten Seite von (82) durch elementare arithmetische Functionen von 
S ausdriicken, was aber im Einzelnen mihsame Fallunterscheidungen nétig 
macht. Fir m = 3 wurde eine mit (82) gleichwertige Formel bereits von G. 
Humbert gefunden. Fiir beliebiges ungerades m folgt aus (82), dass die Zah| 

m—1 
v(S)r 2 rationalist. Dies ist in Uebereinstimmung mit dem von Dehn und 
Poincaré bewiesenen Satze, welcher den nichteuklidischen Inhalt eines Poly- 
eders bei gerader Dimensionenzahl mit der Summe der réumlichen Winkel in 
Zusammenhang bringt; der Fundamentalbereich kann namlich als ein von 


Ebenen begrenztes Polyeder gewahlt werden. 
6. Beispiele 
1) Sei r’Srx = x3 — Szj und S keine Quadratzahl. Ist t, wu die Lésung von 


2 — Su? = 1 mit kleinstem ¢t + u +/S > 1, so ist der Sector 0 S$ 1 < ; ae ein 


Fundamentalbereich gegeniiber den Einheiten der Determinante +1, also das 
Doppelte eines Fundamentalbereiches gegeniiber der vollen Einheitengruppe. 
Nach (78) ist daher 


1 


S2 t dz 1 
ue) =< [ Topp = glee +uvs), 


und nach (81) 
p(S) = 3S log ¢ + uVS). 


Nimmt man speciell S = 5, so ist die Classenzahl 1 und p(S) = u(S). Nach 
dem Hauptsatz wird dann andererseits 


11 5\1\" 3 wa (5 3 145 
p(S) = 2.—.— (1 — (°)4) =— ?) CS log . 
2 io LN p/p 20 — \k 105 2 


In der Tat liefert 





(49) oso 


die Fundamentallésung t = 9, uw = 4 der Pellschen Gleichung @ — 5u? = 1. 
2) r’Sr = 2(2,2, — x3). Die Einheiten sind die Substitutionen 


© (C9090) 
Yo Ys c d/ \xe x3) \c ad 


a b 
mit unimodularem ( ) Der Fundamentalbereich ist also der Raum der re- 
Cc 





Wi 


un 
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ducierten positiv-definiten bindren quadratischen Formen, nimlich 0 < 2x2 < 
zt, < a3. Folglich wird 


v(S) = v2 ff. (22, ~~ 223)-3 az} dz om ; 


lx — w* 
p(S) iB: 


Die Classenzahl ist wieder 1, und der Hauptsatz ergibt ebenfalls 


1 as 7 
AS) = 2-511 (1 ‘ *) = 8: 


Hierdurch ist bewiesen, dass erstens (83) simtliche Einheiten liefert und dass 
zweitens nicht schon ein Teil von 0 S 222 S x S 2; simtliche reducierten 
positiv-definiten binéren quadratischen Formen enthiilt. 

3) x’Sr = 2(aix4 — X2x3). Die Einheitengruppe besteht aus den Substitu- 
tionen 


1 2 b 1 2 
CINE 
Ys Ys c d/\ax3 w/\r_ s 


und 


= CD-CIEI) 
Ys Ys c d/\ae. a/\r s 


a b p q 
wo ‘ und unimodulare Matrizen gleicher Determinante sind. Die 
C r os 


a b > @ a b p @q 
Paare , und — — liefern dieselben Substitutionen. 
c ad r 6 cd r 8 


ie Gruppe ist nicht discontinuierlich im Raume der x, --- , 2s. Man erhiilt 
aber einen achtdimensionalen Fundamentalbereich, indem man noch vier Vari- 
able 1, +--+ , v4 einfiihrt, die cogredient zu 2, --- , x4 transformiert werden. 
Man setze 2(riv4 —_ Xo23) = hi, 2(v104 _ V2v3) = ts, X14 -b VU1X4 — L2V3 — Vor3 = to 
und definiere noch zwei complexe Variable § = x + 7A, » = » — iv durch die 
Gleichungen 


Tibn + HE + Xan +44 = 0, viéq + v2 + V39n + 14 = O. 
Die Substitutionen (84) und (85) sind dann gleichwertig mit 





(86) ta Cath ya tats 
ci +d’ rm+és 

und 

(87) _am+b _ pit 








em+da’ ""r&+e8° 
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Ist 4; > 0 und tt; — t} > 0, so ist auch vy > 0. Es sei B ein Gebiet im 
Raume der t, t2, ts und B ein zugehériger Fundamentalbereich im Raume der 
21, ---, v4. Die Functionaldeterminante von 2, --- , v4 als Functionen yon 
21, ti, te, tz, x, A, w, vy hat den Wert 


Vih ~ 4 


16 (Av)? L 25 





’ 





2dv 
und es entspricht je 4 Systemen x, --- , vs ein System 2, hh, --- ,v. Ferner ist 
das Gebiet || = 1, 0 S «x S 3 ein Fundamentalbereich fiir ¢, = - t 
gegeniiber unimodularen Substitutionen und || = 1,—-3S 4 < + . 


Fundamentalbereich fiir » = pm+4q 
rm+s 


hierdurch definierte vierdimensionale Gebiet der x, \, u, v ist nun ein doppelter 
Fundamentalbereich fiir die durch (86) und (87) definierte Gruppe, da nimlich 
in dieser durch die Substitutionen (86) eine Untergruppe vom Index 2 gebildet 
wird. Daher erhalt man 


faeaseaen [azvin—e [ae 
B B 0 


i bv i day 
ee. t 
V1— 2? “a 0 / — x} 


t, t 
mit T = ( ‘) also mit Riicksicht auf (79) 
t 


gegentiber Modulsubstitutionen. Das 


eo ; 
a 
viza™ J 








2 ts 
(88) a 
PS) = 388° 


Andererseits ist die Classenzahl 1, und der Hauptsatz ergibt ebenfalls 


—Q 4 
a) = 2-4]] (1-4) = ons 


p>2 


4) Esseil > 0. Jede Lésung von 2(x24 — x2r3) = 21 ist vermége (84) ass0- 
ciiert mit einer Lésung, bei der 0 < 2 | x4, v2 = 23 = Oist. Bedeutet ¢ = 
(h 0 0 hk)’ eine solche Lésung, so ist © nur bei solchen Einheiten von © in- 
variant, bei denen in der Darstellung durch (84) oder (85) die Zahi c durch f 


! 1G, 0 





4 
teilbar ist. Unter Benutzung von Hilfssatz 14 folgt dann, dass : 


1 


aE+O it Ke 
+d 





gleich dem Index der Untergruppe der Modulsubstitutionen 2 





fa 


fa 


un 


ist 


& 


SO | 
(91 


Ist 


(92 


Es i 
mar 








m 
er 


ist 


‘in 
as 


er 


ch 
let 





QUADRATISCHE FORMEN 261 


ist. Dieser Index hat aber den Wert k [J (1+ p~). Danunkalle Lésungen 
pik 
von h?k = | durchliuft, so wird 


(89) uS, 2) = yt, 
wo talle positiven Teiler von / durchlauft. Andererseits ist 


q?A(S,2) =(l1-p”) YS er, 
t|(l, q) 


falls g eine geniigend hohe Potenz der ungeraden Primzahl p ist, und 


q?A(G, 21) =21-2%) Ye, 


t\(l, q) 
falls g eine geniigend hohe Potenz von 2 ist. Der Hauptsatz ergibt daher 


(90) u(S, 2) = w(S) 2 II Q-p) oe 


t\l 


und diese Formel geht vermége (88) in (89) iiber. 


7. Modulfunctionen 


Im ersten Teil wurde gezeigt, wie sich fiir den definiten Fall der Hauptsatz in 
eine der Theorie der Modulformen angehérige Identitat iiberfiihren lasst. Es 
ist bemerkenswert, dass dies fiir indefinite S ein Analogon besitzt. 

Ist S positiv-definit, so hat die Einheitengruppe von © eine endliche Ordnung 
E(S). Setzt man |@| = S und 


m 


tol 


us 
An = ee 
I @ 
2 
s0 folgt aus der Definition von p(S) die Beziehung 
ais ee 
gs 2 
E(S) 
Ist ferner C/'SC = T™, || = T > 0 und EL, ©) die Anzahl der mit € in 


beaug auf die Einheitengruppe von © linksseitig Associierten, so gilt 


n m—n—-1 
(92) E(G, ©) = = s3T 2 ae 


Es sei der imaginire Teil der symmetrischen Matrix ¥ positiv definit. Ordnet 
man in der analytischen Classeninvariante 


(93) >, erinwsex) — f(G, ¥), 
€ 


(91) p(S) = 

















260 CARL LUDWIG SIEGEL 


Ist 4: > 0 und tt; — t3 > 0, so ist auch Ay > 0. Es sei B ein Gebiet im | 
Raume der t, f2, t; und B ein zugehériger Fundamentalbereich im Raume der 
a1, ---,04. Die Functionaldeterminante von %, --- , v4 als Functionen yon 
21, ti, te, tz, x, A, uw, v hat den Wert | 


Wi. t 


ty : 











16 (Av)? Dy 7 7 
und es entspricht je 4 Systemen x, --- , vs ein System 1, th, --- ,v. Ferner ist f 
das Gebiet || = 1, 0 < « S } ein Fundamentalbereich fiir & = + 
gegeniiber unimodularen Substitutionen und | 7| = 1,—-4<4< yy yn 
Fundamentalbereich fiir 7 = pure gegeniiber Modulsubstitutionen. Das i 
hierdurch definierte vierdimensionale Gebiet der x, d, uw, v ist nun ein doppelter ( 


Fundamentalbereich fiir die durch (86) und (87) definierte Gruppe, da namlich 
in dieser durch die Substitutionen (86) eine Untergruppe vom Index 2 gebildet 
wird. Daher erhalt man 

3 


[avast [ azvin—a [a | = du 
B B 0 


V1—.K? =? ej 
t1 dz is 
[ dv Ve oe 
ca ty : 
vizn™ Jo V/ - 2 i 
v 


ti, &t 
mit T = ( ) also mit Riicksicht auf (79) 


U 


i] 








to ts 
(88) (6) == 
PW) = 988° 80 
Andererseits ist die Classenzahl 1, und der Hauptsatz ergibt ebenfalls @ 
1\? _ x 

ae) = 2-3] (1-4) = oa. Is 
a p? 288 be 

4) Esseil > 0. Jede Lésung von 2(224 — xer3) = 21 ist vermége (84) asso- 
ciiert mit einer Lésung, bei der 0 < 2, | 24, 22 = 23 = Oist. Bedeutet € = (9 

(h 0 0 hk)’ eine solche Lésung, so ist € nur bei solchen Einheiten von © in- 
variant, bei denen in der Darstellung durch (84) oder (85) die Zahl ¢ durch k Es 
teilbar ist. Unter Benutzung von Hilfssatz 14 folgt dann, dass =. p(, 8) ” 
(93 
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ist. Dieser Index hat aber den Wert k II (1+ p"). Danun kalle Lésungen 
p\k 
von hk = | durchliuft, so wird 


(89) u(S, 21) = aa yt, 
wo talle positiven Teiler von J durchlauft. Andererseits ist 


A(S,2)=A—-p?) XO e, 


t\(l, q) 


falls q eine geniigend hohe Potenz der ungeraden Primzahl p ist, und 


q* AG, 21) = 21-27%) Ye, 


t\(l, @) 
falls g eine geniigend hohe Potenz von 2 ist. Der Hauptsatz ergibt daher 


(90) u(G, 21) = n(S)2TT-p?) De, 
Pp t\l 
und diese Formel geht vermége (88) in (89) iiber. 


7. Modulfunctionen 


Im ersten Teil wurde gezeigt, wie sich fiir den definiten Fall der Hauptsatz in 
eine der Theorie der Modulformen angehorige Identitat iiberfiihren lisst. Es 
ist bemerkenswert, dass dies fiir indefinite S ein Analogon besitzt. 

Ist S positiv-definit, so hat die Einheitengruppe von © eine endliche Ordnung 
E(S). Setzt man |G@| = S und 


k 
= TT 7 
k=1 aie 
rG) 
80 folgt aus der Definition von p(S) die Beziehung 
a St 
(91) AS) =—_—S ? 


E 5) 


Ist fener €’SC = T™,| Z| = T > O und E(G, ©) die Anzahl der mit € in 
beaug auf die Einheitengruppe von © linksseitig Associierten, so gilt 


n m—n—1 
(92) BG, = sor ree 


Es sei der imaginire Teil der symmetrischen Matrix X\ positiv definit. Ordnet 
man in der analytischen Classeninvariante 


(93) >> eri@'Sex) — f(G, X), 
(S 








1 
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wo &‘”™ alle ganzen Matrizen durchlauft, die © nach ihrem Range, so erhil 
man 


(94) (GO =14+ DH 


mit 


: ic (B’'SBOXQ’) 
f (X) ind erial 


wo 8” alle ganzen Matrizen vom Range r und QO” ein volles System pri- 


mitiver in bezug auf die Gruppe der unimodularen Matrizen linksseitig nicht 
associierter Matrizen durchlaufen. Mit Riicksicht auf (92) ist dann 


r m—r—-1 


(95) p(S)f-(¥) = a s?d \B’SBl 2 p(S, B) erie(BSBOIO) 


wo $8” nur ein volles System in bezug auf die Einheitengruppe von © links- 
seitig nicht associierter Matrizen durchlauft. 

Bedeuten ©, --- , S, Classenrepraisentanten des Geschlechtes von G, so war 
die analytische Geschlechtsinvariante definiert durch den Ausdruck 


f(Gi, ¥) rae )( 1 1 ) - ~~ 
Gea HG) ) Gp + °° + HS) = PS*®- 


Nach (91) ist dann auch 








(Si) (Si, X) + --- + (Si) [Si ¥) 





(96) F(G, ¥) = 








p(S1) + «++ + p(Ga) ‘ 
und nach (94) und (95) 
(97) FS, %) =14+ DFR 
r=] 

mit 

on =. (S, Z) an 
(98 F.(¥) = Ss 2 WW, tT 2 wrio(TQOXO ). 

) (%) = 5 rome e 


dabei durchlauft © dieselben Matrizen wie oben und X alle ganzen positiven 
symmetrischen Matrizen. 

Die durch (94), (95) und (96) gegebene Definition von f(S, ¥) und F(S, ¥) 
lasst sich auf den Fall eines indefiniten © iibertragen. Man hat nur in (99) die 
Summation auf die $ mit positivem 8’S% zu beschriinken. Die Definition von 
S(S, ¥) lasst sich dann auch folgendermassen fassen. Man setze E(G, ©) =, 
falls nicht zugleich €’S€ definit oder semidefinit und von demselben Range wie 
€ ist. Ist € vom Range r und € = BQ mit ganzem B” und primitivem 2, 
so definiere man fiir semidefinites €’S€ vom Range r in Anlehnung an (92) 





als 


de! 








hil 


pri- 
icht 


nks- 


war 


iven 


y, %) 
) die 


. von 


> wie 
Na) 


) 
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-" = qo Ss 
E(S, ©) = “* S?|B’SB| 2 a) 


und E(S, N) = 1. Dann ist 
(99) f(S, ®) = > EG, ©) eti7(@'262) 








wo 6") ein volles System in bezug auf die Kinheitengruppe von S nicht asso- 
ciierter ganzer Matrizen durchlauft. 
Wendet man auf den in (98) vorkommenden Ausdruck ae den Haupt- 
be 
satz an, so ergibt sich genau wie im ersten Teil fiir die Geschlechtsinvariante 
F(G, ¥) eine Partialbruchzerlegung der Gestalt 


(100) F(S, X) = 2, 1G, A,B) |AX+ Bl 2 (m>n24+n 4 2). 


Dabei durchlaufen 2, B alle nicht-associierten primitiven symmetrischen Ma- 
trizenpaare, wihrend H(G, %, B) nicht von ¥ abhangt und durch verallgemeinerte 
Gausssche Summen ausgedriickt werden kann. Hierdurch wird die Stellung 
von F(S, ¥) in der Theorie der Modulfunctionen n" Grades klargelegt. In 
einigen speciellen Fallen hat bereits Hecke indefinite quadratische Formen zur 
Construction von Modulformen herangezogen. Aus (96), (99) und (100) folgt, 
dass man mit jedem indefiniten ganzen © Thetareihen bilden kann, die zur 
Theorie der Modulfunctionen in enger Beziehung stehen. Es wiire von Interesse, 
das Verhalten der durch (99) definierten Function f(S, ¥) bei den Modulsub- 
stitutionen zu untersuchen; im Falle eines definiten © folgt vermége (93) die 
Transformationstheorie von f(S, ¥) aus den Eigenschaften der Thetafunctionen, 
und so ist zu vermuten, dass auch fiir indefinites S die Classeninvariante f(S, %) 
einfache Transformationseigenschaften besitzt. 

Es sei als Beispiel noch die zur quaterniiren Form 2(yiys — yeys) gehdrige 
Function F(S, x) angegeben. Nach (90) ist in diesem Fall 


u(S, 21) 12 - 
—- ll t .. 
u(S) 7 > 
also nach (97) und (98) 


ie) 


F(G, x) = 1424 D>) aetriats 


a,b=1 


Da die Dedekindsche 7-Function durch die Formel 


dite I] (1 — e2riaz) 
a=1 
definiert wird, so ist 
12¢ 9'(z) 


F(G, z) = a(z) 
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